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PREFACE 


"YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT, I TEACH GEOMETRY 
TO JEE ASPIRANTS BUT BELIEVE THE MOST IMPORTANT FORMULA IS 
COURAGE + DREAMS = SUCCESS" 


It is a matter of great pride and honour for me to have received such an overwhelming 
response to the previous editions of this book from the readers. In a way, this has inspired 
me to revise this book thoroughly as per the changed pattern of JEE Main & Advanced. I 
have tried to make the contents more relevant as per the needs of students, many topics 
have been re-written, a lot of new problems of new types have been added in etc. All 
possible efforts are made to remove all the printing errors that had crept in previous 
editions. The book is now in such a shape that the students would feel at ease while going 
through the problems, which will in turn clear their concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 
• Theory has been completely updated so as to accommodate all the changes made in JEE 
Syllabus & Pattern in recent years. 


e The most important point about this new edition is, now the whole text matter of each 
chapter has been divided into small sessions with exercise in each session. In this way the 
reader will be able to go through the whole chapter in a systematic way. 

e Just after completion of theory, Solved Examples of all JEE types have been given, providing 
the students a complete understanding of all the formats of JEE questions & the level of 
difficulty of questions generally asked in JEE. 

e Along with exercises given with each session, a complete cumulative exercises have been 
given at the end of each chapter so as to give the students complete practice for JEE along 
with the assessment of knowledge that they have gained with the study of the chapter. 

e Last 10 Years questions asked in JEE Main &Adv, IIT-JEE & AIEEE have been covered in all 
the chapters. 


However I have made the best efforts and put my all teaching experience in revising this 
book. Still I am looking forward to get the valuable suggestions and criticism from my 
own fraternity i.e. the fraternity of JEE teachers. 


I would also like to motivate the students to send their suggestions or the changes that 
they want to be incorporated in this book. All the suggestions given by you all will be 
kept in prime focus at the time of next revision of the book. 


Amit M. Agarwal 
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Session 1 


Scalar and Vector Quantities, Representation of Vectors, 
Position Vector of a Point in Space, Direction Cosines, 
Rectangular Resolution of a Vector in 2D and 3D Systems 


Vectors represent one of the most important mathematical 
systems, which is used to handle certain types of problems 
in Geometry, Mechanics and other branches of Applied 
Mathematics, Physics and Engineering. 


Scalar and Vector Quantities 


Physical quantities are divided into two categories-Scalar 
quantities and Vector quantities. Those quantities which 
have only magnitude and which are not related to any 
fixed direction in space are called scalar quantities or 
briefly scalars. Examples of scalars are mass, volume, 
density, work, temperature etc. 

A scalar quantity is represented by a real number along 
with a suitable unit. Second kind of quantities are those 
which have both magnitude and direction, such quantities 
are called vectors. Displacement, velocity, acceleration, 
momentum, weight, force etc., are examples of vector 
quantities. 


| Example 1. Classify the following measures as 
scalars and vectors 
(i) 20 m north-west 
(iii) 30 km/h 
(iv) 50m/s towards north 
(у) 107? coloumb 


Sol. (i) Directed distance -Vector 
(ii) Force-Vector 
(iii) Speed-Scalar 
(iv) Velocity-Vector 
(v) Electric charge-Scalar 


(ii) 10 Newton 


Representation of Vectors 


Geometrically, a vector is represented by a directed line 
segment. 

For example, a= AB. Here, A is called the initial point and 
Bis called the terminal point or tip. 


A directed line segment with initial point A and terminal 


point B is denoted by AB or AB. Vectors are also denoted 
by small letters with an arrow above it or by small bold 


>>> 
letters, e.g. a, b, c etc. or a, b, c etc. 


B 
ee 
A 


Here, in the figure a = AB and magnitude or modulus of 
a is expressed as |a| =| AB| = AB (Distance between initial 
and terminal points). 


Remarks 


1. The magnitude of a vector is always a non-negative real 
number. 


2, Every vector AB has the following three characteristics 


Length The length of AB will be denoted by | AB| or AB. 


Support The line of unlimited length of which AB isa 
segment is called the support of the vector AB. 


Sense The sense of AB is from A to B and that of BA is 
from B to A. Thus, the sense of a directed line segment is 
from its initial point to the terminal point. 


| Example 2. Represent graphically 
(i) A displacement of 60 km, 40° east of north 
(ii) A displacement of 50 km south-east 

Sol. (i) The vector OP represent the required vector. 


(ii) The vector OQ represent the required vector. 


Types of Vectors 


1. Zero or null vector A vector whose magnitude is zero 
is called zero or null vector and it is represented by 0. 


The initial and terminal points of the directed line 
segment representing zero vector are coincident and 
its direction is arbitrary. 

2. Unit vector A vector whose modulus is unity, is 
called a unit vector. The unit vector in the direction of 
a vector a is denoted by à, read as “а cap’. Thus, 
|а|=1. 

кы 


lal 


. Like and unlike vectors Vectors are said to be like 
when they have the same sense of direction and 
unlike when they have opposite directions. 

4. Collinear or parallel vectors Vectors having the 

same of parallel supports are called collinear vectors. 

5. Coinitial vectors Vectors having the same initial 
point are called coinitial vectors. 

6. Coplanar vectors A system of vectors is said to be 
coplanar, if they lie in the same plane or their 
supports are parallel to the same plane. 

7. Coterminous vectors Vectors having the same 
terminal points are called coterminous vectors. 

8. Negative of a vector The vector which has the same 
magnitude as the given vector a but opposite 
direction, is called the negative of a and is denoted 
by —a. Thus, if PQ= a, then QP=— а. 

9. Reciprocal of a vector A vector having the same 

direction as that of a given vector a but magnitude 

equal to the reciprocal of the given vector is known as 
the reciprocal of a and is denoted by a’ . Thus, if 

|а| = а, then |a! | =1/а. 


^ Vector 
a= 


Magnitude of a 


Remark 
A unit vector is self reciprocal. 


10. Localised vector A vector which is drawn parallel to 
a given vector through a specified point in space is 
called a localised vector. For example, a force acting 
on a rigid body is a localised vector as its effect 
depends on the line of action of the force. 


11. Free vectors If the value of a vector depends only on 
its length and direction and is independent of its 
position in the space, it is called a free vector. 


Remark 
Unless otherwise stated al! vectors will be considered as free vectors 
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12. Equality of vectors Two vectorsa and b are said to 
be equal, if 


G)]a| -]bl 
(ii) they have the same or parallel support. 
(iii) they have the same sense. 


Two unit vectors may not be equal unless they have 
the same direction. 


| Example 3. In the following figure, which of the 
vectors are: 


(i) Collinear 

(ii) Equal 

(iii) Co-initial 

(iv) Collinear but not equal 


a c 
b 
4— scale 
unit 
d 


Sol (1) a.c and d are collinear vectors. 
(ii) a and c are equal vectors 


(iii) b,c and d are co-initial vectors 


(iv) a and d are collinear but they are not equal, as their 
directions are not same. 


Position Vector of 
a Point in Space 


Let O be the fixed point in space and X' OX, Y' OY and 

Z' OZ be three lines perpendicular to each other at O. 

Then, these three lines called X-axis, Y-axis and Z-axis 

which constitute the rectangular coordinate system. The 

planes XOY, YOZ and ZOX, called respectively, the 
"-plane, the YZ-plane and the ZX-plane. 


3 
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Now, let P be any point in space. Then, position of P is 
given by triad (x, y, z) where x, y, z are perpendicular 
distance from YZ-plane, ZX-plane and XY. -plane 
respectively. 


The vector OP is called the position vector of point P 
with respect to the origin O and written as 

OP = xi yj +2 
where i, j and k are unit vectors parallel to X-axis, Y-axis 
and Z-axis. We usually denote position vector byr. 


Remarks 


1. If Aand Bare any two points in space having coordinates 
(xy. уу, 21) and (xo, yo. 22) respectively, then distance between 
the points Aand B = V(x, = x)? + (y; у) + (2p - a) 

2. Using distance formula, the magnitude of OP (or r) is given by 


IOPI = (x 0 + (y 0) + (2—0) = a? a yz? 


3. Two vectors are equal if they have Same components. i.e. if 
a=4i + aj + akandb = bi + bj + bk are equal, then 
à = b, а = b and ау = by 


| Example 4. Find a unit vector parallel to the vector 
-3i «4j. 
Sol. Leta = —3i * 4j 


Then, |а| = Áo +(4)? =5 


ee! 
«<. Unit vector parallel toa =a = ial |a 
a 


-2+4 3t] 
5 5 5 


| Example 5. tet a - 12i nj and|a|=13, find the 
value of n. 
Sol. Here, a = 121 + nj 
= |а|= 12? +n? =13 
E 144 +n? = 169 


= п? =25 or n- t5 


1 Example 6. write two vectors having same 
magnitude. 


Sol. Leta =2i+j+k and b=i+j+2k 


Then, |а| =|Ы|= 42? +17+1° = 6 


| Example 7. if one side of a square be represented by 
the vectors 3i+4j+5k, then the area of the square is 
(a) 12 (b) 13 
(c) 25 (d) 50 


Sol. (d) Let a =31+4) +5k then |a | 


= (32 +4? +5? = 9 +16+25 = 542 
Thus, the length of a side of square = 5/2 
Hence, area of square = (5-/2)? =25х2=50 


Direction Cosines 


Let r be the position vector of a point P(x, y, z). Then, 
direction cosines of г are the cosines of angles a, B and ү 
that the vector r makes with the positive direction of X, Y 
and Z-axes respectively. We usually denote direction 
cosines by I, m and n respectively. 

In the figure, we may note that AOAP is right angled 
triangle and in it we have 


x 
cosa = — (r stands for | r f) 
r 


Similarly, from the right angled triangles OBP and OCP, 
we get 


cosB =~ and cos y == 
r r 


Thus, we have the following 


x x x 
соз =l =- = — = 
х? +у? +2? || r 
tos epe 00 4 
x! ey! +2? || r 
z z 
and cosy = — + i 
yx? +y? +22 Ir r 
Clearly, 12 +m? +n? 21. 


Here, а = 2 РОХ, В = Z POY, ү = Z POZ and i, j and kare 
the unit vectors along OX, OY and OZ respectively. 


Remarks 
1, The coordinates of point Р may also be expressed as 
(in nv, nn). 


2. The numbers /r, mr and nr, proportional to the direction 
cosinas, аго called the direction ratios of vector r and are 
denoted by à 5 and c respectively, 


3. Hr al b] ck, then a dand care direction ratios of the 
Qiven vector, 


Also, I + OF e с? s 1 then a band смі be direction 
cosines of given vector, 


| Example 8. The direction cosines of the vector 
5i -4]+5К аге 


Q3, a (b) —— E LA 
5'5'5 RE 542' 42 
3 -4 1 4 1 
() =, 6 1 
TRR OCP SEE 
Sol. (b) r « 3i - 4j «5k 
19 = (а + apes? 259 


Hence, direction cosines are WE = З 
"E 


sJ2' sys 
TUN 1 
| Example 9. Show that the vector i j +k is equally 
inclined to the axes OX, OY and OZ. 


Sol. Leta = i+j +k 
Ifa makes angles ct, D, y with X, Y and Z-axes respectively, 


then 
cosa = І =- 
| NT 3 
р 7r 
and cos y = : 
SY: ИД 


Thus, we have cosa = cosp = cosy, ie a = B = y 
Hence, a is equally inclined to the axes, 


Rectangular Resolution of a 
Vector in 2D and 3D Systems 


In Two Dimensional System 


Any vector r in two dimensional system can be expressed 
asr=x+ yj. The vectors xi and yj are called the 


perpendicular component vectors of r, 
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The scalars x and y are called the components or resolved 
parts of r in the directions of X-axis and Y-axis, 
respectively and the ordered pair (x, y) is known as 
coordinates of point whose position vector is r. 


Also, the magnitude of r 2 үх> 4 y? and if@ is the 


inclination of r with the X-axis, then Ө = tan! (2) А 
х 


In three Dimensional System 


Any vector r in three dimensional system can be 
expressed as 


The vectors xi, yj and zk are called the right angled 
components of r, 


The scalars x, y and z are called the components or 
resolved parts of v in the directions of X-axis Y-axis and 
Z-axis, respectively and ordered triplet (x, y, 2) is known 
as coordinates of P whose position vector is r, Also, the 
magnitude or modulus of 


> ^ 


к= гт у ETE +з“; 


| Example 10, Let АВ be а vector in two dimensional 
plane with the magnitude 4 units and making an angle 
of 30° with X-axis and lying in the first quadrant, 
Find the components of AB along the two aves of 
coordinates, Hence, represent AB in terms of unit 
vectors E and J. 
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Sol. Let us consider A as origin. From the diagram, it can be = AB cos 30° = 4 cos 30° 
seen that the component of AB along X-axis 45 
=4х ry = 245 


and the component of AB along Y-axis 


1 
= ABsin 30° 24x —2 


Hence, AB= 2 5i + 2j 


Exercise for Session 1 


1. 


Classify the following measures as scalars and vector : 
(i) 20 kg weight (ii) 45° 
(iii) 10 m south-east (iv) 50 m/sec? 


Represent the following graphically: 
(i) A displacement of 40 km, 30° west of south (ii) a displacement of 70 km, 40° north of west 


In the given figure, ABCDEF is a regular hexagon, which vectors are: 


(i) Collinear (ii) Equal 
(iii) Coinitial (iv) Collinear but not equal 


Answer the following as true or false 
(i) aand aare collinear. 
(ii) Two collinear vectors are always equal in magnitude. 
(її) Zero vector is unique. 
(iv) Two vectors having same magnitude are collinear. 


Find the perimeter of a triangle with sides 3i +4] +5k, 41-3] -5k and7i +). 
Find the angle of vector a = 6i +2j—3k with X-axis. 


Write the direction ratios of the vector r= i – j +2k and hence calculate its direction cosines. 


Session 2 
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—— 


Addition & Subtraction of Vectors, Multiplication 
of Vector by Scalar, Section Formula 


Addition of Vectors 
(Resultant of Vectors) 


1. Triangle Law of Addition 


If two vectors are represented by two consecutive sides of 
a triangle, then their sum is represented by the third side 
of the triangle, but in opposite direction. This is known as 
the triangle law of addition of vectors. Thus, if AB= a, 
BC= b and АС = c, then AB + BC= AC i.e.a+ b- c. 


c=atb 


2. Parallelogram Law of Addition 


If two vectors are represented by two adjacent sides of a 
parallelogram, then their sum is represented by the 
diagonal of the parallelogram whose initial point is the 
same as the initial point of the given vectors. This is 
known as parallelogram law of vector addition. 


Thus, if OA = a, OB= b and OC=c 
Then, ОА + OB= OC i.e. a+ b= c, where OC is а diagonal 
of the parallelogram OACB. 


B с 


Remarks 


1. The magnitude ofa + b is not equal to the sum of the 
magnitudes of a and b. 

2. From the figure, we have OA + AC = OC (By triangle law of 
vector addition) / 
or OA + OB = OC(-- AC = OB), which is the parallelogram 
law. Thus, we may say that the two laws of vector addition are 
equivalent to each other. 


3. Polygon law of addition 


If the number of vectors are represented by the sides of a 
polygon taken in order, the resultant is represented by the 
closing side of the polygon taken in the reverse order. 


E D 


A B 
In the figure, AB+ BC+ CD+ DE+ EF= AF 


4. Addition in Component Form 

If the vectors are defined in terms of i,j and k, i.e. if 
a=a,i +a,j+a,k and b=b,i + bz) + b;k, then their 
sum is defined as 2 i 

a+ b=(a,+b,) ic (a; * b;)j * (as +b3)k. 


Properties of Vector Addition 


Vector addition has the following properties 
(i) Closure The sum of two vectors is always a vector. 
(ii) Commutativity For any two vectors a and b, 
= a+b=b+a 
(iii) Associativity For any three vectors a, b and c, 
=> a+(b+c)=(a+b)+c 
(iv) Identity Zero vector is the identity for addition. For 
any vector a. 
=> 0+ а= а= а+ 0 
(v) Additive inverse For every vector a its negative 
vector —a exists such that a +(—a) =(-a) +a=0 
i.e. (—a) is the additive inverse of the vector a. 


| Example 11. Find the unit vector parallel to the 
resultant vector of 2i-- 4j — 5k and i+2j+3k. 


Sol. Resultant vector, r = (2i + 4j -5k)+(i+ 2j +3k) 
=3i+6j-2k 
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Unit vector parallel to r = + ly 


|" 
1 ату а 
= – 3146) 21 
үз 63 4 (2) d rem 


= Gi 6) - 2k) 


| Example 12. if a,b and c are the vectors represented 


by the sides of a triangle, taken in order, then prove 
that a+ b+ c = 0. 
Sol. Let ABC be a triangle such that 
BC= a, CA= band АВ=с 
A 


B a C 


Then, a+ b+ c= BC+ СА + AB 
= ВА + AB 
=- АВ+ АВ 
at+b+c=0 


(^ BC+ CA= BA) 


Hence proved. 


| Example 13. if S is the mid-point of side QR of a 
APQR, then prove that PQ+ PR=2PS. 
Sol. Clearly, by triangle law of addition, we have 


P 
Q S A 
PQ+ QS= PS .. (i) 
and PR + RS- PS wa (ii) 


On adding Eqs. (i) and (ii), we get 
(PQ+ QS) + (РК + RS) = 2PS 
> (РО + PR) + (05+ RS) = 2Р5 
= PQ+ PR+0=2PS 
[7S is the mid-point of QR“. QS = — RS] 
Hence, PQ+ PR=2PS Hence proved. 


| Example 14. If ABCDEF is a regular hexagon, prove 
that AD+ EB+ FC =4AB. 
Sol. We ha», 
AD+ ЕВ +ЕС= (АВ+ BC+ CD)+(ED+ DC + CB)+ FC 
= AB +(BC + CB) +(CD+ РС) + ED+ FC 


» AB+ O+ O+ AB-42AB = 4AB 
(^ ED= AB, FC = 2AB) 
Hence proved. 


Subtraction of Vectors 


If a and b are two vectors, then their subtraction a— b is 
defined as a — b= a +(-b), where -b is the negative of b 
having magnitude equal to that of b and direction 
opposite to b. 


If a-aji*a;ja4k 
b=b,it+b,j+b3k 
a- b-(a; —b;)i +(а; ~bz)j+(a3 – b) k 


and 
Then, 


Properties of Vector Subtraction 
(i)a-bzb-a 
(ii) (a- b) -ez a - (b- c) 

(iii) Since, any one side of a triangle is less than the sum 
and greater than the difference of the other two sides, 
so for any two vectors a and b, we have 
(а) Ja* bj < |a| - | b| (b) |a b| 2Ja| -|b| 
(с) |а- Ы <|а| +/b| (d)|a~ b| 2|a|—|b| 


Remark 
If Aand Bare two points in space having coordinates (x. yy, z,) 
and (Xp, уз, Z2), then 
AB- Position Vector of B — Position Vector of A 
= (xo + у] + zk) - (xi + ni + zk) 
= (xg - )ї *(yo- ГАТ + (25 -2)k 


1 Example 15. if A = (0,1) 8 = (1, 0), C = (1,2) and 
D = (2,1), prove that vector AB and CD are equal. 
Sol. Here, AB=(1-0)i+(0-1)j=i-j 
and = CD=(2-1)i +(1-2) j=i-j 

Clearly, AB= CD 


| Example 16. If the position vectors of A and B 
respectively i+ 3j — 7k and 5i—2j+4k, then find AB. 
Sol. Let O be the origin, then we have 
ОА =i+3j-7k 
and OB =5i-2j+4k 
Now, AB = OB- OA =(5i - 2j 4k) - (i 3j - 7k) 
=4i-5j+11k 


| Example 17. Vectors drawn from the origin O to the 
points A,B and C are respectively a,b and 4a — 3b. Find 
AC and BC. 
Sol. We have, OA = a, OB = b and OC = 4a - 3b 
AC= OC- OA = (4a – 3b)- (a) 
= За – ЗЬ 
апі ВС = OC- OB = (4а – 3b) - (Ь) = 4а - 4b 


Clearly, 


1 Example 18. Find the direction cosines of the vector 
joining the points A(1,2, — 3) and B(1, — 2, 1), directed 
from A to B. 


Sol. Clearly, AB = (-1 - )i + (-2-2)j+(1+3)k = -2i - 4j 4k 


Now, |AB| = (2)? + (-4) + (4)? = ¥36 = 
AB -2i-4j+4k 
+: Unit vector along AB= A = 6 
sog Е 
d. ws 29 


| Example 19. Let о, B апа y be distinct real numbers. 
The points with position vectors "s 
a ie je yk pis yj+ak and yi-o ј+ВК 
(a) are collinear 
(b) form an equilateral triangle 
(c) form a scalene triangle 
(d) form a right angled triangle 
Sol. (b) Let the given points be A, B and C with position vectors 
oi +Bj + yk, pi 3 * ak and yi +aj+ Bk. 
As, 0, В and y are distinct real numbers, therefore ABC 
form a triangle. 


Clearly, AB = OB- OA = (fi + ў + ak) - (01 + Bj + yk) 
z (B - o)i +(y¥-B)j+(a-y)k 


Hence proved. 
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A (ad + fj + vk) 


„ BL C 
(pi + ү] + ak) (yi + aj + Bk) 


Now, |AB|-4(B – à «(y - B * (o. — ү) 
Similarly, BC = CA = J(B - о)? + (y - D + (a – ү) 


2. ДАВС is an equilateral triangle. 


1 Example 20. if the position vectors of the vertices of 
a triangle be 2i+4j—k, 4i 5j k and 3i+6j- 3k, 
then the triangle is 

(a) right angled (b) isosceles 

(c) equilateral (d) None of these 

Sol. (a, b) Let A, B, C be the vertices of given triangle with 
position vectors, 21+ 4j -k, 4i+ 5j +k and3i + 6j -3k 
respectively. 
Then, we have 
OA -2i 4j - k, OB - 4i 5j К 

and OC=3i+6j-3k 

AB- ОВ-ОА - 2i + j 2k 

BC--i- j -4k 

and AC=i+2j-2k 

Now, AB=|AB|= 2? +1? +2? =3 

BC =|BC| = y(-1)? + (1)? +(-4)? 2342 
and AC-|AC|- Ji? +2? +(-2)? =3 


AB = AC and BC? = AB? + АС? 


<. The triangle is isosceles and right angled. 


Clearly, 


| Example 21. The two adjacent sides of a 
parallelogram are 2i 4-4 j — 5k and i+2j+3k. Find the 
unit vectors along the diagonals of the parallelogram. 


Sol. Let OABC be the given parallelogram and let the adjacent 
sides OA and OB be represented by a = 2i + 4j —5k and 


b-i +2) +3k respectively. 
-Now, the vectors along the two diagonals are 


d, =a b =3i+6j-2k 
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The required unit vectors are 
d, — 3i«6j-2k 


J? *6 + (2)? 


а, =42 -__~i-2j+8k 
14] Jc» «cay +8? 
—1 5 


2 «4 8 
—-——i-——jt——k 
Je» des)" Jes 


| Example 22. if a and b are any two vectors, then 


give the geometrical interpretation of the relation 
[а+ b| 2|a- Ы. 


Sol. Let OA- a and AB- b. Completing the parallelogram 
OABC. 


and 


^ 


Then, OC= band CB- a 

From AOAB, we have 

OA+ AB= ОВ => a+b=OB _ ..(i) 

From AOCA, we have . 
OC+ СА = OA 

=> b+ CA- a => CA=a-b ХШ) 

Clearly, ja+ b| =|a— Ы = |0В| = |СА| 

Diagonals of parallelogram OABC are equal. 

OABC is a rectangle. 

=> OALOC = alb 


1 Example 23. If the sum of two unit vectors is a unit 
vector, prove that the magnitude of their difference is 
v3. 


Sol. Let 4 and b be two unit vectors represented by sides OA and 
AB of a AOAB. 


Then, OA= 4, AB- b 
OB- ОА + АВ= 2+ b 
(using triangle law of vector addition) 


It is given that, |4|=|b|=|a+ 6 =1 


= |OA| +|AB| = |ОВ| = 1 
АОАВ is equilateral triangle. 
Since, |OA| =|4| = 1 2 |-b|- |AB| 


Therefore, AOAB' is an isosceles triangle. 
=> ZAB’ O = ZAOB’ = 30° 
> Z BOB’ = Z BOA + Z AOB’ = 60? + 30? = 90° 
E (since, ABOB’ is right angled) 
-. In ABOB', we have 
| BB’? = |ОВ|? +|OB’|? 


a+ of +a- 6 


22 =1° +|а- Б|? 


lâ- É |= 3 


Hence proved. 


Multiplication of a 
Vector by a Scalar 


Ifa is a vector and т is a scalar (i.e. a real number), then 
ma is a vector whose magnitude is m times that of a and 
whose direction is the same as that of a, if m is positive 
and opposite to that of a, if m is negative. 


7. Magnitude of ma =|ma| = m (magnitude of a) =m |a | 
Again, if a 2 a,i * a5j - ask, 


then ma =(та,)і +(та,)) *- (ma4 ) k 


Properties of Multiplication 
of Vectors by a Scalar 


The following are properties of multiplication of vectors 
by scalars, for vectors a, b and scalars m,n 
(i) m (-a) 2 (7m) a 2 - (ma) 
(ii) (-m) (-a) 2 ma 
(iii) m(na) = (mn) a 2 n(ma) 
(iv) (m+n) a = ma +na 
(у) т(а + b) 2ma mb 


1 Example 24. If a is a non-zero vector of modulus a 
and m, is a non-zero scalar, then ma is a unit vector, if 


Nm (b) m = |а| 
н=л. (d)m=+2 


Sol. (c) Since, ma is a unit vector, | ma| = 1 
= |m||a|=1 
> 


1 
|m| = — > matat 
la] la| 


1 Example 25. For a non-zero vector a, the set of real 


numbers, satisfying |(5 — х)а |«|2a | consists of all x 
such that 


(а) 0 <х<3 
(b)3<x<7 
(c) -7<x<-3 
(d) -7« x «3 
Sol. (b) We have, |(5 — x) a|«| 2a| 
5- x|[a|« 2 a| 


> 5- х|<2 
> =2<5-—x<2 
> 3S xS7 


| Example 26. Find a vector of magnitude (5/2) units 
which is parallel to the vector 3i + 4 j. 


Sol. Here, а = 31 + 4j 


Then, |а| = {32+ 42 25 
~. A unit vector parallel to 
sada xlebea] No 
jal 5 
Hence, the required vector of magnitude (5/2) units and 
parallel to a 
РЕЦ. ЖЕ 77 5 
=2.4=2.-(31+4 
Бе zí y 
= 1031 + 43) 
2 


Section Formula 


Let A and B be two points with position vectors a and b 
respectively. Let P be a point on AB dividing it is the ratio 
m:n. 


Internal Division 


If P divides AB internally in the ratio т: п. Then the 
position vector of P is given by 


m p. n 
AL > B 
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Proof 


Let О be the origin. Then OA =a and OB = b. Let r be the 
position vector of P which divides AB internally is the 
ratio m : n. Then 


AI 
PB n 
Or nAP =mPB 
or n(PV of P — PV of A) =m (PV of B — PV of P) 
or n(r— a)=m(b – г) 
or nr – па = ть -mr 
ог г(п+т) =тЬ + na 
mb + па 
ог r= 
m+n 
b + 
or (p= 
m+n 


External Division 


If P divides AB externally in the ratio m : n. Then, the 
position vector of P is given by 


Proof 


Let O be the origin. Then OA= a, OB= b. Let r be the 
position vector of point P dividing AB externally in the 


ratio m : n. 
Then, ae OM 

BP п 
or nAP =mBP 
or nAP =mBP 
or  n(PV of P—PV of A) =m (PV of P—PV of B) 
or n(r -a) 2m(r - b) 
or nr - na = mr -mb 
or r(m — n) 2 mb -na 

mb – па 
ог r=—— 
m-n 

" op. "bna 


m-n 
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Remarks : 
1. Position vector of mid-point of AB is a+b 
2 


2. In А ABC, having vertices Aa), B(b) and Cle) 
A(a) 


B (b) C (c) 


(i) Position vector of centroid is 3 * b* €. 
3 


(ii) Position vector of incentre is 
BCa + ACb+ ABc 
АВ + ВС+ AC ` 
(iii) Position vector of orthocentre is 
tan Aa + tan Bb 4 tan Cc 
tan A+ tan B + tanC 
(iv) Position vector of circumcentre is 
sin2Aa + sin2Bb + sin2Ce 
sin2A+sin2B+sin2c ` 


| Example 27. if D, E and F are the mid-points of the 
sides BC, CA and AB respectively of the AABC and O be 
any point, then prove that 
OA+ OB--OC- OD--OE + OF 
Sol. Since, D is the mid-point of BC, therefore by section 


formula, we have 
A 


B D C 
ор = OB + OC 
2 
= ОВ+ОС = 20D .. (i) 
Similarly, OC + ОА = 20E .. (ii) 
and OB+ OA -20F (iii) 


On adding Eqs. (i), (ii) and (iii), we get 
ХОА + OB + OC) = (OD + OE+ OF) 
= Од + ОВ + ОС= Ор + ОЕ + OF 
Hence proved. 


| Example 28. Find the position vectors of the points 
which divide the join of points A (2a — 3b) and 
B(3a — 2b) internally and externally in the ratio 2: 5. 
Sol. Let P be a point which divide AB internally in the ratio 2:3. 
Then, by section formula, position vector of P is given by 
_ 2(3a -2b) + X2a — 3b) 


e 243 
ба - 46 +ба-9Ь 12 13 
» 5 5 5 


Similarly, the position vector of the point (P^) which 
divides AB externally in the ratio 2:3 is given by 
-2b)- —3b 
op’ = 232 - 2b) ~ 32a —3b) 
2-3 
_6a-4b—6a+9b_ 5b _ 


| Example 29. The position vectors of the vertices A,B 
and C of a triangle are i — j — 3k, 2i+ j - 2k and 
-5i+2j-6k, respectively. The length of the bisector 
AD of the Z BAC, where D is on the segment BC, is 

CENT Ыі 
4 4 


11 


(c) (d) None of these 


2 
Sp A(i-j-3k) 
„ BL [o 
(2i + j - 2k) (-5i + 2j - 6k) 
(a) |AB| = |(2i + j — 2) - (i — j - 3) 
=|і+2) + 


= ү12 +22 + 12 = /6 
IAC|- |(-5i +2) – 6k) - (i — j — 3k) 
= |- 6i +3) – af] 


= 410-6)? +3? +(-3)? = V54 =з 


BD :DC=AB:ac= 6 =} 


2. Position vector of D = 10—51 + 2j ~ 6k) +3 (2i + j- 2k) 
1+3 


7i sj- 12k) 


AD = Position vector of D -Position vector of A 


AD == ({ +5] - 12i) - (d - j- 3f) = 2 (-3i + 99) 
=2(-i+3) 
JAD |== [1 +37 = 2/10 


| Example 30. The median AD of the A ABC is bisected 
at E.BE meets AC in F. Then, AF : AC is equal to 
(a) 3/4 (b) 1/3 
(c) 1/2 (d) 1/4 


Sol. (b) Let position vector of A w.r.t. Bisa and that of C w.r.t. B 
is c. 


A (a) 


À 
F 
1 
B (0 D C(c) 
(0) (C/2) 
Position vector of D w.r.t. 
0-c c 


В=—=- 


2 
Position vector of 


Let AF: FC = A :1and BE: EF =p :1 


zit Ac+a 
Position vector of F = ——— 
1+A 


Now, position vector of 


Act+a 
+10 
„сз m 


Е= (и) 
ul 
From Eqs. (i) and (ii), we get 
йыб = фк. козы ГАШ 
2 4 (1+A)(1+pP) (1+A)(1+p) 
1_ u 
S 2 ü-A)144) 
and Ja DM MEN 
4 (1+A)(1+H) 
=> iwi 
2 
1 
т. С. ДЕИС ee TO 
AC AF+FC 1*4 3 3 
2 
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Magnitude of Resultant of Two Vectors 
Let R be the resultant of two vectors P and Q. Then, 
R=P+Q 
|R|=R=1P? + 0° - 2PQcos8 
Qsin® 


where, |P|=P,|Q|=Q, tana = P+Qcos0 


Deduction When |P|=|QJ, i.e. P =Q 
Psin® 


tang m—————— 
» P + Pcos0 


Hence, the angular bisector of two unit vectors a and b is 
along the vector sum a+ b. 


Remarks 
1. The internal bisector of the angle between any two vectors is 
along the vector sum of the corresponding unit vectors. 


2. The external bisector of the angle between two vectors is along 
the vector difference of the corresponding unit vectors. 


B(b) 


u(à - b) 


ща + b) 
External 
bisector 


Internal 
bisector 
О А(а) 


| Example 31. The sum of two forces is 18 N and 
resultant whose direction is at right angles to the 
smaller force is 12 N. The magnitude of the two forces 
are 


(a) 13, 5 (b) 12, 6 
(c) 14, 4 (d) 11,7 
Sol. (a) We have, |P| +|Q|=18N;|R| =|P+ Q|+ 12N 
a = 90° 
Р + Осоѕ9 = 0 
= ОсозӨ=-Р 


Now. R? = Р? + Q* +2PQcos@ 
= К = р? +Q? +2Р(-Р)= 0° - Р? 


14 Textbook of Vector & 3D Geometry 


y 


y 


2? =(P +Q)(Q- P)-18(Q - P) 


Q-P-8 and Q+P=18 
Q-13P-5 


-. Magnitude of two forces are 5 N and 13 N. 


1 Example 32. The length of longer diagonal of the 
parallelogram constructed on 5a+2b and a— 3b, when 
it is dens that |a| = 242, |b| = 3 and angle between a 


and b is » is 
(а) 15 (b) 4113 
(с) 4593 (d) 4369 


Sol. (c) Length of the two diagonals will be 


d, = |(5a+ 2b) + (a—3b)| 


and 4, =|(5a + 2b) – (a —3b)| 


=b 
Thus, 


= |ба — b|,d; =|4a +5b| 


d, = y\6a|? + |- bl + 2|6a||- b|cos(z — 1/4) 
: ) 15 


= |36(24/2) +9 + 12-29 - 


v2 


| л 
4›= 14a]? - |5ь|? 4 2|4a||5b| ed 
1 
- х8+25х9 + 40x 2/2 x3 x — 
D 2 


= 4593 
2. Length of the longer diagonal = 4593 


1 Example 33. The vector c, directed along the internal 
bisector of the angle between the vectors 
a - 7i - 4j - 4k and b- —2i — j+2k with |с| = 54/6, is 


(23-7 «2l б) 2 Gies] «2i 
(026 «7j«2f (d) 5 C5i «5j 2io 


Sol. (a) Let а= 71 4j— 4k 
and b=-2i-j+2k 


Now, required vector c = À (5+ 4 
la| [Ы 


[ii 4k ze) 
3 


TE 


(i-7j+ 2k) 


2 
V WM 
eff = А x 54 =150 
lel a 
zm A=+15 
= es 2 (1-75 + 2k) 
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Exercise for Session 2 


1. 
2 


17. 


Ifa-2i— j+2kand b=-i +j- k then find а + b. Also, find a unit vector along a+ b. 

Find a unit vector in the direction of the resultant of the vectors i+ 2j + 3k, -i +2] + kand3i+ 1. 

Find the direction cosines of the resultant of the vectors (i + 1+ к), (-i +] + К), (i -j+ k) and (i + je k). 
In a regular hexagon ABCDEF, show that AE is equal to AC+ AF- AB 

Prove that 30D+ ОА + DB+ DCis equal to ОА + OB- OC. 

In a regular hexagon ABCDEF, prove that AB+ AC+ AD+ AE+ AF -3AD. 

ABCDE is a pentagon, prove that AB+ BC+ CD+ DE+ ЕА =0. 


The position vectors of A, B, C, D are a, b, 2a + 3b and a—2b, respectively. Show that DB = ЗЬ – a and 
AC-a-3b. . 


tf P(-1, 2) and Q(3, —7) are two points, express the vector PQ in terms of unit vectors land j. Also, find 
distance between point P and Q. What is the unit vector in the direction of PQ? 


If OP =2i+ 3j — Капа 0Q=3i -4j + 2k, find the modulus and direction cosines of PQ. 


Show that the points A, B and C with position vectors a 3j -4j-4k, b=2i-j+kandc=i -3]-5k 
respectively, form the vertices of a right angled triangle. 


If a -2i« 2j - kand|xa|- 1, then find x. 
If p-7i -2j +3k and q=3i+ j+ 5k, then find the magnitude of p-2q 
Find a vector in the direction of 5i -j +2k, which has magnitude 8 units. 


fasi 2j +2k and b - 3i4 6j + 2k, then find a vector in the direction of a and having magnitude as | b|. 
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Find the position vector of a point P which divides the line joining two points A and B whose position vectors are 


1+2]-К апа -i+ J+ k respectively, in the ratio 2 : 1. 


(i) intemally (ii) externally 


If the position vector of one end of the line segment AB be 21+ 3j -kand the position vector of its middle point 


be 3(i+ j+ К), then find the position vector of the other end 
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Linear Combination of Vectors, Theorem on Coplanar 
& Non-coplanar Vectors, Linear Independence 


and Dependence of Vectors 


Linear Combination of Vectors 


A vector r is said to be a linear combination of vectors a, b 
and c... etc., if there exist scalars x, y and z etc., such that 
г= ха +yb+zc+... 

For examples Vectors гу =2a + b+3cand 

г; =a +3b +-/2с are linear combinations of the vectors 

a, band c. 


Collinearity and Coplanarity of 
Vectors 


Relation between Two Collinear Vectors 

(or Parallel Vectors) 

Let а and b be two collinear vectors and let x be the unit 
vector in the direction of a. Then, the unit vector in the 
direction of b is X or —X according as a and b are like or 
unlike parallel vectors. Now, а = а] x and b - t |b| x. 


lal 
|b] 
Thus, ifa and b are collinear vectors, then a = Àb or 


b= Ла for some scalar А i.e, there exist two non-zero 
scalar quantities x and y so that xa + yb - O 


An Important Theorem 


Theorem : Vectors a and b are two non-zero, 
non-collinear vectors and x, y are two scalars such that 


=> a=Ab,. where A =t 


xa + yb =0 
Then, x=0,y=0 
Proof It is given that xa+yb=0 (i) 


Suppose that x #0, then dividing both sides of (i) by the 
scalar x, we get 


(ii) 


Now, Уза scalar, because x and y are scalars. 
x 


Hence, Eq. (ii) expresses a as product of b by a scalar, so 
that a and b are collinear. Thus, we arrive at a 


„contradiction because a and b are given to be 


non-collinear. 
Thus our supposition that x #0, is wrong. 
Hence, x =0. Similarly, y =0 
Remarks 
a-0.b-0 
or 
1. xa + yb=0 = 4x 20, y -0 
or 
a||b 
2. If a and b are two non-collinear (or non-parallel) vectors, then 
xa + yb=x,a + y;b 


=> X% =X, and у = у; 
Proof xa + y;b=x,b+ y;b 
E (x, — x;)a + (у – уь 20 
> X, — x9 =0 and y, – у =0 
[га and bare non-collinear] 

=> 3 КА = xo and y, = у 
Ifa 2ai- 2+ ak and b= b i + bj + bk. thena || b 
> а-аа 

b b b 


Test of Collinearity of Three Points 
(i) Three points A, B and C are collinear, if AB = ABC 
(ii) Three points with position vectors a, b and c are 


collinear iff there exist scalars x, y and z not all zero 
such that xa + yb + zc-0, where x + y +z =0 


Proof Let us suppose that points A, B and C are 
collinear and their position vectors are a, b and c 
respectively. Let C divide the join ofa and b in the 
ratio y : x. Then, 


ih ха yb 
x+y 
or xa +yb-(x +у)с=0 


or xa + yb zc =0, where z 2 - (x +y) 


Also, х+у+і=х+у-(х+у)=0 
Conversely, let ха + yb + гс = 0, where x +у+т=0, 


Therefore, 
xatybcz-ze-(x-y)  (ox-y--z) 
ха + jb 
ог с=-—— 
х+у 


This relation shows that c divides the join of a and b 


in the ratio y : x. Hence, the three points A, Band C 
are collinear. 


(ii) fa =a,i+a,j},b - bis b.jand ¢=c,i+c;}, then 
the points with position vector a, b and c will be 


а а, 1 
collinear iff| b, b. 1|-0. 
с c; 1 


Proof The points with position vector a, b and c will 
be collinear iff there exist scalars x, y and z not all 


zero such that, 
x(a,i+a,j) +3(b,i+ b,j) +2(с, c.) 20 and 
xt+y+z=0 
= xa, + yb, zc, =0 

xa, + yb, +zc, =0 


x+yt+z=0 
Thus, the points will be collinear iff the above system 
of equation’s have non-trivial solution 
Hence, the points will be collinear 


a, b Сү а, a; 1 
iff |а, b, с,|=00г| bz 1)=0. 
L a I € €? 1 


1 Example 34. Show that the vectors 2i - 3j ak and 
~4i+6j-8k are collinear. 
Sol. Let a=2i-3j+4k and b=-ti+6j-sk 
Consider, b = 41 +6j—-8k = -Д21—3)+4К)=—2а 
2. The vectors a and b are collinear. 


| Example 35. Show that the points A(1,2 3), B(3,4,7) 
and C(-3, — 2, — 5) are collinear. Find the ratio in which 
point C divides AB. 


Sol. Clearly, АВ = 8- )i (472) 7 -3)k 


=2i+2j+4k 
and BC =(-3-3)i+(-2-4)j+(-5-7)k 
-6i-6j- 12k 
= -%21 +2j+4k)= -3AB 
BC = -3AB 
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УА, Band C are collinear, 
Now, let C divide AB in the ratio k : 1, then 
kOB+1-0A 


ОС = 
k+l 
ч аза ӘНӘ 
k+l 
> ot ep [Atij (AK +2), үзү 
-3i-2j-5k = i+] —— |j+|——— |k 
wh. эмее Erg (92) lee 
E SEF. g ARTE pang Аг. uus 
k+1 k+1 k+l 


-2 
- 


From, all relations, we get К = : 
Hence, C divides AB externally in the ratio 2:3. 


1 Example 36. If the position vectors of A,B,C and D 
are 2i+ }, i- 3), 3i«2j and i+ Aj. respectively and 
AB || CD, then A will be 

(а) -8 (b) -6 
(08 (d) 6 
Sol. œ) AB = (i -3) - Qi - 2 -i - 4j: 
CD =(i+ Aj) - Gi 2) = -2i + (A - 2): 
AB||CD = AB = xCD 
~i- 4j=x{-2i+(A -2)) 
=> -l=-2x,-4=(A -2)x 


= х= тапай =~6 


| Example 37. The points with position vectors 
601+ 3j, 40i — 8j and ai — 52j are collinear, if a is 


equal to 
(a) 40 (b) 40 
(c) 20 (d) None of these 


Sol (a) The three points are collinear if 


60. 3: л 
40 -8 1|-0 
а =52 1 


=> 60(-8--52) – 3(40 — a) + (-2080 + 8a) = 0 
=> 2640 — 120 + За — 2080 + 8a = 0 

lla = —440 
=> а= – 40 


| Example 38. Let a, b and c be three non-zero vectors 
such that no two of these are collinear. If the vector 
a+ 2b is collinear with c and b+ 3c is collinear with a 
(A being some non-zero scalar), then a+ 2b+ 6c is equal 
to 
(a) 0 
(c) Ac 


(b) Ab 
(d) Aa 
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Sol. (a) Asa+2b апа с are collinear a + 2b = Ac і 
Again, b + 3c is collinear with a. 
b+3c=pa 
Now, a+2b+6c=(a+ 2b)+6c=Ac+6c 
= (А + 6)с 
Also, а+ 22 + 6c - a + ДЬ + 3c) =а + 21a 
= (2 + Па 
From Eqs. (iii) and (iv), we get 
(А + 6)c = (21 + Ia 
But a and are non-zero, non-collinear vectors, 
46-20-2210 +1 
a+2b+6c=0 


= 


NO 
.. (iii) 


.„Ҳіу) 


Hence, 


Theorem of Coplanar Vectors. 


Let a and b be two non-zero, non-collinear vectors. Then 
any vector r coplanar with a and b can be uniquely 


expressed as a linear combination xa + yb; x and y being 
scalars. 


Proof Let a and b be any two non-zero, non-collinear 
vectors and r be any vector coplanar with a and b. 
We take any point О in the plane of a and b 

B 


b 
N P 
O Ma ^ 
Let OA =a, OB- b and OP- r 
Clearly, OA, OB and OP are coplanar. 


Through P, we draw lines PM and PN, parallel to OB and 
OA respeetively meeting OA and OB at M and N 
respectively. 


We have, OP = OM + MP 

= OM ON [у MP =ON and MP || ON] ...(i) 
Now, OM and OA are collinear vectors 
OM - x OA = xa, where x is scalar. 
Similarly, ON = yOB = yb, where y is a scalar. 
Hence, from Eq. (i), OP = xa + yb or r = x'acy'b 
Uniqueness: If possible, let r = xa + ybandr=x‘'a+y’b 
be two different ways of representing r. 
xat+yb=x’at+y’b 
> (x -x')a*(y-y')b-0 
But a and b are non-collinear vectors 


Then, we have 


x —x’=Qandy-y’=0 
ә х'=халіу'=у 
Thus, the uniqueness in established. 


Test of Coplanarity of Three Vectors 


(i) Three vectors a, b, c are coplanar iff any one of them 
is a linear combination of the remaining two, t.e. iff 
а = xb + yc where x and y are scalars. 
(ii) If three points with position vectors , 
a-ajita;j * ask, b=byi + bj * bsk 


and c 2 сї + с) * c4k are coplanar, 


а а, аз 
then|b, b, 2з |=0. 
су с; C3 


If vectors a,b and c are coplanar, then there exist 
scalars x and y such that c = xa + yb. 


Hence, cji +¢2j * c5k = x(a; i + a2j +a,k) 


+y(b; i + b,j + Ь3К) 
Now, i, j and К are non-coplanar and hence 
independent. 
Then, с = ха *yb;, c; = xa; + yb; 


and. сз = хаз yb, 


The abóve system of equations in terms of x and у is 
consistent. Thus, 


a, b, с d, а, аз 
a, b; c$|-0or|b, b, ; |=0. 
азу b, сз Cy Cp ©з 


Remark 


If vectors хуа + y, b+ z, c, хза + yob+ z;c and x4a + y3b+23€ 
are coplanar(where a, b and c are non-coplanar). 

my ^ a 
X» yo 72 
хз Уз 23 


Then, =0 


Test of Coplanarity of Four Points 


(i) To prove that four points A(a), B(b), C(c) and D(d) 
are coplanar, it is just sufficient to prove that vectors 
AB, AC and AD and coplanar. 

(ii) Four points with position vectorsa, b,c and d are 
coplanar iff there exist scalars x, y, z and u not all 
zero such that xa+yb+ze+ud —0, where 
x+y+z+u=0. 

(iii) Four points with position vectors 
a-ai +а,)+а5К, 
bzb,icbjebk 
e-c,i +e j+ сз 


and d -djid,jsd,k 


а, аз аз 1 

will Бе coplanar, iff bi by by 1 =0 
Cp. 03. €. d 
di d} d} 1 
di-a, d,-a, d,-a, 

ог by-a, b;-a; b,-a,|-0 
Суар с;-а, су-а, 


Тһеогет оп Моп-сор!апаг 
Vectors 


Theorem 1 
If a, b,c, are three non-zero, non-coplanar vectors and 
x, y, 2 are three scalars such that 
xa - yb + zc =0. 
Then х=у=2=0. 
Proof It is given that xa + yb + zc =0 (i) 
Suppose that x #0 
Then Eq. (i) can be written as 
xa =—yb - zc 
z 


=> Pye ene 
x x 


(Ш) 


x | 
Now, Y апа are scalars because x, y and z are scalars. 
x x 


Thus, Eq. (ii) expressesaas a linear combination of b and c. 

Hence, a is coplanar with b and c which is contrary to our 

hypothesis because a,b and c are given to be non-coplanar. 
Thus, our supposition that x z0is wrong. 

Hence, x 20 ; 

Similarly, we can prove that y=0 andz=0 


Theorem 2 
аЬ and c are non-coplanar vectors, then any vector г 
‘can be uniquely expressed as a linear combination 
xa + yb + zc; x, y and z being scalars. 
or 

Any vector in space can be expressed as a linear 
combination of three non-coplanar vectors. 
Proof Take any point O. 
Let a, b,c be any three non-coplanar vectors and r be any 
vector in space. 
Let OA=a, OB =b, 

oc=c,OP=r 
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Here, the three lines OA, OB, OC are not coplanar. Hence, 
they determine three different planes BOC, COA and AOB 
when taken in pairs. 

Through P, draw planes parallel to these planes BOC, COA 
and AOB meeting OA, OB and OC in L, E and N 
respectively. Thus we obtain a parallelopiped with OP as 
diagonal and three coterminous edges OL, OE and ON 
along OA, OB and OC, respectively. 


г. OL is collinear with OA. 

^. OL = ХОА = xa, where x is a scalar. 

Similarly, OE = y b and ON - zc, 

where y and z are scalars. 

Now, OP = OR + RP =(ON + NR) + RP 
=ON +OL +OE [^ NR= OL and RP = OE] 
=OL + OE +ON = xa + yb zc 

Thus, r= xa + yb + zc 


Hence, r can be expressed as a linear combination of a, b 
and c. 


Uniqueness If possible let 
r-xa-yb-zc 
and r-x'acy'bcz'c 
be two different ways of representing r, then we have 
xa +yb+zc=x'a +y b+z’c 

> (x —x’)a+(y—y’)b+(z—z’)e=0 
Now a, b and are non-coplanar vectors 

‘ x—-x'z0,y - y' 0 and 2-2'=0 
=> xzx',yzy' 
Hence, the uniqueness is established. 


and zz 


Remark 
If a, b, c are any three non-coplanar vectors in space, then 
ха + yb zc = ха + у + ZC 


= Xy = Xo yy = yo 2) = 79 

Proof xa + y, b z c = x;a + y;b4 z;c 

= (ху = x5)a + (y – Y2)b+ (2 – 22) =0 

> х-х;=0,у-уо=0 and 2,-2,=0 
> х= х. у = yo апа 2) = 23 
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| Example 39. Check whether the given three vectors 
are coplanar or non-coplanar. 
-2i -2j 4k, –21+4) 2, 4i-2j-2k 
Sol. Let а = - 2i -2j-- 4k 
b=~2i+4j-2k and c-4i-2j-2k 


Now, consider 


-2. -2 4 
-2 4 -2|--2(-8-4)-2(4-8)- 4(4 — 16) 
4 -2 -2 


= 24 +24 – 48=0 
7. The vectors are coplanar. 
| Example 40. if the vectors 4i + nj mk, 71+2)+ 6k 
and i+ 5j-- 4k are coplanar, then m is equal to 


(a) 38 (b) O 
(c) 10 (d) -10 
Sol. (c) Since the three vectors are coplanar, one will be a linear 
combination of the other two. 
4i 11j + mk = x(7i 2j 6k) + (i +5j+ 4k) 


= 4=7х+у -- (i) 
11 =2x + 5y (ü) 
m=6x + 4y (ш) 
From Eqs. (i) and (ii), we get 
x- t4 and y — 23 
11 11 


From Eq. (iii), we get 
3 23 


m=6x—+4x—=10 
11 11 

Trick Since, vectors 41 + 11) +тК,7ї+ 2j 4- 6k and 
1+5) + 4k are coplanar. 

4 1 m 
7 2 6/=0 
LS. A 
= 408 – 30) – 11(28 — 6) + m(35 – 2) =0 
=> —88 — 11x 22+33m=0 
=> —8—2243m-0 
=> 3m =30 = m=10 


| Example 41. If a, b and c are non-coplanar vectors, 
prove that за —7b —4c, 3a —2b- c and a+b+2c are 
coplanar. 

Sol. Let с = За -7b - 4с, B = За -2b + c 


and Y=atb+2c 
Also, let а= ф+у-тү 
= За —7Ь—-4с = x(3a - 2b + c) + (a +b +2с) 


= (3x + y)a * (72x + y)b +(x * 2y)c 


Since, a, b and c are non-coplanar vectors. 


Therefore, 

3x4y-23-2x ty--7 
and x+2y=-4 
Solving first two, we find that x =2 and y = — 3 These 
values of x and y satisfy the third equation as well. 
So, x +2and y = — 315 the unique solution for the above 
system of equation. 
= a -2B-3Y 
Hence, the vectors œ В and y are coplanar, because б is 
uniquely written as linear combination of other two. 
Trick For the vectors a, В, y to be coplanar, we must have 


з -7 = 
3 —2 1 [=Q whichis true 
1 4d 2 


Hence, о, B, ү are coplanar. 
| Example 42. The value of A for which the four 
points 21+ 3] — К, i+2j+ ЗК, 3i - 4j — Ж and 
i - А) + 6k are coplanar 


(a) 8 (b) 0 
(c) -2 (d) 6 
Sol. (c) The given four points are coplanar. 
2. y 3 3 
g.:2.4 W 
=0 
13-2 6 
i- Y r''D 
153, 1 
2 оо +A+2)| . 
-1 3 -2 6 
1o JJ. “E 
Operating (К, > R, — R, – R,) 
2 1 3 


=> ~A+2)-1 3 -2|20 2 A --2 
rk 4 


| Example 43. show that the points P(a+2b+c), 


Q(a -b -c) R(3a+b+2c) and S(5a + 3b+ 5c) are 
coplanar given that a,b and c are non-coplanar. 


Sol. To show that P, О, R, S are coplanar, we will show that 
PQ, PR, PS are coplanar. 


PQ=-3b-2c 
PR=2 -b+c 
PS=4a+b+4c 
Let РО = xPR+)PS 
= -3b -2c = x(2a — b + c) + (4a +b + 4c) 


—3b -2c = (2x + 4у)а * (-x + y)b * (x 4y)e 


As the vectors a, b, c are non-coplanar, we can equate their 


coefficients. 

> O=2x+4y 

> -3=-х+у 

= -22x-4y 

x-2y--listhe unique solution for the above system of 
equations. 

=> PQ = 2PR- PS 


РО РК, PS are coplanar because PQ is a linear combination 
of PR and PS 


= The points P, Q, R,S are also coplanar. 
Trick For m vectors PQ, PR and PS to be coplanar, we 


-3 -2 
musthave|? -1 1 |-0 which is true 
4 1 4 
<. The PQ, PR, PS are coplanar. 


Hence, the points P, Q, R, S are also coplanar. 


Linear Independence and 
Dependence of Vectors 
1. Linearly Independent Vectors 


A set of non-zero vectors a;, a... 
independent, if 


„а, is said to be linearly 


хуа, t X235 +...+x,a, =0 
> X, EX =... 
2. Linearly Dependence Vectors 


,a, is said to be linearly 
x, not all zero 


=x, =0. 


A set of vector a,,a,.... 
dependent, if there exist scalars x, X2,..., 
such that хуа, + x282 +...+ x,a, =0 


Properties of Linearly Independent 
and Dependent Vectors 
(i) A super set of a linearly dependent set of vectors is 
linearly dependent. 
(ii) A subset of a linearly independent set of vectors is 
linearly independent. 
(iii) Two non-zero, non-collinear vectors are linearly 
independent. 
(iv) Any two collinear vectors are linearly dependent. 
(у) Any three non-coplanar vectors are linearly 
independent. 
(vi) Any three coplanar vectors are linearly dependent. 


Chap 01 Vector Algebra 21 


(vii) Three vectors a =a,i+a,j+ayk, b= bi * b>) +b,k 
ande -c,i4 с) 4 c3 k will be linearly dependent 


ар az ay 
vectors iff}b, b, Ьу|=0, 
Cy с; су 


(viii) Any four vectors in 3-dimensional space are linearly 
dependent. 


| Example 44. Show that the vectors 
i - 3j 2k, 2i - aj - K and 3i 2j - k and linearly 


independent. 
Sol. Let a=i-3j+2k 
B=2i-4j-k 
and Y= 3i+2j- k 


Also, let xa + yB + zy =0 
x(i-3j+2k)+ y(2i 4j- k)+z(3î+2j-k)=0 
or (x + 2y +3z)i+(—3x — 4y + 2z)j+(2x- y - z)k =0 
Equating the coefficient of i, jand k, we get 
x +2y +32 = 0 
-3x -4y +22=0 
2х-у-2=0 
bL. «2 8 
Now, -3 -4 2 
2 -1 -1 


= 1(4+2)~2(3-4)+3(3+8)= 41 +0 


<- The above system of equations have only trivial solution. 
Thus, x = y=z=0 

Hence, the vectors ОЙ and y are linearly independent. 
Trick Consider the determinant of coefficients of i, jand k 


1-3 2 
ie.|2 —4 -1|-1(4-2)-3(-2-3)- 24412) 
3 2 -1 


=6+3+32=4140 


7. The given vectors are non-coplanar. Hence, the vectors 
are linearly independent. 


I Example AS. If a= i+ j+ k, b- 4i 3]-- AK and 
c= i+aj+ Bk are linearly dependent vectors and 


|c|= V3, then 
(а к= =—-1 (а= 18 = +1 
(Qa = -1В = +1 (Фа= +18 =1 
Sol. (d) The given vectors аге linearly dependent, hence there 
exist scalars x, y and z not all zero, such that 
Ха + yb +.2¢=0 
ie. x(i+j+k)+ (4i e 3] + 4k) + (і жо) + Вк) =0 
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ie. (x + 4y + z)i +(x +3y+az)j +(x + 4y 4 Bz)k =0 ` Trick jc|=y1+a? +B? = V3 
= х+4у +2 =0, х +3у+ог = 0, х + 4у +В2=0 E a? «p? =2 
а: ou 1.0.71 
For non-trivial solution]! 3 0 =0= 8 =1 ‘a, b and care linearly dependent, hence|4 3 4)=0 
148 4a 8 
[c 23210? + p?-3 25 В=1 
= a? =2-f? =2-1=1 B w=1 э а=+1 
a=+t1 


Exercise for Session 3 


1. Show that the points A(1, 3, 2), B(-2, 0, 1) and C(4,6, 3) are collinear. 

2. Ifthe position vectors of the points A, B and C be a, band За – 2brespectively, then prove that the points A, B 
and C are collinear. 

3. The position vectors of four points P, Q, R and S аге 2a + 4c, 5a + 3V/3b+ 4с, -2V3b+ cand 2a+ c 
respectively, prove that PQ is parallel to RS. 


4. If three points A, B and C have position vectors (1 x, 3), (3,4, 7) and (у, — 2, — 5), respectively and if they are 
collinear, then find (x, y). 


5. Find the condition that the three points whose position vectors, a = ai + bj +ck, b=i+ cj andes-íz j sa 
collinear. 

6. Vectors a and bare non-collinear. Find for what values of x vectors c = (х –2)а+ band d = (2x + 1)a - bare 
collinear? 


T. Leta, b, care three vectors of which every pair is non-collinear. If the vectors a+ b and b+ c are collinear with c 
and a respectively, then find a+ b+ c. 


8. Show that the vectors i -j -k,2i+ 3j +K and 7i + 3j - 4f are coplanar. 
9. if the vectors 2i - j + k, i 2j -3k апазі +ај+ 5k are coplanar, then prove thata =4, 


10. Show that the vectors a—2b+ 3c, - 2a + 3b - 4c and -b+ 2c are coplanar vector, where a, b,c are non-coplanar 
vectors. 

11. ка, band c are non-coplanar vectors, then prove that the four points 2а+ 3b- c, a - 2b «3c, 3a + 4b-2c and 
a - 6b--6c are coplanar. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


e Ex. 1 The non-zero vectors a,b andc are related by 
a =8b апас =—7b angle between a апіс is 


x x 
(a) F (b) z 


(Ол (d) o 
Sol. (c) a and b vectors are in the same direction, b and c are in 
the opposite direction, 


= a and c are in opposite directions. 
-. Angle between a and c is n. 


9 Ex. 2 A unit vector a makes an angle ~ with Z-axis. If 


а+і+) isa unit vector, then a is equal to 


M Ts B ^ ^ 


ij Kk ij к 
а) —+= b)—+2— 
5 2 42 ur 42 
rar $ (d) None of these 


Sol. (c) Let a = 1i + mj + nk, where [? + m? + n? =1. a makes an 
angle 5 with Z-axis. 


n= p’ +m =; АЙ 
A k 

=lî+m+ -7z 

a=li+mj X 


$ k 
a+i+j=(+Di+(m+Dj+ -7 


1 Y 
Its magnitude is 1, hence (1 + 1)? + (т + 1) = = (ii) 
From Eqs. (i) and (ii), we get 


1 
oie = l=m=-- 
2° E 


¢ 4 L 
Hence. еН Е УЯ Я 
= 2 2 X 


ө Ex. 3 If the resultant of two forces of magnitudes P and Q 
acting at a point at an angle of 60° is V7Q, then P/Q is 


fa) CE 
(c)2 (d)4 

Sol. (c) R? = P? + Q? + 2PQ соѕӨ 
= (/7Q)* = Р? + Q? + 2PQ cos 60° 
= 7Q* = P! + Q' + РО 


= P'PQ-eQ! =0 


Р? + ЗРО -2PQ - 60° =0 


=> 

= P(P + 30) - 20Р +30)=0 

=> (P —2Q)(P + 3Q)=0 

eh P-20=0 or Р+30=0 
P 

From Р-20=0 = 8 


9 Ex. 4 A vector a has the components 2p and 1 w.r.t. a 

rectangular cartesian system. This system is rotated through 

a certain angle about the origin in the counter clockwise 

sense. If with respect to a new system, a has components 

(p +1) and 1, then 
(a) p=0 


(0) p=—t0r p= т (9) p=lorp=-1 
Sol. (b) We have, a =2pi + j 


On rotation, let b be the vector with components (p + 1) and 


1 so that, 
b=(p+1)i+j 
Now, la| 2|b| = a? =b? 
> 4p? +1=(р+ 1? +1 = 4p? =(p +1)? 
> 2р=+(р+1) > 3p=-1 or р=1 


=-lorp=1 
p--iorp 


© Ex. 5 ABC is an isosceles triangle right angled at A. 
Forces of magnitude 24/2, 5 and 6 act along BC, CA and AB 
respectively. The magnitude of their resultant force is 


(a)4 (b) 5 
(с) 11-242 (9) 30 
Sol. (b) Rcos8 =6cos0° 242 cos(180° — В) + 5cos270* 
Rcos0 =6 — 242 cos В (i) 
Rsin@ = 6sin 0° + 2/2 sin(180° — B) + 5sin270° 
© 
5 242 
A 6 B 
Rsin0 = 2y2sinB - 5 (i) 


From Eqs. (i) and (ii), we get 
R? 236 + Bcos! B – 24/2 cos В + 8sin! B + 25 — 20/2 sinB 
261 + 8(cos? B + sin? B) 2 2442 cos B – 20/2 sin В 
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ABC is a right angled isosceies triangle, 
ie. ZB = 2С = 45° 


2 1 1 
Кав + ND) -24/2—. – 20/2. = 25 
^ 4 2 
R=5 
© Ex. 6 A line segment has length 63 and direction ratios 


are 3, – 2 and 6. The components of line vector are 
(a) -27, 18,54 (b) 27, – 18,54 


(c) 27, - 18, - 54 (d) –27, — 18, - 54 
Sol. (b) Let the components of line segment on axes are x, y 
and z. 
So, Xy! +27 363? 
Now, End atu k 
3 2 6 


(3k)? + (-2k)* + (6k)! = 63? 
к= + $3 =t9 
7 
“Components are (27, — 18, 54) or (727,18, - 54). 


9 Ex. 7 If the vectors6i — 2j +3k, 21 +3) - 6k and 
3i *6j- 2k form a triangle, then it is 

(a) right angled (b) obtuse angled 

(с) equilateral (d) isosceles 
Sol. (b) AB = Position vectors of B Position vector of A 


- (21 +3) - 6k) - (6i - 2j + 3k) = — 41 +5j-9k 
= |АВ| = 16 25 + 81 = J122 
BC =i+3j+4k 
= | BC|=J1+9 + 16 = /26 and AC =-3i + 8j - 5k 
= | AC|= 98 
Therefore, AB? = 122, ВС? = 26 and AC? =98 
= AB? + ВС? 226 + 122 = 148 


Since, АС? < AB? + BC’, therefore AABC is an obtuse angled 
triangle. 


9 Ex. 8 The position vectors of the points A, B and C are 
(2i +j -K) Bi- 2j +k) and(i +4) —3k) respectively. These 
points. 

(a) form an isosceles triangle 

(b) form a right angled triangle 

(c) are collinear 

(d) form a scalene triangle 


Sol. (c) AB =(3 - 2)i + (-2-1)} + (1 + 1) 
=1-3) +20 
ВС = (1 -3)i + (4 + 2)) + (-3 – 1) 
=-21 +6) – 4k 


CA === 4) (1 З) 
= 13) uk 
|An|e Jr r9 Ля 
| nC | = fa 36 € lo = V6 214 
ТАШ fii i45 Vd 
So, | AB] + [AC] =|BC] and angle between AU and BC Is 180°, 
So, points A, Hand C cannot form an Isosceles triangle, 


Hence, A, Hand C are collinear, 


€ Ex. 9 The position vector of a point C with respect to B is 
i+j and that of B with respect to A is i — j. The position 
vector of C with respect to A is 


(a) 2i (b) 2j 
(o -2j (d) - 2i 
Sol. (a) Since, position vectors of a point C with respect to B is 
BC =i+]j a(i) 
Similarly, AB=i-j .. (ii) 


Now, by Eqs. (i) and (ii), 
AC = AB * ВС = 2i 


ө Ex. 10 In a AABC, if 2AC =3CB, then 20A +30B is 
equal to 

(a)50C (b) -OC 

(c)OC (d) None of these 
Sol. (а) 20A +30B = ОС + CA) + ОС + CB) 


=50C + 2СА + ЗСВ = 50С (> 2CA = -3CB) 


9 Ex. 11 lfa,b,candd be the position vectors of the 
points A, B, C and D respectively, referred to same origin O 
such that no three of these points are collinear and 
a+c=b +d, then quadrilateral ABCD is а 


(a) square (b) rhombus 
(c) rectangle (d) parallelogram 
Sol. (d) Given, atc=bid 
1 1 
> = zl 
^a * c) zP +d) 


Here, mid-points of AC and BD coincide, where AC and BD 
are diagonals, In addition, we know that, diagonals of a 
parallelogram bisect each other. 


Hence, quadrilateral is parallelogram. 


9 Ex. 12 P isa point on the side BC of the ДАВС and О is 
a point such that PQ is the resultant of AP, PB and PC, 
Then, ABQC isa 

(a) square 

(b) rectangle 

(c) parallelogram 

(d) trapezium 


Sol. (с) AP + PB+ РС = PQ or AP + РВ = PQ+ СР 
=> AB=CQ 


Hence, it is a parallelogram. 


e Ex. 13 If ABCD is a parallelogram and the position 
vectors of A, B and C are i+3}+5k, ij +k and7i +7) +7k, 
then the position vector of D will be 

(а)71+5] +3 (b) 7+9) +11 

(с) 9i -- 1j +13k (d)8i+8}+8k 
Sol. (b) Let position vector of D is xi + yj + zk, then AB = DC. 

E -2j -4k =(7 - xh ( - y (0 - 2k 

E х=7,у 29andz =11 

Hence, position vector of D will be 7i + 9j + 11k. 


e Ex. 14 P is the point of intersection of the diagonals of 
the parallelogram ABCD. If O is any point, then 


OA * OB - OC + ОР is equal to 
(а) ОР (b) 20P 
(c) ЗОР (d) 40P 


Sol. (d) We know that, P will be the mid-point of AC and BD. 


OA + OC =20P 0) 
апі OB + OD = 20Р wii) 
On adding Eqs. (i) and (ii), we get 

OA + OB + OC + OD = 40Р 


* Ex, 15 IfC is the middle point of AB and P is any point 
outside AB, then 

(a) PA +РВ = РС 

(b) РА +РВ=2РС 

(с)РА +РВ+РС = 0 

(9) РА +РВ + 2PC = 0 
Sol. (b) РА + РВ = (РА + AC) + (РВ + BC) - (АС + BC) 


=PC + PC -(AC - CB) =2PC - 0 
( AC 2 CB) 
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P B 
PA + PB =2PC 


e Ex. 16 If О be the circumcentre and O' be the 
orthocentre of the AABC, then O' A 4-O' B -- O'C is equal to 
(a) OO" (b)20’0 (с)2ОО” (9)0 
Sol. (b) 0'A-0'0-«OA 
O'B -OO' + OB 
O'C-0'O + OC 
э O'A 4 O'B + O'C =30'0 + OA + OB + OC 
A 


deb 8 


OA + OB + OC = OO' =-0’O 
О/А+О'В+О'С =20'0 


Since, 


9 Ex. 17 Five points given by A, B, C, D and E are ina 
plane. Three forces AC, AD and AE act at A and three forces 
CB, DB and EB act B. Then, their resultant is 
(a) 2AC (b) 3AB 
(c) 3DB (d) 2BC 
Sol. (b) Points A, B, C, D and E are in a plane. 
Resultant = (AC + AD + AE) + СВ + BD + EB) 
=(AC + CB) + (AD + DB) + (AE + EB) 
= AB + АВ + АВ = ЗАВ à 


© Ex. 18 If the vectors represented by the sides AB and BC 
of the regular hexagon ABCDEF be a andb, then the vector 
represented by AE will be 


(a) 2b-a (b)bb-a 
(с) 2a- b (d)a+b 
Sol. (a) As in figure, AB =a, BC = b, 
So, AD = 2b and ED =a 
Е р 
А B 
Now, AE + ED = AD 


AE = AD- ED =2b-a 
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© Ех. 19 Ifa+b+c=0 апа |а| 3, |b| =5,|с| 27, then the 
angle between a and b is 


x т 
(а) > (b) = 
n т 
(c) 1 (d) = 
Sol. (b) 


Let 6 be the angle between a and b. Then, ZC =x - 8. 
32 + 52 _72 
2(3)(5) 


—cos8 = = 
2 


cos(x — Ө) = 


Ө =60°= 2 
3 


9 Ex. 20 lf a andb are the position vectors of A and B 
respectively, then the position vector of a point C on AB 
produced such that AC —3AB is 


(a)3a -b (b)3b- a 
(c) 3a-2b (d)3b - 2а 
Sol. (d) Since, given that AC =3AB. It means that point C divides 
AB externally. 
Thus, AC: BC 23:2 
A 
a B 
[o] с 
-b-2 
Hence, oc -? » а =3b—2a 


9 Ex. 21 Let A and B be points with position vectors a and 
b with respect to the origin O. If the point C on OA is such 
that 2AC =CO, CD is parallel to OB and | CD|-3|OB|, then 
AD is equal to 


a a 
(a) ei 


(3b 


a 
(d) pra 


a 

3b--— 

(c) = 

Sol. (c) Since, OA =a, OB = b and 2AC = CO 


2 
By section formula, OC = ig 


Therefore, | СЮ | =3| OB] 
= CD =3b 
= OD - OC « CD - Za «3b 


Hence, Ар = OD - OA -2a +3Ь-а 


aSb- la 
3 


ө Ex. 22 If position vectors of a point A is a + 2b anda 
divides AB in the ratio 2 : 3, then the position vector of B is 


(a)2a -b (b) b ~ 2a 
(c) a - 3b (d)b 
Sol. (c) If x be the position vector of B, then a divides AB in the 
ratio 2 : 3. . 
а= 2X * 3a + 2b) 

2+3 
э 5a —За —6b =2x 
= x=a -3b 


9 Ex. 23 If D,E andF are respectively, the mid-points of 
AB, AC and BC in AABC, then BE + AF is equal to 


(a)DC (b) JeF 
(c) 2BF (d) SBF 


Sol. (a) ВЕ + АЕ = OE- OB OF- OA 


ОА+ОС 
-®А+0© op, ов+ос _ og 


-0C 


OA + OB 
7773. = 0С-0р=рс 


* Ex. 24 In a quadrilateral PQRS, PQ =a,QR=b, 
SP =a — b. If M is the mid-point of QR and X isa point of 
SM such that, SX = 25м, then 
(a) PX = Jpn 
5 


(b)PX - ЕРЕ 


2 
c) PX = PR 
(с) ; 


(d) None of the above 


Sol. (b) If we take point P as the origin, the position vectors of Q 
and 5 are a and b —a respectively. 


In APQR, we have 


PR =PQ+QR = PR=a+b 
-. Position vector of R Za + b 


=> MIL (a+ 1p) 
2 2 


Now, SX = 55M 
= XM = SM -SX =5М - ®5М = 25M 
SX:XM=4:1 
(+) 
zy Рух. И а 
4+1 
232b. px Зу) 
5 5 
3 
E PX ==PR 


9 Ex. 25 Orthocentre of an equilateral triangle ABC is the 
origin О. If ОА =a, OB =b, OC =c, then AB + 2BC + ЗСА 
is equal to 


(a) Зс (b) 3a 
(c) 0 (d) ЗЬ | 
Sol. (b) For an equilateral triangle, centroid is the same as 
orthocentre 
OA + OB + OC =0 
3 
i OA +ОВ+ОС -0 
Now, AB +2BC+3CA 
= OB -OA + 20C -20B + 30A -30C 
--O0B420A-OC  — 


= (OB + OA + ОС) + 30A =30A = 3a 


* Ex. 26 lf a,b, апас are position vector of A, B and C 
respectively of AABC and if |a -b| = 4, [b ^ d = 2, 

{с — а| 23, then the distance between the centroid and 

. incentre of AABC is 

1 


(a) 1 (b) 2 
1 2 
(c) 3 (d) 2 
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Sol. (c) Let G be centroid and I be incenter. 


191-101-001 ->+ btt atbtd 


€ Ex. 27 Let position vector of points A, B and C of trian- 
gle AABC respectively beit+j+ 2k, i+ 2j4 k and 
2i+j+ k. Let 1,1 andl, be the lengths of perpendiculars 


drawn from the orthocenter 'O' on the sides AB, BC and CA, 
then(l, +1; + l3) equals 


2 3 
— b 
(a) E ( Je 
46 46 
0—7 (d) ^ 
Sol. (c) A (1, 1, 2) 
2 v2 
"El 1) v2 eS. 1) 


Clearly, triangle formed by the given points i + j + 2k, 
i+2}+ kand2i + j+ kis equilateral as AB = BC = AC = 4/2. 
-. Distance of orthcentre 'O' from the sides is equal to inradius 


of the triangle. 
A Say 1 
< l =l, =l, = inradius = r = — = 1 >S 
5 2042) 6 
| 2 
= ПТР t= 


© Ex. 28 ABCDEF is a regular hexagon in the XY -plane 


with vertices in the anticlockwise direction. If AB = 2i, then 


CD is 

(a) i+3j (b) i 2j 

(c)-i+ 3j (d) None of these 
Sol. 
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AB is along the X-axis and BD is along the Y-axis. 


AB=2i = AB = BC = CD =............ m2 
From the figure, BM = BCsin60? = 2sin60° = V3 
BD -2/5j 


BC = ВС cos60*i + BCsin60°j =i + V3} 
CD = BD - BC =2./3)-(ї + ¥3j)=-i + уз) 


€ Ex. 29 The vertices of triangle are A(1,1, 2), B(4,3,1) and 


C(2,3,5). A vector representing the internal bisector of the 
ZA is 


(a)i+j+2k (b) 2i-2j+k 
(02i 2j + (d) None of these 


Sol. (c) From the figure, we have 
b-AC-i-2j«3k 
c-AB-3i + 2) + К 

А (1, 1, 2) 


and 


B [e] 
(4, 3, 1) (2, 3, 5) 


2. Unit vector along the bisector of ZA is given by 
bec (1+2) +3) +(31+2)-) 
^ эс ж. ы 
2i+2j+k 
a 
2. Any vector along the angle bisector of 
ZA=2i1+2j+k 


ө Ex. 30 Leta - (11, — 1), b =(5, - 3, —3) апас =(3,—1, 2). If 


' a+b 
r is collinear with c and has length | 2 | thenr equals 
3 
(a) t3c (b) iM 
2 
(c) te (d)7c 


Sol. (c) Let r = Ас 


Given |r| = || с] 
la * bl уе 
: WIGI 


162 -2j - 4 = 24i -j + 2k| 
456 =2|A\V14 


A=t1 
r=te 


© Ex. 31 Ina trapezium, the vector BC = ХАО. We will then 
find that p=AC+BD is collinear with AD. [fp =p AD, then 


(a)p=A+1 (b) A= +1 
(c)A+p=1 (d)u 224A 
Sol. (a) We have, p = AC + BD = АС + BC + Ср 
= AC + ЛА” + CD 


= лАр + (АС + CD)- 4 Ар + AD =(A+1)AD 
Therefore, p-pAD = p=A+1 


ө Ex. 32 If the position vectors of the points A, B andC be 
i+j,i-jand ai +b) + ck respectively, then the points A, B 


and С are collinear, if 


(aja=b=c=1 
(b) a= 1 b and c are arbitrary scalars 
(c)la=b=c=0 


(d)c =0,a = land b is arbitrary scalars 
Sol. (d) Here, AB =-2}, BC =(a-1)i + (b + 1)) + & 
The points are collinear, then AB = АВС) 
-2j = Ка - 1) + (b + 1) + d 
On comparing, Аа - 1) = 0, Kb + 1) = –2, kc =0 
Hence, c = 0, a = 1 and b is arbitrary scalar, 


ө Ex. 33 Leta, b апас be distinct non-negative numbers 
and the vectors ai + aj + ck, i +k, ci + с) + bk lie ina plane, 
then the quadratic equation ax? + 2cx + b =0 has 
(a) real and equal roots 
(b) real and unequal roots 
(c) unreal roots 
(d) both roots real and positive 
Sol. (a) ai + aj + ck, f+ К and d +g + № are coplanar 
a d e 
1 0 1|[20 = c'-ab 0 
ec b 
For, equation ax? + 2сх + b =0 
D= 4c? - dab 20 


So, roots are real and equal. 


© Ex. 34 The number of distinct real values of À for which 
the vectors À i +k, i - A^] andi +(2A — sin A - AK are 


coplanar is 
(a) 0 (b) 1 
(с) 2 (d) 3 

Sol. (a) Put A20 = А кА + IA -sinA 0 
Let f(A) =A7 + AY 2А =sind 


=> f(A) =(7A° + ЗА + 2- сох) (Ve К 
JA) = 0 has only one real solution А = 0, 


о Ex. 35 The points A(2 — x,2, 2), B(2,2 - y2), 

C(2, 2,2 — z) and D(1, 1, 1) are coplanar, then locus of 
Р(х,у, 2) is 

(b)x+y+z=1 


dota a T sebo N 
1-х 1-y 1-2 
Sol. (a) Here, AB = xi — yj 
AC = x4 - sk: AD =(x-1)i-j-k 
As, these vectors are coplanar 
x =й 5 
=> x 0 -z E ta Da By 
х_1 -i =) om, Е 


ө Ex. 36 p=2a—3b, q=a—2b +c andr=—3a +b 4 2c, 


where a, b, c being non-zero non-coplanar vectors, then the 
vector — 2a +3b—c is equal to 


(a) p-4q (b) 


(c) 2р-34+г (d) 4p—2r 
Sol. (b) Let -2a - 3b - c = xp + y3q + zr 


—7q+r 


=> —2a + 3b — c = (2х + y —3z)at (-3x - 2y + z)b 
+(y + 2z)c 
2x + y —3z =—2,-3х-2у +2 =3 


and yt2z=-1 
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On solving these, we get x = 0, у = ~ 5, zs : 


"C rS Cmn 
Trick Check alternates one-by-one 
ie. (a) p – 4q = – 2а + 5b - 4c 


WT 2-28 + ab - c 


9 Ex. 37 Ifa, anda; are two values ofa for which the unit 


vector ai + bj + 26 is linearly dependent with i+ 2j and 


j - 2k. then  — is equal to 

a, а, 
-11 
diti 
(a) 1 m 


1 -16 
bs (Өг 


Sol. (O dl + Bj zi = id + 23) + m - 2i 


a=1,b=21 + mand m=— 


n 


kis unit vector 
a apis => Г ӨРҮ. og 
4 16 
a, and a; are roots of above equation 
1,1 a*a; 16 


> >+ 
а a 


аа; 11 


More than One Correct Option Type Questions 


€ Ех. 38 The vector i + х) + 3k is rotated through an angle 


Ө and is doubled in magnitude. It now becomes 
4i +(4х — 2)j 4- 2k. The values of x are 


-2 
(a) 1 (b) гү 

4 
(с) 2 (9) 3 


Sol. (b,c) Let a =i + xj + 3k, 
В= 41 + (4x - 2)j + 2k 


Given, 2|a.| =| 

3 210 + x? = 20 + 42х-1)° 
E 10 + х2 =5+(4x? - Ax +1) 
E 3x! - 4x - 4-0 

E xz2-- 


3 


9 Ex. 39 a,b andc are three coplanar unit vectors such 
that a +b +c=0. If three vectors p,q andr are parallel to 
a,b апас respectively, and have integral but different magni- 
tudes, then among the following options, |p +q+r| can take 
a value equal to 


(a) 1 (b) 0 (с) v3 (d)2 
Sol. (c,d) Let a,b and c lie in the XY-plane. 
аай acit asa ЦЗ 
2 2 2 2 


Therefore, |р + q + r| 2|Aa + jib + лс | 


ien )- (3-3) 
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= ЧА +? e v! – и - Av- pv 
(А uY + (и — vy *(v-A) 
= 0191-03 
= |p+ q+ 1| сап take a value equal to V3 and 2. 


* Ex. 40 A,B,C andD are four points such that 
AB = m(2i - 6j + 2k), BC - (1 — 23) and 


CD -n(-6i +15j — 3k). If CD intersects AB at some point E, 
then 4 

amz ()n2- (Әт=п (d)men 
Sol. (a, b) Let EB - p ABand CE =qCD 

Then0 < pandq S1 

B 
D 
E 
С 
А 


Since, EB + BC + СЕ =0 
pmi —6j + 2k) + @-23) + qn(-6i +15) -3k) =0 
=> (2pm 1 - 6qn)i + (-6pm —2 + 154п)) + (2pm – 6qn)k = 0 


> 2pm —6gn+1=0, 
-6pm —2 + 15дп = 0 
2pm -6qn = 0 
Solving these, we get 
1 
ig and P 
P= ст) 17 Gn) 
1 1 
0«—— $1 and 0<——$1 
(2m) (3n) 
1 1 
=> mz- and n x 


© Ex. 41 If non-zero vectors a and b are equally inclined to 
coplanar vector c, then c can be 


nea CETTE 
Oot ee 

Ome и ЕР 
DETUR "as dg)" 


Sol. (b.d) Since, a and b are е ually inclined to c, therefore c must 
a b 
be of the form t NS 
j FM 


NL: Tm «le ial (аз +t) 


Tale ib ial+ Pi ТМГ 
Ibl la | {all M jal [а +) 
ТТЕ 


а 
$ ; — o 
Other two vectors cannot be written in the from ( al H 


e Ex. 42 The vectors xi +(x +1)j +(x +2)k, 

(x+3)i +(х+4)] +(x+5)k and 

(x +6)i +(x +7)) +(x +8)k are coplanar if x is equal to 
(a)1 (b) -3 (c) 4 (d) 0 

Sol. (a, b, c, d) 
Å + (x+ 0) (x + 2)k, (x + 35 + (x+ 4j (x+ 5)k and 


(x +6)i +(x +7)) + (х+ 8)k are coplanar. We have 
x х+1 x*2 


determinant of their coefficients as|x+3 x+4 x+5 
x+6 x+7 x+8 


Applying C; > C; — G and Cj > С; — G, we have 
x 42 

x+3 1 2|-0. Hence, хє R. 

x*6 12 


© Ex. 43 Given three vectors a, b, and c are non-zero and 
non-coplanar vectors. Then which of the following are 
coplanar. 
(а)а +Ь,Ь+с,с+а (Ь)а-Ь,Ь+с,с+а 
(с)а+Ь,Ь-с,с+а (Ч)а+Ь,Ь+с,с-а 
Sol. (b,c,d) с+а =(Ь + с) + (а – Ь) 
a+b=(b-—c)+(c+a) 
a+c=(a+b)+(c—a) 
So, vectors in options (b), (c) and (d) are coplanar. 


ө Ex. 44 Ina | four-dimensional space where unit vectors 
along the axes are i N К and i, and a1, a2, a3, a, are four 
non-zero vectors such that no vector can be expressed as a 
linear combination of others and (A — 1)(a, — аз) + 
Ща, +аз) +ү(аз +a4 ~ 2а) +a; +5a,4 =0, then 


2 1 
А =1 b Sif aa os LX 
(a) (бун 3 (== 
Sol. (a, b, d) 


(A = 1)(a, 722) + (а, +a) + Yay +a, 722;) ta, 8a, 50 
ie, (А - a + (LA +p -2y)n; + QUE y Lay + (Y8)a, 20 
Since, a, a7, à , anda, are nearly independent, we have 


(c)y¥ == 


A=1801-A tp -2y «0 
p+y+i=o and y+5=0 
w ALANA Yt LOY +S о 


Hence ain уа 58а! 
3 3 3 


JEE Type Solved Examples : 
Statement | and II Type Questions 


Directions (Ex. Nos. 45-51) This section is based on 
Statement I and Statement Il. Select the correct answer 
from the codes given below. 


(a) Both Statement I and Statement II are correct and 
Statement II is the correct explanation of Statement 1 


(b) Both Statement I and Statement Il are correct but 
Statement II is not the correct explanation of 
Statement I 


(c) Statement I is correct but Statement II is incorrect 
(d) Statement II is correct but Statement I is incorrect 


е Ex. 45 Statement I If|a]| -3,|b|- 4 and|a * b| 5, 
then |a — | =5. 
Statement II The length of the diagonals of a rectangle is 
the same. 
Sol. (a) We have, adjacent sides of triangle [а] 23, |b| = 4 

The length of the diagonal is |a + b| =5 

Since, it satisfies the Pythagoras theorem, a L b 

So, the parallelogram isa rectangle. 

Hence, the length of the other diagonal is | a — b| =5. 


е Ex. 46 Statement! /f|a+b|=|a—b|, thena andb 
are perpendicular to each other. 
Statement 11 /f the diagonals of a parallelogram are equal 
in magnitude, then the parallelogram is a rectangle. 
Sol. (a) a + b =a — b are the diagonals of a parallelogram whose 
sides are a and b. 
Ja + Ы =|a -b| 
Thus, diagonals of the parallelogram have the same length. 
So, the parallelogram is a rectangle, ie.a L b. 


9 Ex. 47 Statement I If] is the incentre of AABC, then 
[BC|IA +|CA |IB +| AB|IC =0 

Statement 1 The position vector of centroid of AABC is 
OA +0B+0C 


3 
Sol. (b) We know that, 
от = LCBLOA +1 CA] OB +| AB/ OC 
z | BC| + | СА |+ | AB| 
_ Од + OB + OC 


OG 3 


and 


9 Ex, 48 Statement І /fu and v are unit vectors inclined 
at an angle 0. and x is a unit vector bisecting the angle 
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utv 
between them, then x = =, 


Q0 
2sin — 
2 


Statement 11 // ABC is an isosceles triangles with 
AB = AC =1, then vectors representing bisector of angle A is 


AB + AC 
given by AB — гт 
Sol. (d) We know that the unit vector along biseetor of unit 


u 
f um where 0 is the angle between 


2cos— 
2 


vectors u and v is 


vectors u and v. 
Also, in an isosceles AABC in which 
AB = AC, the median and bisector from A must be same line. 


© Ex. 49 Statement /fa -2i +k,b =3} + 4k and 

с = Ла +b are coplanar, thenc = 4a — b. 

Statement II A set vectors a4, a ,a3,...,a, is said to be 
linearly independent, if every relation of the form 

lia, tla; +3аз+.....+„а„ =0 implies that 

l=, = =... =l, =0 (scalar). 

Sol. (b) a, b and c are coplanar c = Ла + ub = 2 = 4 and p =— 


ә Ex. 50 Statement I Let A(a), B(b) and C(c) be three 
points such that a = 21 - k, b =3ї -j +3k and 
c=-i+ 7j —sk. Then, OABC is a tetrahedron. 


Statement II Let A(a), B(b) and C(c) be three points such 
that vectorsa, b andc are non-coplanar. 
Then OABC is a tetrahedron. 
Sol. (a) Given vectors are non-coplanar. 
Hence, the answer is (a). 


9 Ex. 51 Statement 1 Let a, b, c and a be the position 
vectors of four points A, B, C and D and 

За —2b +5c — 6d = 0. Then points A, B, C and D are 
coplanar. 

Statement 11 Three non-zero linearly dependent co-initial 
vectors (PQ, PR andPS) are coplanar. Then 

PQ = АРК +uPS, where A апар are scalars. 


Sol. (a) 
За - 2b + 5c ~6d = (2а — 2b) + (-5a + 5c) + (ба - 6d) 


=-2AB+5AC -6AD=0 
Therefore, AB, AC and ADare linearly dependent. 
Hence, by Statement II, Statement I is true. 
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JEE Type Solved Examples : 
Passage Based Questions 


53. (b) Hence, P divides AL in the ratio 3: 1 and P divides DB in the 
ee 54) li 1:3Similarly Q divides DB in the ratio1:3. : 
. Nos. 52 te 1 
ABCD is a parallelogram. L is a point on BC which divides Thus, D= ЭВ 
BC in the ratio1:2. AL intersects BD at P.M is a point on 1 
DC which divides DC in the ratio 1:2 and AM intersects and РВ = 4 Bs 
BD in Q. 1 
54. (b) -. РО = рв, 
ә Ex. 52 Points Р divides AL in the ratio 
i : =1:2 
(а) 1:2 (6) 1:3 с ус 
(с) 3:1 (9) 2:1 Раѕѕаре П 


(Ex. Nos. 55 to 56) 


9 Ex. 53 PointQ divides DB in the ratio А 
Let A, В, C, D, E represent vertices of a regular pentagon 


z : ^ a Ае ABCDE. Given the position vector of these vertices be 
| 4 а, а + b, b, Aa and Ab respectively. 
€ Ex. 54 PQ: DB is equal to AD 
2 1 9 Ex. 55 The ratio — is equal to 
(a) 3 (b) 3 BC 
1 3 bj t= cos E eur (b) 14+ 2cos 27: cos 
(c) 2 (d) d 9 5 5 5 


7 т 
$о/. (Ех. Моз. 52-54) (c)1+2 es 2cos = (d) None of these 


52. (c) 
© Ex. 56 AD divides EC in the ratio 
2 
(a) cos 27:1 (b) cos E :] 
5 5 
(1:2co5 (9) 1:2 
Sol. (Ex. Nos. 55-56) Given ABCDE is а regular pentagon 
BL- 1 b A 
3 
1 
AL =a+-b 
3 
Let AP = ЛАТ and P divides DB in the ratio p :1—p 
А ; E O C 
Then, АР = Ла + 3° і) d 
Also, AP =ра + (1 – р)Ь (и) » 
From Eqs. (i) and (ii), D 
a 
да+ 59 sha + (0-0) Let position vector point A and C be a and b, respectively. 
Xm u AD is parallel to BC and AB is parallel to EC. 
x Therefore, 
and ==1-р 
3 AOCB is a parallelogram and position vector of B isa * b. 
a=3 The position vectors of E and D are Ab and Aa respectively. 
4 Also, OA = BC = AB = OC =1 (let) 


Therefore, AOCB is rhombus. 


ZABC = ZA0C = 2" 
5 
and ZOAB= ZBCO-x-—J == 
5 
Further, ОА = AE =1апі ОС = CD =1 


Thus, AEAO and AOCD аге isosceles. 
In AOCD, using sine rule we get. 


OC ор 
HR MEET 
sin—  sin— 
5 5 
> OD- 1 =OE 
2cos— 
E AD 20A + OD =1+ 
2cos— 
1+ 2cos= 
55. () 22 =1+ ЕФ 5 
2с05— 2соз ® 
5 
1 
56. (9 © —= 
ос 2cos= 
5 
Passage III 


(Ex. Nos. 57 to 58) 


In a parallelogram OABC vectors a, b, c respectively, the 
position vectors of vertices A, B, C with reference to O as 
origin. A point E is taken on the side BC which divides it in 
the ratio of :1. Also, the line segment AE intersects the 
line bisecting the angle ZAOC internally at point P. If CP 
when extended meets AB in point F, then 


ө Ex. 57 The position vector of point P is 


la llc | wale (a+ £) 

O Selt Ja Nal id 
3121191. secl (2 ©) 
з|с| + 2al\lal lel 


аал (s а 
(9 a DeL | 3c = 
3Ic| + Да |\]а| |с] 
(d) None of the above 


© Ex, 58 The ratio in which F divides-AB is 


2а lal 

O -ael (5 раг зге 
3|a | 3|с | 

O азе ШЕТЕЛ 
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Sol. (Ex. Nos. 57-58) 
2 Bib) 


C(o) 1Е 


on Ala) 
Let the position vector of A and C bea and c respectively. 
Therefore, 
Position vector of 

B=b=a+ec (i) 
Also, position vector of 


к=”+2© arse ii) 
3 .3 
Now, point P lies on angle bisector of ZAOC. Thus, 


Position vector of point 


b 
Р=), „(iii 
(a) xd 


Also, let P divides EA in ration p : 1. Therefore, Position vector 
of P 


pa + a+3c 
3 3 _ Gu + 1)a + 3c " 
eh 23 E TM +1) (Чу) 


Comparing Eqs. (iii) and (iv), we get 


[+ i Gu 1)a + 3c 
lal lel 


зп + 1) 
mel gh i 
> ^ “wry d^ nei 
3lc|— lal _ 
т? 3|а| =p} 
ыб Wes й _3lalld 
|с] 318-а] | E TFEN 
3ja | 


57. (b) So, position vector of P is Ee (5 * ы 

3|с| + а |а] Id 

58. (9 e F divides AB in ratio 2:1, then position vector of F is 
a 


t+1 
Now, points C, P, F are collinear, Then, CF = mCP 


Bto. cam а) 
t+1 З|с| + 2а |а| |9 


Comparing coefficients, we get 
zt ny, Sel 
+1 Je] +a] 
=] a|-3|c 
TIAE EET 
ee 
3je|-|a| 


and 
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JEE Type Solved Examples : 
Matching Type Questions 


9 Ex. 59 In the Cartesian plane, a man starts at origin and 
walks a distance of 3 units of the North-East direction and 
reaches a point P. From P, he walks a distance of 4 units in 
the North-West direction to reach a point Q. Construct the 
parallelogram OPQR with PO and PQ as adjacent sides. Let 
M be the mid-point of PQ. 


ColumnI Column II 
А. z с 2 
The position vector of P is (p) 4 0+) 
B. The position vector of Ris · (q) = (i +53) 
C. The position vector of M is () 2V2(-i + }) 
D. Ifthe line OM meets the diagonal PR (5) 42,. „ 
in the point T, then OT equals rra +5) 


Sol. A> ~,B>7,C>9,Ds 


(A) Let iand j be the unit vectors along OX and OY 
respectively. 
Now, OP =3 and ZXOP = 45° implies that 
3 
OP = (3cos45?)i + (3sin45°)j= -=Â +] 
(3cos45?)i + (3sin45°)j z » 
(B) Again, ZXOR = 135? and OR = 4 implies that 


E " КУЄ 
it j)=2y2(-i + )) 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


OR = 


(C) The position vector of Q is given by 


ОР+РО = ОР+ OR -gH +7) 


_21+10) i-5j 


= we 2 
(D) Now, PT : RT =1:2 
Therefore, OT = МОВ) + XOP) 
3 
(ч +j)+ A(z) - D] 
3 
= №4 +5) 


ө Ex. 60 Р and Q have position vectors а andb relative to 


the origin O and X,Y divide PQ internally and externally 
respectively in the ratio 2:1. Vector XY is Xa +b, then the 


value of. + || is 


Sol. (0) Since, X and Y divide PQ internally and externally in the 
2b+a 


ratio 2:1, then X = and y =2b-a 


-. XY = Position vector of y-Position vector of x 


=2b-a 


9 Ex. 61 If A(1,—1, —3), B(2,1, — 2) and C(-5, 2, — 6) are the 
position vectors of the vertices of AABC. The length of the 
Ao. 


bisector of its internal angle at A is ‚ then value of À is 


Sol. (3) We have, AB=i+2}+ k, AC = —6i +3) 3k 
> |AB| = 46 and |AC|=3¥6 
Clearly, point D divides BC in the ratio AB: AC, i.e.1:3 
(-5i + 2) - 6k) + 3i + j - 2k) 
1+3 


-. Position vector of D = 


РИ ni 4 5j - 12k) 
AD- “(i +5j-12k)-(i-j -эй= 2-4 +3)) 


= |AD| = AD = 2.70 
A=3 


e Ex. 62 Let AUC be a trlangle whose centrold ls С, 
orthocentre Is H and elreimcentre 1х the orljtin 'О', If D Is 
any рой in the plane of the triangle such that no three of 
O, AC and D are collinear satisfylnjt the relation 

AD + BD + CH SHG = AHD, then what is tlie value of the 
scalar 'A' 

Sol, WIS =d ^a к< Е-е + og h) 


наа (nt buc)! (at b e) 
4 


~ah 
БКА 9 2d - h)92HD esd a2 


• Ex. 63 Let n, b ande be unit vectors such that 

nb c 90, [f the area of triangle formed by vectors a and 
b is A, then what is the value of 16A? ? 
Sol. (3) Glven n t bee 


Now, vector e Is along the diagonal of the parallelogram which 
has adjacent side vectors a and b, Since, e ls also a unit vector, 
triangle formed by vectors a and b Is an equilateral triangle, 


j i ^ 
Then, Area of triangle = Ë => Ді - =) 16A* 23 
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e Ex, 64 Find the least positive integral value of x for 
which the angle between vectors a = xi — 3) — k and 

b= 2x1 ex] ~ k is acute. 

Sol. (2) Let a = al -3] ~ fc and b = 2x4 + х) – k be the adjacent 


пел of the parallelogram, 
Now angle between a and b is acute, ic. |a + Ы > |a — Ы 


= fal +(х-3))- di >|- xd -(x + jy 


or ox? (x -3) + A» x^ (x +3)? 


or Bx! - 12x + 4» 0 or 2х -3x c1» 0 
1 
or (2x ~ 1)(х -1)»0 = perorx»d 


Hence, the least positive integral value is 2. 


ө Ex. 65 If the points a(cos a. +isiny), b(cospB + î sinp) 

and c(cos y + î sin y) are collinear, then the value of | z | is... 

(where z — bc sin(B — y) + ca sin(y — о.) + ab sin(œ +B) + 3i) 
acos® asina 1 


5 Sol. (3)| bcos  bsinp =0 
9, ccosy csiny 10 
а к => bcsin(y — В) + аѕіп(о — ү) + absin(B -a) = 0 
=> |z|=3 
Subjective Type Questions 
° Ex. 66 A particle in equilibrium is subjected to four = 5. Lae (9 
forces 19 
F =- 10k F. -(zi i — žá) 12 ER A ENE T có (ii) 
1 , 2 13 13 13 ; 13 13 
3 
Tes (s 51-21. žá) T iii dad (ш) 
From Eq. (iii), t 130 
and F, =w(cos@ Í sino j) eee TA 3 


Find the values of u, v and w in terms of 0. 
Sol. Since, the particle is In equilibrium. 
F, + F, + F, + Р, =0 


-0k +f 41-2 SEE (51-5 +20) 


+ м(созӨЇ + sin0]) = 0 


- (5 T ont we] + ( sijg wsino)j 
13 13 13 13 


* (2+ 3-ю) о 
13 13 


‘From Eq. (ii), we x 


- н + у) + wsin0 20 


12 
= - (ы) + wsin® = 0 
13V 3 
> wa = 40 cosec Ө 
sin8 


On substituting the value of w in Eqs. (i) and (ii), we get 
u-vz-130cot0 


130 


and u+ve— 
3 
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On solving, we get 
ut s — 65cot0 


v+ t 65cot0 and w= 40 cosec Ө 


* Ex. 67 Find all values of ‘2’ such that x, y, z s (0,0,0) 
and(i + j +3k) x (3i -3j +k) y «(741 5j)z 


=Мхї + уј+ zk), where i, j and К are unit vectors along the 


coordinate axes. 
Sol. Here, 


(i+ ) + 3k)x + Gi 73] + Юу + (—41 + 5)): = Mad + yf zh) 


On comparing the coefficients of i, j and k, we get 
x+3y-4z=)x 

=> (1-A)x + 3y - 4z =0 
х-3у + 52 = Ау 


=> x-(3+A)y +5z=0 .. (ii) 


3x+y=Az 


25 Зх+у- Л =0 -. (iii) 


The Eqs. (i), (ii) and (iii) will have a non-trivial solution, if 
1-А 3 -4 
1 -(3+)) 5 |=0 
3 1 -À 


[-. (х,у, 2) #(0, 0, 0)..А = 0] 


=(1 -AMAG + A)—5}—3{-A – 15} - 4(1 + (A + 3)} =0 
=> (1 = АА + ЗА —5) —3{-A —15} - 43А +10} =0 
№ +22 + А =0 
МА + 2А + 1) =0 
МА + 1) =0 
А=0 or А=-1 


ууу 


9 Ex. 68 ІС is the centroid of the ДАВС and if G' is the 


centroid of another AA’ B’ C’, then prove that 
AA’ + BB’ + CC’ 236C'. 


Sol. Here, 
Gis centroid of AABC and G is centroid of AA’ B' C", shown as 
in figure. 
Clearly, AA‘= AG + GG’+ G' A’ (polygon law) 


BB’ = BG + GG’ + G'B' 
СС =CG+CG’+G’C’ 


On adding these 
AA’ + BB’ + CC’ =3GG’ + (AG + BG + CG) 
КСА + СВ + СС) 
=3GG’ + (AG + 206) + (G' A’ + 2G’D’) 
(using AD and A’ D’ as ће medians of AABC and 
AA’ B'C', respectively) 
=3GG’ + (AG + GA) + G'A' + A’ G’ 
=3GG’+0+0O 
^. AA’ + BB’ + CC’ =3GG’ 
Aliter 
We know by triangle law 
AA’ = OA’ - OA 
BB’ = ОВ – OB 
CC' - OC' - OC 
= AA’+ BB’ + CC’ - (OA' + ОВ + OC’) 
—(OA + OB + OC) 
=30G’ -30G' =3GG’ 


© Ex. 69 If D, E and F are the mid-points of the sides 


BC, CA and AB, respectively of a AABC and O is any point, 
show that 


(i) AD+BE+CF =0 
(ii) OE--OF --DO =ОА 


т. 2 1 1 
iii) AD + CBE + -CF = АС 
fii) 3 3 2 


Sol. Consider the point O as origin, we have, 


A(a) [o] 


B(b) D(d) C(c) 


(i) AD + BE + CF = 2 (d -a) + (e- b) + (f-c) 
=(d+e+f)-(@+b+c)=0 [using Eq. (i)] 
=> AD+BE+CF=0 
(ii) Here, OE + OF + OD=e+f-d 
acta, at+b_ b+c 
2 2 2 
ОЕ + ОЕ + ОР = OA 


=а= ОА 


1 
(iii) Here, AD + “BE + 1С =(d -a)* s(e-b)+ 6-9 


J уе осна р аьа) 


1-4 їй 2.1 1. :) 
=a|-1+-+-|+b|---+- Е 
a( 3 :) G 3 г) 2- $» 8 


“- А * leul(e-a) 
2 2 2 


-lac 


"» 
AD + "nns ! cp! c 
3 3 2 


* Ex. 70 If А andB be two vectors and k be any scalar 
quantity greater than zero, then prove that 


|^ +в? зал (ret) p 
Sol. We know, (1 + КАЈ? + ( + ior 
SJAJ? + HAP +? + ив? -0 


А 
Also, МА + ив. зил) 223)AHBD (i) 
(since, Arithmetic mean 2 Geometric mean) 
So, (1 + KAP + ( $ jer 2| Al +B? + д A] +] BF 

-(AL« |n) 
And also, | А| + |B] 2| A + By 
Hence, (1 + юл+{\ * je ојл +? 


[using Eqs. (i) and (ii)] 


© Ex. 71 IfO is the circumcentre and O’ the orthocenter of 
AABC prove that 

(i) SA+SB+SC =3SG, where S is any point in the plane 

of AABC. 

(ii) OA --OB - OC =00’ 

(iii) ОА -- O'B--O'C 220'0 

(iv) AO^40'B * O'C = AP 
where, AP is diameter of the circumcircle. 


Sol. Let G be the centroid of AABC, first we shall show that 
circumcentre O, orthocenter O and centroid G are collinear 
and ОС = 206. 


Let AL and BM be perpendiculars on the sides BC and CA, 
respectively, Let AD be the median and OD be the 
perpendicular from О on side BC. If R is the circumradius of 
circumcircle of AABC, then OB = OC з R, 


In AOBD, we have OD = RcosA NU 
In. AABM, AM = ABcosA  ccos A NU 
Form AAO M, AO = AMsec(90* ~ C) 
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=ccosA cosec C 


= ЕА «cos A = 2Rcos А 
sinC 


AQ = ДОР) (iii) 
Now, ААСО and AOGD are similar. 
2 OG „CD. OP] [using Eq. (ii) 


=> 20G 0G 
(i) We have, SA + SB + SC = SA + (SB + SC) 
=SA+2SD (^ Dis the mid-point of BC) 
=(1 + 2)SG =3SG 
(ii) On replacing S by O in Eq. (i), we get 
OA + OB + OC =30G 
=20G + OG = СО + OG 


= ОС + GO =00 

(ii) OA + ОВ + ОС 230'G [from Eq. (i)] 
=20 G+ O'G 
=20'G +2GO (- 20G = ОС) 
=20 0 

(iv) AO+ ОВ + ОС -2AO' + (A + ОВ + ОС) 
=2А0 +200 [From Eq. (iii)] 


=ҲАО + 0'0)=2A0 = AP 
( АО is the circumradius of AABC) 
° Ex. 72 ifc=3a + 4b and 2c = a – ЗЬ, show that, 


(i) c anda have the same direction and lc| »lal 


(ii) c and b have opposite direction and|c |» |b| 
Sol. We have, 


€ 23a + 4b and2c = a— 3b 
=> 23a+4b)=a-—3b 
> =-11b 


5 MC 
5 


(1) c 23a + 4b=3a + (-32) 


which shows that c anda have the same direction. 
13 
And c = —a 


= lel la] = Jel>lal 
(ii) We have, ¢ = 3a + abanda = – чь 
en) * фа 3564. 4b 
5 5 


К) 
снн SMS 
5 
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This shows c and b have opposite directions. 


3 
Also, iei» |- E» |= Si = |c]>|b| 


© Ex. 73 A transversal cuts the sides OL, OM and diagonal 
ON of a parallelogram at A, B and C respectively. 


Prove ift D * ud = 2..4 
OB OC 
Sol. We have, 
ON = OL - LN = OL + OM .. (i) 
Let OL=x0A,0M = yOB (и) 
and ON -:0C | 


So, |01 = х|ОА|,|ОМ|=у|ОВ| and |ОМ| =г|ОС| 
=OL 0м az o ON 


zOC = xOA +уОВ 
=> xOA-yOB-zOC-0 
-. Points A, B and C are collinear, the sum of the coefficients of 


their PV must be zero. 

= х+у-2=0 

a OL OM ON 

ie. ———— 
OA OB OC 


9 Ex. 74 If D,E andF be three points on the sides BC, CA 


and AB, respectively of a AABC. such that the points D, E 


dF lli th onda EN 1 
V BD CE AF. 
and F are collinear then pr E BF 


(Menelau’s theorem) 
Sol. Here, D, E and F be the points on the sides BC,CA and AB 


respectively of AABC. Such that points D, E and F are 
collinear, be Shawn as the adjoining figuece. 


Let B as the origin, BA =a and BC = с 
Then, BF = ka and BD = Іс 


where, k and / are scalars. 


BD BF 
=1 and — =k * 
BC BA -® 
ie. BC: BD=1:1 
BC 1 DC- 1-1 
—-1=--1 = —-- 
s BD 1 BD | 
BD d ma BAL 
Ы DC 1-1 BF k 
BA 1 AF k-1 
pe elc A CET Е 
ES BF k BF Е m 
Now, let E divide the line AC in the ratio of x: y 
BD BF 
xc+ya Хр Y 
So, that BE = ———— = ——————*- .. (iii) 
xty x+y 
=> BE- —~—-BD - У _BF=0 


I(x + y) Kx + y) 
Since, D, E and F are collinear. 
Sum of coefficients must be zero. 


Hence, 1 -_—_*— - _” 29 
x+y) Kx+y) 
eas х,у 
*y)-———:u-0 +у=—+= 
=> (x+y) TE => x+y DUE 
1 1 1-1 1-k 
> x|1--|- ——1| = — |= = 
( 3 X ) i ) x c) 
Š EEAS 
l-1x К 
BD CE AF 
=> — — f =1 [using Eqs. (i), (ii iii 
DC AE BF [using Eqs. (i), (ii) and (iii)] 


° Ex. 75 Let A(t) = fii)i + fs (t)) and 
B(t) = &(t)i + go(t)j t €[0,1], where fi, fz, g and g; are 
continuous functions. Then show that A(t) and B(t) are 
parallel for some t. 
Sol. If A(t) and Bt) are non-zero vectors for all t 
and A(0) = 2i + 3j, A(1) =6i + 2j, B(0) =31 + 2, 
and B(1) =2i + 6j. 
In order to prove that A(t) and B(t) are parallel vectors for 
some values of t. It is sufficient to show that A(t) = AB(t) for 


some A. 
* (ЛО + FO} = Malti + gc} 
e fit) = ^а! and falt) = Ago(t) 
e Ait) _ gilt) 
Б) 250) 
v Лб) 2200) — falt)gu = 0 for some t є [0,1] 
Let f(t) = fiet) — f). t € [0,1] 


Since, fi, fy, g, and gz are continuous functions. 

-. F(t) is also a continuous function. 

Also, (0) = f(0)g,(0) — m(0) f,(0) 
=2x2-3x3=4-9= -5<0 

and f(1) = fi()g.(1) - (1) 0) 


76X6-2x2232» 


Thus, F(t) is a continuous HB on [0, 1] such that 
F(0)- F(1) < 0. 


Ву intermediate value theorem, there exists some t € (0, 1) 
such that 


OLI 
ә ЛО ) -= Оки = 0 
=> A(t) = AM) for some A, 


Hence, A(t) and B(t) are parallel vectors, 


ө Ex. 76 Prove that ifcosa #1, cos #1andcosy #1, then 
the vectors a = {cosa +) +k,b =i +jcosB +k, 
с=ї+) +Ксоз ү can never be coplanar. 


Sol. Suppose that, a, b and c are coplanar, 


(cosa 1 І 
= 1 со 1 |=0 
1 1 соз 
On applying В, > R; ~ R, and Ry > R,- R 
cosa 1 1 
= l-cosa@ cosĝ-1 0 |=0 
1- соѕ а 0 cosy -1 


= cosa(cosp — 1) (cosy — 1) - (1 — cosa)(cosy —1) 
-(1- cosa)(cosp - 1) = 0 
On dividing throughout by (1 ~ cosa )(1 — cosf)(1 — cosy), we 


get 
cosa T 1 А 1 n 
1-cosad  1-cosQ 1-cosy 
-1- cosa) +1 " 1 1 = 
1-cosa 1-cosB 1-cosy 
1 1 1 
=> -1 + —— + — + — = 
(1-cosa) (1-cosB) (1-cosy) 
T UN - ла 
1- cosa dee 1— cosy 
= cosec*— S p cosec^7 p + соѕес? 12 2, which is not possible. 
2 
As, cosec? S > 1, cosec? m 21 
2 2 
and cosec1 21 


~ They cannot be coplanar. 


* Ex. 77 if the vectors xi +j +k ityj +k andi+j+zk 
are coplanar where,x #1, y #1 and z #1, then prove that 


Sol. The vectors are coplanar, if we can find two scalars А and p 
such that 


(xd + J+ ky =A + p+ h) +p + J + zk) 
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=> xah +p leAy bhp bea + pz 
1-р I-A 
=A +p, ya, l M 
=> xa Athy X z Т 
-1+ 
= TOME CI ША A 
A 
(usum 
Т 
1 1 1 1 À m 
MM tt Ht tt 
I-x 1-у l-z 1-А-н At¢unt ETTET 
“1+ +H 
À*pn-l 
к oh Gees 
lex 1=у 1-2 
Aliter 
Thus, above problem could also be solved as 
x T. 1 x-1 0 1-2 
1 у |=0= | 0 у-1 1-д|=0 
Lou 1 1 2 


(using R, > R, — Ry and Rz — R: — Ry) 


1 0 = 
—(x- (y -1)(z -1 о 1 -1 |=0 
- - -z 


lex 1=у 1-z 


(= Ro = К, R > 
x- 


1 1 z 
Mib oru xe rr 
(expanding along R;) 
ci -1 EM GN LULA 
(1-х) (1-y) (1-2) 
1 1 1 
> —— + +—= 


l=- 1-y 1-2 


ө Ex. 78 Ifa, b апіс be any three non-coplanar vectors, 


then prove that the points la + mb + nc, а + т, + mc, 
һа + mb + nyc and l4a +m,b + лас are coplanar, if 


h m M 1 

lh m; n 1 

2 2 m ый 

L m nm 1 

In m, ng 1 
Sol. 


We know that, four points having position vectors, а,Ь,с and 
d are coplanar, if there exists scalars x, y, z and t such that 


xac yb+zce+td=0 where,x+y+z+t=0 


So, the given points will be coplanar, if there exists scalars 
X, y, z and t such that 


Ха + mb + nic) + y(la + mb + nc) + z(là + mb + nyc) 


+ (Ца + mb + nyc) 20 
where,x+ ytz+t=0 


40 


Textbook of Vector & 3D Geometry 


—»(lix + һу +12 + l,t)a + (mx + my + mg + mt)b 
+ (mx + пу + ng + nthe =0 


where, xtytzttz-0 
hx + by + hz + t=0 . (i) 
тх + ту + mz + mt =0 (п) 
nx + my + nz + nt=0 (ш) 
and xt+y+z+t=0 (iv) 


Eliminating x, y, z and t from above equations, we get 
hob h 4 


m m, ms UD 


ә Ex. 79 [/т\,г; andr, are the position vectors of three 
collinear points and scalars | and m exists such that 

тз = [ғу + mrz, then show that! * m — 1. 

Sol. Let A, B and C be the three points whose position vectors. 


referred to О are ц, г, and гу, respectively. 
АВ = ОВ - ОА =г,- ц 
BC = ОС -ОВ =, г 


Now, if A, B and C are collinear points, then AB and АС are in 
the same line and BC = À (AC) 


= (т, - 5) = A(r; — n) 

=> n=- + (+ 1)г, 
=> г; = —Àr + mr; 

where, =-Aandm=A+1 

= 1+ т=-А+ (А +1) =1 


€ Ex. 80 Show that points with position vectors 

a — 2b + 3с, 2a + 3b —c and 4a — 7b + 7c are collinear. It is 
given that vectors a,b and c and non-coplanar. 

Sol. The three points are collinear, if we can find À,, A, and ds 


such that 
A, (a -2b + 3с) + А, (-2a 43b - с) + А, 
(4a -7b + 7c) ZO with A, +A,+A,=0 


On equating the coefficients a, b and c separately to zero, we 
get Ay 7212 + 44, 20, 2X, + ЗА, —7A, = 0 and 
33,73; +7, =0 


On solving we get A, 2 —2, 21, А, =1 
So that, 4, +A, +A,=0 


Hence, the given vectors are collinear. 


Vector Algebra Exercise 1: 


. Single Option Correct Type Questions 


1, Ifa -3i-2j*K,b -2i— 4j - 3k and e=-i+2j+2k, 
thena+b+cis 
(a) 3i — 4j 


(b) 3i + 4j 
(c) 4i — 4j 


(d) 41 + 4j 

2. What should be added in vector a —3i--4j—2f to get 
its resultant a unit vector i ? 
(a) - 2i — 4) + 2k (b) - 2i 4j — 2k 
(c) 2i + 4j - 2k (d) None of these 

3. 1fa-21 +} - 8k and b- i +3) – 4k, then the magnitude 
of а + b is equal to 


(a) 13 $7 


3 4 
(b) E. (d) E 


4. If a - 2i +5) and b- 2i — j, then the unit vector along 
a+b will be 
> ^ 


a (b) i+j 
(с) V2(i +) @ 21 


5. The unit vector parallel to the resultant vector of 

2i + 4j — 5k and i +2) - 3k is 
(a) 6i 4 6j - 2k) 

i+j+k 
Ы) 35 

i+j+2k 
(c) ЈЕ 

1 л А 

d -i-j+ 8k 
(d) Tes‘ =з ) 


б. Ifa -i-2j43k, b =-i+2j+kandc=3itj, then the 
unit vector along its resultant is z 
31+ 5j * 4k 


(a)3i + 5) + 4k (b) F 
(931+ 3: да (d) None of these 
7. Ifa — (2,5) and b =(1, 4), then the vector parallel to 
(a+ b)is 
(a) (3, 5) (b) (1, 1) 
(c) (1, 3) (d) (8, 5) 


8. In the AABC, AB =a, AC=cand BC=b, then 


(а)а + b+c=0 (6) а+ b-c-0 
()a-b*cz-0 (9) -а+ b+c=0 


9, If O is the origin and the position vector of A is 4i 4 5j, 


10. 


then a unit vector parallel to OA is 


4 е 5 е 
Ova Or 

1 ? ^ 1 P. ^ 
(c) gun (d) T 5j) 


The position vectors of the points A, Band C are 
i+2j-ki+j+ k and 2i +3) + 2k, respectively. If A is 
chosen as the origin, then the position vectors of Band 
Care 
(@)î+2k ij -- 3k 
()-j*2ki-j* 3k 


(b) j + 2k, i+ j e 3k 
(d) -j - 2k, ij 3k 


11. The position vectors of P and Q are 5î + 4j +ak and 
—Î 2j — 2k, respectively. If the distance between them 
is 7, then the value of a will be 
(a) —5, 1 (b) 5,1 
(c) 0,5 (d) 1,0 
12. If position vector of points A, B and C are respectively ij 
and k and AB = CX, then position vector of point X is 
(a)-i+j+k (b)i-j+k 
()i+j-k (d)i+j+k 
13. The position vectors of A and Bare 2î — 9) — 4k and 
6i — 3j + 8k respectively, then the magnitude of AB is 
(a) 11 (b) 12 
(c) 13 (d) 14 
14. If the position vectors of P and О are (i - 3j - 7k) and 
(5i — 2j + 4k), then | PQ] is 
(a) V158 (b) V160 
(с) V161 (d) V162 
15. If the position vectors of P and Q are i +23 — 7k and 
5i -3j-- 4k respectively, the cosine of the angle between 
PQ and Z-axis is 
a -= ()— 
162 162 
5 =$ 
228 йуз, 
© Tez @ Trea 
16. If the position vectors of A and Bare i+3j—7k and 


5i - 2j4 4k, then the direction cosine of AB along Y-axis 
is 


4 5 
(a) Jia (b) = 
(с) –5 (d) 11 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 
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The direction cosines of vector a = 3i + 4j + 5 in the 
direction of positive axis of X, is 


3 4 

t= S 

3 4 
© ME] 
The direction cosines of the vector 3i — 4j * 5k are 
3,42 "E ae 

5' 5'5 542' 52" Ja 

3 -4 1 3 a A 
OR qr OE SE VE 


The point having position vectors 2i + 3j + 4k, 

31+ 4j+ 2k and 4i + 2j +3k are the vertices of 

(a) right angled triangle 

(b) isosceles triangle 

(c) equilateral triangle 

(d) collinear 

If the position vectors of the vertices A, Band C of a 
AABC are 7j + 10k, — i +6) + 6k and — 41 +9] + 6k, 
respectively. The triangle is 

(a) equilateral 

(b) isosceles 

(c) scalene 

(d) right angled and isosceles also 


If a, b and care the position vectors of the vertices A, B 
and C of the AABC, then the centroid of AABC is 


{a+ rae 


a+bt+e 


(d) 


If in the given figure, ОА = a, OB = b and AP: PB= m:n, 
then OP is equal to 
P 


A B 
о 
ib 
om mts 
(c) ma — nb (d) Me 
m-n 


If a and bare position vector of two points A, Band C 
divides AB in ratio 2:1, then position vector of C is 


2a + b 

(2428 с 

242 a+b 
уз (4) 2 


24. 


25. 


26. 


27. 


The position vector of the points which divides 
internally in the ratio 2 : 3 the join of the points 2a — 3b 
and 3a – 2b, is 


12. 13 
0) Za+ b () a - Tb 
(c) Зу 28 b (d) None of these 
$, 5 


If O is origin and C is the mid-point of A (2, — 1) and 
B(-4,3). Then, value of OC is 

(a)i+j (b) i -j 

()-i+j (4)-i-j 

If the position vectors of the points A and Bare Б 
i 3j - É and3i - j - 3k, then what will be the position 
vector of the mid-point of AB M 

(а)ї+2)-К (b) 2i + j - 2k 

(02i j-k (d) i4 j-2k 

The position vectors of A and Bare j — j + 2k and 

3i — j + 3k. The position vector of the middle point of 
the line AB is 


1. 1. х 2 4,907 
zi Ф 2 -)+ —-k 
Qi 3i (b)21- j 2 


(с) ы 3 + ok (d) None of these 
28. If the vector bis collinear with the vector a — (242, —1, 4) 
and | b| = 10, then 
(a)at b=0 (b)at2b=0 
(c)2a+ b=0 (d) None of these 
29. 


30. 


31. 


32. 


33. 


. Ifa = (1-1) and b=(—2,m) are two collinear vectors, 


then m is equal to 

(a) 4 (b) 3 

(c) 2 (d) 0 

The points with position vectors 10i + 35 12i - 5j and 
ai + 11j are collinear, if ais equal to 


(a) -8 (b) 4 

(c) 8 (d) 12 

The vectors i +2) +3k,Ai+ 4j +76, 31 — 2j — si are 
collinear, if À is equal to 

(а) з (b) 4 

(с) 5 (4) 6 


If the points a +b,a — b and a -- kb be collinear, then k is 
equal to 


(a) 0 (b) 2 

(c) -2 (d) Any real number 

If the position vectors of A, B,C and D are 

2i+ ji-3j3i + 2j andi + rj respectively and AB ПСО 
then А will be 

(a) -8 (b) -6 

(c)8 


(d) 6 


24. If the vectors 3i + 2j — k and 6i — Ax are parallel, 


then the value of x and y will be 
(a) -1, -2 ()1.-2 
()-1.2 (8) 1.2 


35. If a and b are two non-collinear vectors and xa + уь= 0 
(a) x = 0, but y is not necessarily zero 
(b) у =0, but x is not necessarily zero 
()x-0y-0 
(d) None of the above 
36. Four non-zero vectors will always be 
(a) linearly dependent 
(b) linearly independent 
(c) either (a) or (b) 
(d) None of the above 
37. The vectors a, b and a + b are 
(a) collinear (b) coplanar 
(c) non-coplanar (d) None of these 
38. If (x,y,z) + (0,0,0) and (1 + j - 3k) x (31 — 3j + k)y 
+(— 41+ 5j)z = A(d + j + zk) then the value of A 
will be 
(а) –2, 0 (b) 0-2 
(0-10 (9) 0, -1 
39. The number of integral values of p for which 
(p *-1)i — 3j + pi, pi + (p + 1j — 3k and 
-31+ р) +(р+ 1)K are linearly dependent vectors is 
(a) 0 (b) 1 
(c)2 (9) 3 
40. The vectors AB = 3i + 4k and AC 5i — 2j + 4k are the 
sides of a AABC. The length of the median through A is 


(а) 18 (5) /72 
(с) 433 (d) V288 


41. In the figure, a vectors x satisfies the equation x— w — v. 
Then, x is equal to 


A 
a с 
вер V О 
(а) 22+ b+ с (b)a *2btc 
(c) a + b + 2c (d)a*b*c 


42. Vectorsa = i 2j * 3k, b 22i - j  k and c 3i + j+4k 
are so placed that the end point of one vector is the 
starting point of the next vector. Then the vectors are 
(a) not coplanar 
(b) coplanar but cannot form a triangle 
(c) coplanar and form a triangle 
(d) coplanar and can form a right angled triangle 
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43. 1f OP = 8 and OP makes angles 45° and 60° with OX -axis 
and OY-axis respectively, then OP Is equal to 
(a A2] +) + №) (b) 4(V2l + ) t й) 


(с) E +) k) (ay (al DE i) 


44. Let a, b and c be three units vectors such that 
За + 4b 45e 2 @ Then which of the following statements 
is true? 
(a) a is parallel to b 
(b)a is perpendicular to b 
(c) a is neither parallel nor perpendicular to b 
(d) None of the above 


45. A, RC, Dand E are five coplanar points, then 
DA + DB+ DC + AE+ BE+CE is equal to 
(a) DE (b) 3DE 
(c) 2DE (d) 4ED 

46. If the vectors a and b are linearly independent satisfying 
(v3 tan84 1)a +(¥3secO—2) b 20 then the most 
general value of 0 are 


(a)nx—* ne 2 б) 218, eZ 


lin 


(пка nez (d) 2nn+— ^n eZ 


47. The unit vector bisecting OY and OZ is 


j+k -j+k 
(c) 2 (4) v2 


48. A line passes through the points whose position vectors 
are i+ j— 2k and i – 3j + k. The position vector of a 
point on it at unit distance from the first point is 

i ж А $ А 
(a) = Gi + j- 7i) ® = (4i + 9j - Isk) 


(с) 6 - 43 +3k) (à) 56 - 4j +3) 

49. If D, Eand F are the middle points of the sides BC,CA 
and AB of the AABC, then AD + BE + CF is 
(a) a zero vector (b) a unit vector 
(c) 0 (d) None of these 

50. If P and Q are the middle points of the sides BC and CD 
of the parallelogram ABCD, then AP + AQ is equal to 


(a) AC (ЗАС 
2 3 
(b) М АС (d) sac 
51. The figure formed by the four points i + } – К, 2i+3j, 
3i + 5j—2k and k — jis 


(a) rectangle 
(c) trapezium 


(b) parallelogram 
(d) None of these 
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52. 


55. 


56. 


57. 


58. 


59. 


60. 
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A and Bare two points. The position vector of A is 

6b— 2а. A point P divides the line AB in the ratio 1 : 2. If 
a — bis the position vector of P, then the position vector 
of B is given by 

(а) 7а – 15b 

(ъ) 7а + 15b 

(c) 15а - 7b 

(d)15a - 7b 


- If three points A, Band C are collinear, whose position 


vectors are i — 2j – 8k, 5i – 2k and 111 +3) 7k 
respectively, then the ratio in which B divides AC is 
(3)1:2 (b) 2:3 

(c)2:1 (d)1:1 


E If in a triangle, AB =a, AC = b and D, E are the 


mid-points of AB and AC respectively, then DEis equal 
to 


b 
NIC 873 
ba b a 
65 07-2 


If ABCD is parallelogram, AB = 2i + 4j — 5k and 

AD = i++ 2j + 3k, then the unit vectors in the direction of 

BDis 

(a) Js 4 2j - sk) 
1 

(c) Js 

If A, Band C are the vertices of a triangle whose position 

vectors are a, b and c and G is the centroid of the AABC, 

then GA + GB + GCis 


1l, 4 i. 
Ba т-а 


i -2j +86) (a) <(-i -2j + sie 


(a) 0 (D) A+ B+C 
at+bt+e a+b-c 
(c) e a (d) : 
If ABCDEF is regular hexagon, then AD + EB  FCis 
equal to 
(a) 0 (b) 2AB 
(c) AB (d) 4 AB 


ABCDE is a pentagon. Forces AB, AE, DC and ED act at 
a point. Which force should be added to this system to 
make the resultant 2AC? 
(a) AC 

(c) BC 

If ABCDEF is a regular hexagon and 

AB+AC+AD+ AE+ AF =AAD, then A is equal to 

(a) 2 (b) 3 

(c) 4 (d) 6 

Let us define the length of a vector aî + bj + ck as 

[a| * | b] * [c | This definition coincides with the usual 
definition of length of a vector ai + bj + ck if and only if 


(b) AD 
(d) BD 


62. 


63. 


65. 


66. 


67. 


68. 


(a)a=b=c=0 

(b) any two of a,b and c are zero 
(c) any one of a,b and c is zero 
(dja+b+c=0 


. If a and b are two non-zero and non-collinear vectors, 


then a+ b and a — b аге 

(a) linearly dependent vectors 

(b) linearly independent vectors 

(c) linearly dependent and independent vectors 

(d) None of the above 

If|a +Ь |« |a — b | then the angle between a and b can 
lie in the interval. 

(а) (-x/2, 1/2) (b) (0, л) 

(c) (1/2, 31/2) (9) (0, 27) 

The magnitudes of mutually perpendicular forces a, b 
and c are 2, 10 and 11 respectively. Then the magnitude 


of its resultant is 
(a) 12 
(c) 9 


(b) 15 
(d) None of these 


. If i — 3j + К bisects the angle between a and — i+ 2j+2k, 


where a is a unit vector, then 
1 s 4 а 

a) a = —(411 + 88) — 40k 

@) 105° Аз ) 


а= 2-а + 88} + 40k) 
1 3 4 L 

(с)а = 16 + 88) — 40k) 
1 is Б 

d) a = —(411 – 88) – 

(9а v 1i —88j – 40k) 


Let a =i be a vector which makes an angle of 120? with a 
unit vector b. Then, the unit vector (a + b) is 


(9-3 9-31. 
1, V3, WB. 1, 
(c) een, (d) a 


Given three vectors a = 6i — 3}, b = 2i — 6j and 
с= —2i + 21jsuch thata=a+b+e Then, the resolution 
of the vector & into components with respect toa and b 


is given by 
(а) За -2b (b) ЗЬ -2a 
(c) 2a -3b (d)a -2b 


‘T’ is the incentre of AABC whose corresponding sides 
are a, b, c respectively. a IA +bIB+c IC is always equal to 
(а) 0 (b) (a+b+c)BC 

(c) (a - b - с)АС (d) (a + b+ c)JAB 


If x and y are two non-collinear vectors and ABC isa 


triangle with side lengths a,b and c satisfvi 
ying (20a - 15b)x 
*(15b — 12c)y  (12c -20a)(x x y) = 0, then AABC is 
(a) an acute angled triangle (b) an obtuse 
led triangl 
(c) a right angled triangle (d) a scalene rice е" 


69. If x and y are two non-collinear vectors and a, b and e 


represent the sides of à AABC satisfying 

(а= b)x *(b— с)у (c - a) (xx y) = 0, then ДАВС In 
(where x x y is perpendicular to the plane of x and y) 
(a) an acute angled triangle 

(b) an obtuse angled trlangle 

(c) n right angled triangle 

(d) a sealene triangle 


If the resultant of two forces is of magnitude Pand equal 


to one of them and perpendicular to it, then the other 
force is 


(a) P2 (b) P 
(c) "уз (d) None of these 


If b is а vector whose initial point divides the join of 5i 
and 5j in the ratio k: 1 and whose terminal point in the 
origin and | b |S V37, then k lies in the interval 

(a) [-6, 21/6] (b) [799 ^ 6] U[=1/6, оо) 

(c) [0,6] (d) None of these 

If 4j 7j + 8k, 2i 3j 4f and 21 + 5j 7f are the 
position vectors of the vertices A, Band C respectively 


of AABC. The position vector of the point where the 
bisector of ZA meets BC is 


(a) 566 4 13] + 18k) ORGE 12) - sk) 


(c) csi - 8] - ok) (d) scel - 12) + 8k) 

If a and b are two unit vectors and 0 is the angle 
between them, then the unit vector along the angular 
bisector ofa and b will be given by 


a-b a+b 
PR. cR. E i-o. 
(8) dcos (0/2) O cos (0/2) 
(c) a-b (d) None of these 


cos (0 / 2) 


A, B,C and D have position vectors a, b, c and d, 
respectively, such that a — b = ҳа - c). Then, 
(a) AB and CD bisect each other 

(b) BD and AC bisect each other 

(c) AB and CD trisect each other 

(d) BD and AC trisect each other 


On the xy plane where O is the origin, given points, 
A(1,0), I0, 1) and C(1, 1). Let P, Q and R be moving point 
on the line OA, OB, OC respectively such that 

OP = 45((OA), OQ = 60t(OB), OR = (1 ()(ОС) with 

t» 0. 1f the three points P, Q and Rare collinear, then the 
value of t is equal to 


1 7 
(a) 106 ъ 187 
(с) X. (d) None of these 
100 
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76, 17а, b and e are three non-coplanar vectors such that 


n hr esodand b+ c = а, then a+ b+ c dis 
equal to 

(а) 0 (b) «n 

(c) b (d) (a+ Pe 

‘The position vectors of the points P and Q with respect 
to the origin O are a = i 3j - 2k and b= 3i - j - 2k, 
respectively, If M is a point on PQ, such that OM is the 
bisector of POQ, then OM is 

(п) 2 -= ) + f) (b) 21 + ) - 2k 

(c) a(-1 + ) - f) (b) 2( + ) + k) 


ABCD is a quadrilateral, E is the point of intersection of 
the line joining the mid-points of the opposite sides, IfO 
is any point and OA +.0B + ОС+ OD = xOE, then x is 
equal to 

(a) 3 (b) 9 

(c) 7 (d)4 

In the AOAB, M is the mid-point of AB, C is a point on 


OM, such that 20C = CM. X is a point on the side OB 
such that OX = 2XB. The line XC is produced to meet 


OA in Y. Then, Br is equal to 
YA 


t 2 
(a) E (b) = 
3 2 
(c) 2 à (d) 5 


. Points X and Y are taken on the sides QR and RS, 


respectively of a parallelogram PQRS, so that QX = 4XR 
and RY = 4YS, The line XY cuts the line PR at Z. 
Then, PZ is 


16 
2А PR — 
(a) 25 (b) 25 "m 
17 
(c) PR (d) None of these 


Find the value of À so that the points P, Q, Rand Son the 
sides OA, OB, OC and AB, respectively, of a regular 
tetrahedron OABC are coplanar. It is given that 


OF 100.1 0R 1,05. 
OA 3'OB 2'OC 3 id 
(Quz (b)À » -1 
(c)A 20 (d) for no value of A 


OABCDE is a regular hexagon of side 2 units in the 
XY-plane. O being the origin and OA taken along the 
X-axis. A point P is taken on a line parallel to Z-axis 
through the centre of the hexagon at a distance of 

3 units from O. Then, the vector AP is 

(a) - із) + ук (b) 1-43] +5 

(е) - i V3j+V5k (d) 1+ 43) + JSk 
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Vector Algebra Exercise 2 : 
More than One Option Correct Type Questions 


83. If the vectorsi —j,j+k 
- d А - 5 " < А E 
AME j.j+k anda form a triangle, then a (8)261 + 6j - zio) (6i - 6j - zio 
()-i-k (b)i -2j- Kk l 622; 8k l (3—2j + sk 
Я -2j-k (c) (i + 2j + 8k (d) —(-i -2j + êk 
(0243 f (@1+Ё ot j + 8k) 5 1-2j ) 
84. 1f the resultant of three forces 87. If A(—4, 0,3) and B(14,2, —5) then which one of the 
F,.= pi +3) – КЕ, ei: fand F, =-5i+j+2k following points lie on the bisector of the angle between 
acting on a particle has a magnitude equal ў ОА and ОВ (О is the origin of reference)? 
then the value of p is шшде eque о ань (а) (2,2, 4) (b) (2, 11.5) 
(а) -6 (b) -4 (с) (-3, -3, —6) (d) (1, 1.2) 
(c) 2 (d)4 88. If point i+ ji јава pi +4) rk are collinear, then 
85. Let ABC be a triangle, the position vectors of whose epe (b)r=0 
vertices are 7j + 10k, — 1+6) + 6k and — 41 +9j+6k ger (d)q=i 
Then, AABC is 89. Ifa, b and care non-coplanar vectors and X. is 2 real 
(a) isosceles (b) equilateral number, then the vectors a +2Ь +3e 2b = ис and (2. —1) 
(c) right angled (d) None of these are coplanar when 
86. The sides of a parallelogram are 2i + 4j — 5k and (ap ER ъ= 
2 
(с) =0 (d) по value of} 


i-2j4 3k. The unit vector parallel to one of the 
diagonals is 


Vector Algebra Exercise 3: 
= Statement I and II Type Questions 


» Directions (О. Nos. 90-92) This section is based on 91. Statement I a =î+ р) +2k and b-2i +3) + ck are 


Statement | and Statement II. Select the correct answer 3 
from the codes given below. parallel vectors, if p = - and q = 4. 


(a) Both Statement I and Statement II are correct and - X 
Statement II is the correct explanation of Statement I Statement П a=a,ì+a;j+a,kand bo Кі.) Ak 
(b) Both Statement I and Statement II are correct but are parallel @ = а: 0. 7 Қ 
Statement IJ is not the correct explanation of Statement I Ww m" 
(c) Statement I is correct but Statement II is incorrect 92. Stat ч 
(d) Statement II is correct but Statement I is incorrect ement I If three points Р. О and R have position 
vectors a, b and c respectively, and 2a +3b – 5с =Q then 


the points P, Q and R must be collinear. 


Statement II If for three points A, Band C, АВ = А AC 
then points A, B and C must be collinear. 


90. Statement I In ДАВС, AB * BC* CA = 0 
Statement II If OA =а,ОВ = b, then AB =a + b 


Vector Algebra Exercise 4: 
Passage based Type Questions 


Passage I 
(Q. Nos, 93 and 94) 
a Let OABCD be a pentagon in which the sides OA and CB 
are parallel and the sides OD and AB are parallel. 
Also, OA :CB =2:1and OD: AB =1:3. 


C B 
D 
A 
93. The ratio DX is 
XC 
(a) 3/4 (b) 1/3 
(c) 2/5 (d) 1/2 
94. The ratio АХ 15 
XD 
(a) 5/2 (b) 6 
(c) 7/3 (d)4 
Passage II 


(Q. Nos. 95 and 96) 
a Consider the regular hexagon ABCDEF with centre at О 
(origin). 
95. AD -- EB - FC is equal to 


(a) 2AB (b) ЗАВ 
(c) 4AB (d) None of these 


96. Five forces AB, AC, AD, AE, AF act at the vertex A of a 
regular hexagon ABCDEF. Then, their resultant is 


(а) ЗАО (b) 2AO 
(c) 4AO (d)6AO 
Passage III 


(Q. Nos. 97 to 99) 


"Three points A,B and C have position vectors 
—2a +3Ь +5с,а + 2Ь - 3c and 7a – с with reference to an 
origin O. Answer the following questions. 


97. Which of the following is true? 
(a) AC 2 2AB (b) AC = -3AB 
(c) AC =3AB (d) None of these 


98. Which of the following is true? 
(а) 20A -30B * OC - 0 
(b) 20А +70B+90C = 0 
(c) OA + OB+ OC = 0 
(d) None of the above 
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99. B divided AC in ratio 


(a) 2:1 (b) 2:3 
(c) 2:-3 (9) 1:2 
Passage IV 


(Q. Nos. 100 and 101) 


a If two vectors OA and OB are there, then their resultant 
OA +OB can be found by completing the parallelogram 
OACB and OC = ОА + OB. Also, If |OA|=|OB} then the 
resultant will bisect the angle between them. 


100. A vector C directed along internal bisector ofangle _ 
between vectors A =7i —4j— 4k and B- — 2i — j + 2k 
with | С| = 5/6 is 


(92 - jd) œ 24-7) + 2) 


(c) Sei 4 5j 2k) (d) Sesi +5]+2k) 


101. If internal and external bisectors of ZA of AABC meet 
the base BC at D and E respectively, then (D and E lie on 
same side of B) 


BD + В 
(a) BC = i Р (b) BC? = BDx DE 
actas o 
cC)— = — + — 
(c) oA an БЕ (d) None of these 
Passage V 


(Q. Nos. 102 and 103) 


= Let C:r (t) 2 x (t)i 4 y(t)] + z(t)k be a differentiable 
suo F(t +h) - (Б 
curve, i.e. lim —————— —— 
x0 h 
r'(t)e x ()ivy'(0jsz'()k 
If r'(t) , is tangent to the curve C at the point 


P[x(t),y(t), z(t)] and r'(t) points in the direction of 
increasing t. 


exist for all t, 


- 


102. The point P on the curve r(t) = (1—2t)i +12) 2e 7^" K 


at which the tangent vector r'(t) is parallel to the radius 
vector r (t) is 


(а) (- 1, 1,2) (b) (1, 2 1, 2) 
(c) (- 1, 1, – 2) (d) (1, 1, 2) 

103. The tangent vector tor (t) = 2121 + (1 Dj e (t7 29K 
at (2, 0, 5) is 


(a) 4i  j - 6k 
(02i -j+ 6k 


(b) 4i — j * ok 
(4) 2i +j-ok 
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Vector Algebra Exercise 5: 
Matching Type Question 


104. a and b form the consecutive sides of a regular hexagon ABCDEF. 


Column I Column II 
а. IfCD = ха + yb,then р. p = 
b WCE=xa+yhthn == qor- 
Є, If AE = ха + yb then т. у=1 
d. IfAD- меч = "3 mw 2 Sn 


Vector Algebra Exercise 6 : 
Single Integer Answer Type Questions 


105. If the resultant of three forces F, = pi 3j — k, 109. Let p be the position vector of orthocentre and g is the 
position vector of the centroid of AABC, where 


F, = -5i + j +2К and Е; = 6i - К acting on a particle has 
circumcentre is the origin. If p= kg, then the value of k is 


a magnitude equal to 5 units. Then, what is difference in 
the values of p? 110. In a AABC, a line is drawn passing through centroid 
dividing AB internally in ratio 2: 1 and AC inA:1 
(internally). The value of A is 


111. A.vector a has component 2p and 1 with respect to a 


106. Vectors along the adjacent sides of parallelogram are 
a=i+2j+kandb=2i + 4) + k. Find the length of the 


longer diagonal of the parallelogram. 
labs ae me ИГРАЕТ Р rectangular cartesian system. The system is rotated 
107. If vectors а =i + 2j - kb -2i- j A Ма T RS through a certain angle about the origin in the counter 
are coplanar, then find the value of (A — 4). clockwise sense. If with to the new system, a has 
108. If а + bis along the angle bisector of a and b, where components (р +1) and 1, where p take the values p, and 
[а[= А |b|, then the number of digits in value of À is р. Then, the value of 3| p, + p;|is 


Vector Algebra Exercise 7 : 
 Subjective Type Questions | 


112. A vector a has components а, а; and a; in a right 114. Let OACB be a parallelogram with O at the origin and 
OC a diagonal. Let D be the mid-point of OA. Using 
vector methods prove that BD and CO intersects in the 
same ratio. Determine this ratio. 


115. AABC is a triangle with the point P on side BC such that 

113. Find the magnitude and direction ofr, — г; when |r,| 25 ЗВР = 2PC, the point Q is on the line CA such that 

and points North-East while |r;| = 5 but points sited Ys cn RU the ratio in which the line joining the 
common point R of AP and BQ and the point S divides 

North-West. AB. 


handed rectangular cartesian system OXYZ. The 
coordinate system is rotated about Z-axis through angle 


Z Find components ofa in the new system. 
2 


116. Ina AABC internal angle bisectors AI, BI and CI are 


produced to meet opposite sides іп A’, B’ and C", 

respectively. Prove that the maximum value of 
AL-BI-CI „8 ' 

АА'.ВВ'.СС' 27 


117. Let ri, га, Fs» r, be the position vectors of points 
Py, Pos Ps,....., Py relative to an origin О, Show that if the 
vectors equation аг + azr} +... + a,r, =Oholds, then a 
similar equation will also hold good with respect to any 
other origin O’, ifa, +a, +a; +....+а, =0. 


Vector Algebra Exercise 8 : 


Chap 01 Vector Algebra 49 


118. Let OABCD be a pentagon in which the sides OA and CB 


119. 


are parallel and the sides OD and AB are parallel as 
shown in figure. Also, OA : CB=2:1and OD: АВ = 1:3. 
If the diagonals OC and AD meet at x, find OX : OC. 

If'u, v and wis a linearly independent system of vectors, 
examine the system p,q and r, where 

р = (cosa)u + (cos b)v + (cos c)w 

ч = (sin a)u + (sin b)v + (sin c)w 

r=sin(x + a)u + sin(x + b)v +sin(x + c)w for linearly 
dependent. 


~ Questions Asked in Previous Years Exam 


120. If the vectors AB —3i + 4 k and AC — 5i — 2j + 4kare 
the sides of a AABC, then the length of the median 


through A is [JEE Main 2013, 2003] 
(a) 418 (b) J72 
(c) 433 (9) v45 


121. Let a, b and c be three non-zero vectors which are 
pairwise non-collinear. If a + 3b is collinear with c and 
b + 2c is collinear with a, then a + 3b + 6c is [AIEEE 2011] 
(а)а+с (b)a 
(с) є (d) 0 

122. The non-zero vectors a, b and c are related by a = 8b and 
c= —7b. Then, the angle between a and c is 


[AIEEE 2008] 
(а) л (b) 0 
л л 
(9 (7 
123. If C is the mid-point of AB and P is any point outside AB, 
then [AIEEE 2005] 
(а) PA + PB + РС = 0 (b) РА + РВ + 2РС = 0 
(c) РА + РВ = PC (d) РА + РВ =2РС 


124. Ifa, b and c are three non-zero vectors such that no two 
of these are collinear. If the vector a + 2b is collinear 
with cand b +3cis collinear with a (A being some 
non-zero scalar), then a + 2b + 6c is equal to 
(a) Aa (b) Ab [AIEEE 2004] 
(c) Ac (d) 0 


125. 


126. 


127. 


128. 


Ifa, b, care non-coplanar vectors and À is a real number, 


then the vectors a +2b 4-3c, Ab + 4c and (2), — 1)c are 
non-coplanar for [AIEEE 2004] 
(a) all values of A 

(b) all except one value of A 

(с) all except two values of À 

(d) no value of A 


Consider points A, B, C and D with position vectors 
7i - 4j 7k, i-6j+ 10k, -i-3j+ 4k and 5i — j+5k, 


respectively. Then, ABCD is a [AIEEE 2003] 
(a) square Я (b) rhombus 
(c) rectangle (d) None of these 


a а? icta? 


If}b b? 1b? |20and vectors (1, a, a° ), (1, b, b") and 
c c? 1+¢3 
(1, c, c?)are non-coplanar, then the product abc equal to 


[AIEEE 2003] 
(a) 2 (b) -1 
(o) 1 (d) 0 
The vector i+ xj+3k is rotated through an angle 0 and 
doubled in magnitude, then it becomes 
4i -* (4x -2)j 2k. The value of x are [AIEEE 2002] 


eH 0 


e Eo] (a (2.7 
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Answers 


Exercise for Session 1 Exercise for Session 3 - 
1. (i) vector (ii) scalar (iii) vector (iv) scalar 4. (2,-3) 5.a-2b=1 
2. 6.x= A 7.0 


Chapter Exercises 
1.(с) 2. (а) 3. (а) 4. (d) 5.(a) 6. (с) 
7.(с) 8. (b) 9.(c) 10. (4) 11.(а) 12. (а) 
13.(d) 14. (d) 15. (6) 16.06) 17. (с) 18. (b) 
19. (с) 20.(d) 21.(а) 22. (0) 23.(а) 24. (Ы) 


P aru Ea dE i MspiA EX 25.(c) 26.00) 27.0)  2&(c) 29.(с) 30.(с) 
(iii) a, y.z Gv) b z;x,z 31. (a) 32.(d) 33. (b) 34. (a) 35.(c) 36. (а) 
Nari: (ii) False 37.00) 38.(d) 39.0) 40.(с) 41.) 42. (b) 
Pdl (iv) False 43.(b) 44.(d) 45, 0)  46.(d)  47.(c)  48.(a) 
ee acest 49. (a)  50.(d) 51. (с) — 52.(aà)  53.(b)  54.(d) 
= 55. (с) 56. (а) 57. (3) 58.(с) 59. Ы) 60. (b) 
Eesha айах i d, 12 зай Dietibo а AR d.-1 2 6.0) ве) 63.(b) — 64.(d) 65. (с) 66. (с) 
6 J/6 46 67.(a) 68. (с) 69. (a) 70. (а) 71. Ы) 72. (a) 
Exercise for Session 2 X es НН тыу, Тыа "NDS Ned 
Arc rn Ris abd k . (a 81.(b) 82.(с) 83. (a,b,d) 84. (b,c 
Lick; m * 7a* 2. Lv, а * ЕЙ 1+ 55 85. (a,c) 86. (a,d) 87. (a,c,d) 88. (a,b,d) 89. зер; 90. ín 
Р | NC | 91. (а) 92, (а) 93. (c) 94. 2) 95. (с) 96. (d) 
Уз Уз Уз ч ; 97.(c) 98. (а) 99. (d) 100. (о) 101. (с) 102. (a) 
9 4i - 9497, 20-7] 103. (b) 104.3 q, r;b—p,r 
- dum A l 105. (2, - 4) 106. (7) 107. (2) 
10. 4557517 Ti+ Js 2.2 108. (1) 109. (3) 110. (2) 111.2) 
13. /66 м. 7761-1520) 112. (a, -аџ, ау) 113. 5,/5, West to East 
м 114.2 :1 115.6:1 118.2:5 
15. 7/3, 0+ 2 We ) siz : 120. (с) 121.(d) 122. (а)  123.(d) 124.(d) 125. (c) 
16. (i) = + 31+ 3% (ii) -3i + 3k 126. (d) 127.(b) 128. (a) 


17. 41 + 3] + 7k 


Solutions 


1. a+ b+ c-G«2-1i (2-322) «(0 -3«2)k 


24i - 4j 
2. Let bshould be added, then a + b- i 
= b-i-a-i-Qi « 4j -2k) 


=-2i-4j+2k 
3. |a + b| 2 Bi + 4j-12k 
=з: + 47 e Q2)]2 13 
4 a+ bz 4d 5j, 


t > t R 
Therefore, unit vector= 30 +) _ 1+) 


Т 


N32 N2 
5. Resultant vector = =(@ї+ 4j- ae 2j 3k) 
=31+6j- 
Unit vector = 1560-2 _ PR 
N9 36-4 7 
6 R=3i+5j+4k 
3145j+ 4k 
=> Rz——————— 
542 


7. a+ b=3i + 9j Xi + 3]). Hence, it is parallel to (1, 3). 


8. AB+BC+CA=0 
=> a+b-c=0 


4i+5j 1 А 
9. Unit vector parallel to ОА = 11302 ——(4i 5j) 


MITES va 
10. OA =ї +2) - КОВ=і+)+ К 
and oc 
Position vector of B w.r.t origin at A at 
AB = ОВ-ОА =- j+2k 
Position vector of C w.r.t. origin at Ais — 
AC =OC-OA =i+j+3k 
тат летит Herat 
=> a+2=+3 Sa=-51 
12. AB=CX = j -{ = position vector of point X -k 


=21+3j+2k 


Position vector of point X=-i+ j + К 
13. AB-(6-2)i +(-3+ 9)) ++ 4k 
=4i+o6j+ 12k 
JAB| = У16 +25 +144 =14 
14. PQ-» 6-16 + (-2-3)} + (4+ 7k 
=4i-5}+ nik 
ІРО; = V16+ 254 121 = V162 


15. 


16. 


17. 


18. 


19, 


20. 


24 
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RT 


+ EM NR 11 È 
IPQ] Vi62 Jj * ez 


cosy = A where y is the angle of PQ with Z-axis 


AB = 4i-5j+ 11k 
-5 


. > + Y-axis = а = 
Direction cosine along TEREST TI T 
3 » 3 
Veas 50 


Vector А —3i — 4) + 5k. We know ae direction cosines of 


A= 
ge +5? TEE. JS +5? 


“oR a F 

Here, OA -2i 4 3j 4k 
OB =3ї + 4j 2k 

and OC = 4i +2) «3k 


So, AB-i* j-2k ВС =і –2) + k CA -2i - j - k 
Clearly, | AB| =| BC] = |СА| = V6 
So, these points are vertices of an equilateral triangle. 
Given, position vectors of A,B and C are 7 + 10k, 
—i+6j+6kand —41+9j + 6k, respectively. 
|AB| =|-i-j-4k|= 18 

[BC] =|-3i+3}|=vi8 

| AC] 21-4 i +2) - 4k |= 436 
Clearly, AB = BC and (AC)? = (АВ)? +(BC)? 
Hence, triangle is right angled isosceles. 


Position vectors of the points which divides internally is 
3a —3b)-282-2b) 12а –13Ь 


5 5 
25. Coordinate ofcis(2=4 21 22 =(-1, 1) 
OC =-i+j 
3i-j-3k^ j - а 
a cá а -2i«j-2k 
27, P ai-je k 
28. Itis given that b is collinear with the vector a. 
b= ла (1) 
-2/2)i - А] + 4Ak 
Also, [Ы[=10 
= Мч) +(-A)? + (aX)! =10 
= 254? = 100 
=> АХ. =+2 -. (ii) 


From Eqs. (i) and (ii), we have 
b=+2a => 2а + b=0 
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29. Condition for collinearity, b= А а P S3 P 
= (-2i + mj) 210 - 5) = ap-1)}0 р+4 -3-p|=0 
Comparison of coefficient, we get d] 
= А =-2and-A =m “ Xp-1p* 4*(p*3))70 
Бы So, m=2 25 (p-1)(p? + 7p + 13) =0 
. If given points be A, B and C, then AB = (BC) or 2 imagi 
{ Хелен: +13 = 0 are (ima ) 
21 - 8j = (а –12)і + 16j] sete E SOT 1 tpm 
M rg Р? p= 
e SES: Only integral value of pis 1. е 
wk î + (0-2)) + (4* 4)К 
Also, 2-k(a-12) 40. руш Ap. C EtU 
=> a=8 2 
AT TE: =4i-j+ 4k 
З.А 4 7|=0 [Ар = V16+16+1 = 433 
-3 -2 -5 І A 
=> A=3 
32. (a — b) —(a + b) =[(a + kb) -(a — b)] 
> —2b=(k + 1)b 
Hence, k € R 
33. AB-- i - 4CD = - 2i + (А -2) B D C 
AB||CD 41. v=b+e 
So, = tar eta w=bta 
-2 -2 | We have, x=v+w=a+2b+e 
=> À--6 
м 3 2 1 42. Note that a+b=c 
. Obviously, — = —— = -— ; * б 
ОУ Og 43. Here is the only vector 44/21 + j+ k), whose length is 8. 
E х= -1апіу = -2 44. 3a + 4b + 5с=0 
35, If a and bare two non-zero, поп-соШпеаг vectors and x and y Hence, a, b and c are coplanar. 
are two scalars such that xa + yb = 0 then x = Oand y = 0 No oth ; З : 
because one will be a scalar multiple of the other and hence б other conclusion can De derived тош. 
45. A, B,C, Dand E are five coplanar points. 


collinear which is a contradiction. 

36. Four or more than four non-zero vectors are always linearly 
dependent. 

37. These are coplanar because 1 (a)+1(b)=a + b 


38. Comparing the coefficients of i, jand К, and the corresponding 


DA + DB + AE + BE + CE 
=(DA + AE) + (DB + BE) + (DC + CE) 
= рЕ + DE + DE=3DE 
46. „З хап +1 = 0 and V3 ѕесе -2 = 0 


equations are = ө = Tur 
x+3y – 42 = Ах or (1-А)х+3у - 42 =0 ..(i) 6 
х-(А + 3)у +52 =0 . (ii) zy бела nez 
3x+y—Az=0 -. (iii) 6 
These Eqs. (i), (ii) and (iii) have a non-trivial solution, if 47. jand К are unit vectors along Y and Z-axes, then unit vector 
ini RR 64 bisecting OY and 021+, 
1 -(A+3) 5 |=0= А =0-1 J2 
3 1 -А 48. 
39, The vectors are linearly dependent 
+1 -3 р 
=> p pti -3|=0 
-3 p pti 
1 <3 p 
= (2p-2)1 p*! -3|20 О 


1 p Phl We have, A(i  ] — 2k) and B(i —3j + К) 


On line AB points C and C are at distance 1 unit from А, 
OC = OA + AC, where AC is unit vector In direction of AB 
^ ОС = ОА + AB, 

|AB| 
OC'« ол - A. 

|AB| 


Similarly, 
. 49. AD = Ор - ОА 
ё, b+ © im b+e-2n 
2 2 
(where, O is the origin for reference] 


BE-OE-On-S**. 


p 


Similarly, 


_c+a-2b 
TE Va 
_ a+ b-2b 
dis 


and CF 


A (a) 


Bi D Се) 


Now, AD + BE + CF = 226-28 


c+a—2b a+ b-2c 
+— + 8 


0 

2 2 
50. AP = AB+ BP = АВ+ ВС = АВ+ Ар i) 
1 1 ; 
5 = Ар+10С= Ар + ŻAB wa (il 
ло = AD + DQ = AD + : DC > (ii) 

NE. C 
P 
A B 


By Eqs. (i) and (ii), we get 
AP + АО = “(AB + AD) 


-(AB + ВС) =2AC 
2 2 


51. Let A8 (1,1, 21), B = (2,3, 0), C 8 (3,5, -2) and D &(0, —1, 1). 
So, AB =(1, 2,1), ВС = (1,2, – 2),СЮ =(—3, – 6,3) 
and DA = (1,2, – 2). 
Clearly, BC || DA but AB in not parallel to CD. 
So, it is a trapezium. 
52. ОР = 1 (OB) + 2 (6b —2a) 
1+2 
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A (66-28) 


о 

=> а — b) =OB+ 12b — ла 

=> ОВ =7a -15b 
53. Let the B divide AC in ratio À : 1, then 

i3) 7k) + 1-2) - 8k 
i -ak Wa ee -9 0 
A1 

=> 31-220 

= A= 5, ie ratio = 2:3 
54, We know by fundamental theorem of proportionality that, 

DE -inc 

2 
A 
D E 
B с 

In triangle, ВС = b-a 

Hence, DE = 50 - а) 
55. Since, АВ + BD = AD 

BD = Ар-АВ 
> =(i + 2j + 3k) - (2i + 4j - 5k) 
z-i -2j +8 


Hence, unit vector in the direction of BD is 
-i-2j+8k  -i-2j4 8k 
|-i - 2j + 8k| 469 
Position vectors of vertices A, B and C of the AABC = a, band 


© We know that, position vector of centroid of the triangle, 
G-i* btc 


3 
Therefore, GA + GB + GC 


( sese) ( atj ( stote) 
z|a-———— |+| b- —— |+| c- ———— 
3 3 3 


=50а- b-c-2b-2a-c42c-a- Б) = 0 


56 


57. А тершаг hexagon ABCDEF. 
E D 


54 


58. 


59. 


60. 


61. 


62. 


Н 


63. 


65, 


|. We must have A(i –3) + 5k) =at 
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We know from the hexagon that AD is parallel to BC or 
AD = 2BC is parallel to FA or EB = 2FA and FC is parallel to 
ABor FC =2AB 


Thus, AD + EB + FC = 2ВС + 2FA + 2AB 

= ЕА + AB + BC) = ЕС) =2(2AB) = 4AB 
AE + ED + DC + АВ 

= AD + DC + AB- АС + AB 
Obviously, if BC is added to this system, then it will be 
AC + AB + BC = AC + AC =2AC. 


By triangle law, AB = AD - BD,AC = AD - CD 
E D 
F C 
A B 


Therefore, 
AB + AC + AD + AE + AF 
=3AD + (AE — BD) + (AF — CD) =3AD 
Hence, A =3 (^ AE = BD,AF = CD) 
[а |+|b |+|с|= Va? + b? +c? 
€» 2|аЬ |+ 2|bc| + 2|са |= 0 
© ab = bc = ca = 0 < апу two of a,b and c are zero 
Since, а and bare non-collinear, so a + b and a — b will also 


be non-collinear. 
Hence, а + band a — bare linearly independent vectors. 


|a + b|«|a – Ы. 
> LT LA 
2 2 


R=V4+100+121 215 


2k 4 2j -i 


За =3A(i —3j + 5k) - (2k + 2j - 1) 
= ЗА +1)—}(2+ 9X) + 15А -2) 


or 3] a |= VBA +1)? +(2 +94)? + (15. -2)* 


9 = (3А +1)? + (2+ 9А) + (15A -2)* 


Therefore, 


or 


2 
or 315A? -18 = 0 = A =O. 
КА =0,a=i-2) —2К (not acceptable) 

2 41, 884 40; 
àz—,a2——i-— -—k 
i 35 105 105? 105 
b= cos120°Î + віл120°) 

15: 4/34 

b---i*— 

or : 23 
Y; 4384 (by. VS 
Therefore, a + ь=1-51+2] 1+ j 


66. a=atbt+e=6i+12j 


Let o = xa + yb = 6х+2у =6 
and -3x —6y =12 
\ x=2,y=-3 

а = 2а -3b 


67. Let the іпсепіте be at the origin and be 


A(p), B(q) and C(r) . Then, 
ІА = p,IB = q and IC =r 


Incentre I is зит where р = BC, q = AC and r = AB 
*btc 


Incentre is at the origin. Therefore, 
aptbq*cer _ 


0, 
a+b+c 
or ab+bq+cr=0 
=> alA + bIB+cIC=0 


68. Since x, y and x xy are linearly independent, we have 


20a -15b = 15b —12c = 12с -20a = 0 
> а їчї? 
з 4 5 


Hence, AABC is right angled. . 


69. As x, y and x x y are non-collinear vectors, vectors are 


linearly independent. 

Hence, 
a-b-0-b-c-c-a 
ora=b=c 

Therefore, the triangle is equilateral. 


70. |AB| =|Q| = VP? + P^ = PJ2 


71. The point the divides 5i and 5j in th ratio of 


bir (5j)k + (51)1 


k+1 
7 ^ 
pl + 5kj 
k+1 
Also |b|s 437 
* * 
+ Z116 
=> cpu ease «437 
or 5л + К? < 37 (1) 


On Squaring both sides, we get 
25(1 + К?) € 37 (k? +2k+ 1) 
or 6k? +37k+6 > Oor (6k + 1)(k +6) 20 


k € (o, -өч|-, - 


72. Let the bisector of ZA meets BC at D, then AD divides BC in 


the ratio AB : AC. 
.. Position vectors of D 
..|ABIQi + 5j + 7ky*|ACIQi + 3j + 4k) 
|AB| + |AC| 
Here, | AB|=|-2i - 4j - 4k|- 6 


73. 


* From the figure, position vector of E is 


74. 


75. 


76, 


апа 


JAC|=|-2i - 2) - =з 
.. Position vector of D 
Si +5) + 7k) + 32i 3] + ak) 
6+3 
_ 181 + 39)+54К 
9 


(61 + 13} + 18k) 


x 
3 


Vector in the direction of angular bisector of a and b is 2 e 
2 


Unit vector in this direction is а = 


a+b| 


B 


a+b 


Now in triangle AEB, AE = ABcos? 


a+b e 

> = cos— 

2 
H it vector al the bisector is LOREM. 
ence, unit vector along 2cos 8/2) 

a—b -2(d – с) 
а+2с b+2d 
2+1 2+1 


Hence, AC and BD trisect each other as LHS is the position 
vector of a point trisecting A an C, and RHS that of B and D. 


Again, it is given that the point P, О and R are collinear. 
= РО = ХОК 
= 15043-30) = A[( — t) Â+ j) - 6013] 
> = Мо - 0i + (1 —610j] 
45t 60t 
=> —=-— 
t-1 1—61 
RES: 
Ж 1-1 1-61 
= 3(1—-611) = 4-1) 
= 3-183t=4t-4 = 187f=7 
7 
e^ t=— 
187 
We have, a + b+ c= ad 
and b+c+d=fa 
^ a+b+c+d=(a+1)d 
and а + + с+ 0 = (3+ 1)а 


> (a + 1)d = (f + 1)а 
Ifa + -1, then (a + 1)d = (D + 1)а 


RI 


78. 


79. 
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= P LM 
+1 
=> a+b+c=ad 
2$ а + bre za (2221), 
0+1 
up] 


> t a+h+e=0 

a, band care coplanar which is contradiction to the given 
condition. 

25 02-1 

andsoa + b+c+d=0 

Since | OP |- OQ = /14, AOPQ is an isosceles. 

Hence, the internal bisector OM is perpendicular to РО and М 
is the mid-point of P and Q. Therefore, 


OM -;(oP + 0) -?i +j-zk 


o1 


[6] 
N 
x e" 
N 
P M Q 
A P B 
Let OA -a,0B-b,OC-c 
and OD=d 
Therefore, ОА + ОВ + OC + Ор 
=at+b+c+d 
P, the mid-point of AB, is 2+? 
Q, the mid-point of CD, is cra s 
Therefore, the mid-point of PQ is 244824: 
Similarly, the mid-point of RS is PEE 
Le. op. 3*b*ce*d 
4 
> x=4 
О 
Y x 
A(a) M Bib) 


OA =a, ОВ = 


56 Textbook of Vector & 3D Geometry 


om - 2*b 
2 
oc-3*b 
6 
ox -2p 
a ‘OF 
Let — 2A 
YA 
X 
OY= 
агучы 
Now points Y, C and X are collinear. 
YC 2 mCX 
atb A acme math 
6 A+1 276 
Comparing coefficients of a and b 
1, à m 
6 +1 6 
and 1_2m_m 
6. "& 6 
€ 
3 7 
(2255) а +5Ь 
4| ——— |+ 
80. 3 5 E 21(a + b) = 21 pr 
4+1 25 25 
Sb) у R(a * b) 
X 
P(o) Q(a) 
4b 
Pv of Xie 2557992 et 
S 5 
b +5b 
PV of Vis 83235 277 
Now, PZ = mPR 
PZ = mía + b) 
Let Z divided YX in the ratio À :1 
py of z= OXF OY 
A+1 
(ez). a 
5 ; 
PZ= = та + b) 
A+1 a 
Comparing coefficients ofa and b 
8 5A +1 
5(A + 1) 
and 2 4% +5 
(А + 1) 
A24 
Е а +5Ь 
4| ——— TT EX 
PZ- > 


4+1 


_ 21a +b) _ 21 рр 
25 25 


81. Let OA 2a, OB = b and OC = с, 
1 
then AB = b ~a and opaz% 
0Q= i», OR 2 1e 
di a 3 


Since P, Q, R and $ are coplanar, then 
PS =aPQ + BPR 


(PS can be written as a linear combination of PQ and PR) 


=0(00 - OP) +B (OR - OP) 
ie. OS-OP--( «f T bere 


B 


а а 
> 05 =(1-a-B)—+—b+—c 
Ba ur 2 3 


Given OS = ААВ = À(b a) 


From Eq. (i) and Eq. (ii), B = 0, = = -А and? =i 


> 2A =14+3A or A=-1 
82. 


Here, coordinate of Q are (2cos60°, 2sin60°) 


> Q, V3, 0) 
P(1, 43, 2) 
OP z3' 
> 1+3+22 23 or z?^-5 
z-45 


P(1, V3, J5) => OP =i + J3j + 5К 
Now, AP = OP - OA =i + 4/3} + V5k — 2i 
=-i + 43} JSk 
83. а= (x -j)+(j+ k) 
=t(i+k),+(@-2j-h 
84, Let R be the resultant. Then 
R-E-E-F, =(р+1)ї + 4j 
Given, |R|=5. Therefore, (p + 1)? +16 225 


or р+1= +3 or p=2-4 
85. We have, AB = -i - j - 4& BC - -3i +3) 
and CA = 4i - 2j + 4k. 


Therefore, АВ |= |ВС|= 3/2 and |CA| -6 


E] 
.. (ii) 


Clearly, — |AB/*4] BC|?=| AC]? 

Hence, the triangle is right angled isosceles triangle. 
86. Leta =2i + 4j -5kand b - +2) 3f. 

Then, the diagonals of the parallelogram are 


p=a+b 
and q-bc-a, 
ie. p =3i+6j-2k, q =-i -2}+8k 


So, unit vectors along the diagonals are 


1. A А 5 
7e + 6j —2k) and EEE, -2j + 8k) 


X69 
87. ОА = -4i + 3k; OB — 14i 2j — sk 
-ZÊ E3k 141 +2) -5& 
5T 15 
Kates RS 
r= 121-121 + 9j 14i + 2j - sic] 
À s $3 2А. А 
= [2i +2) + 4k]= 2-03 
5 j ] is td + 2k] 


88. Points AĜ + ] ), B(i — j) and C(pi + qj + rk) are collinear 


Now, AB - -2j 
and BC =(p—i)i + (q +1)j+ Ж 
Vectors AB and BC must be collinear 
26 p-7Lr-0andqz-1i 
1 2 3 
89, Forcoplanarvectors| à p |=0 
0 0 2-1 
or СА 0А = ord 707 


90. In AABC, AB-- BC = AC = -СА 


or AB+BC+CA=0 
OA + AB = OB is the triangle law of addition. 
Hence, Statement 1 is true and Statement 2 is is false. 


3 
91. 5-2-2 = – and 4 
579 р 2 ge 


92, 2a +3b -5c =0 
X(b —-a) -5(c-a) 


Hence, AB and AC must be parallel since there is a common 
point A. The points A, B and C must be collinear. 


Solutions (Q.Nos. 93-94) 


Let the position vectors of A, B, C and D bea,b,c and d, 
respectively. Then; 


OA:CB =2:1 
= OA =2СВ = а=2(Ь-с) 
and OD: AB=1:3 
| 30D = AB 
= 3d =(b-a) = b ~2(b - c) [using Eq. (i)] 
=~b+2c ii 


Let OX : XC = A:1and AX: XD=p:1 
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Now, X divides OC in the ratio А : 1. Therefore, 


Ac 
PV of X = 
° A+1 


їн) 


X also divided AD in the ratio u : 1. Therefore, 


ра +a 


PVofX = ...(iv) 
+i 


From Eqs. (iii) and (iv), we get 
Ac па +а 


о 
O^ 


o 


Gs 
г kN r eat 


[using Eqs. (i) and (ii) ] 


lta "mJ 


+ 
^ iu m 5G me 
or P (22 - iu) = 
3( +1) 3-1) А+1 
ог 5h =0 
Hu 1) 
2-6 A 
d -L——z-0 
- 3u*1 А+1 
(as b and c are non-collinear) 
2 
z6A-2- 
or u Е 


Hence, OX : XC -2:5and AX/ XD - =É 
1 


= 


93. (c) 94. (5) 


Solutions (Q.Nos. 95-96) 


Consider the regular hexagon ABCDEF with centre at O 


EV 
VY 


РНР я 
= ҲАО + ОВ) +20C 
=2АВ +2АВ 
= 4AB 
R = АВ+АС+Ар + AE + АЕ 
=Ер+ АС+ AD + АЕ+ CD 
[^ AB = ED and AF - CD] 
=(AC + CD)+(AE+ED)+ AD 
= AD + AD+AD=3AD =6АО 


D ОС = AB] 


95. (с) 96. (a) 
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Solutions (Q.Nos. 97-99) 
97. AB = OB- OA -3a - b-2c 
AC = OC - OA = 9a -3b -6c - 3AB E 
98. 20A -30B + OC 


= 2(-2a + 3b 5c) -3(a + 2b 3c) + (7a с) = 0 


99. -- 20A -30B+0C - 0 


о 


25, OB- 20A * OC 
> 3 
= BbDivides AC in 1:2. 
Solutions (Q.Nos. 100-101) 
0 s. салыш) 
9 


100. Here, c = қа + »-( ч 


(i) 
=> ce = t| ———— 
9 
Also, |с|=5-6 = s EFI + 4 =5у6 
t=15 > с= Di -7+ 2k) 
5; ^ ^ 
or wu -7be280 


101. Here, AB = BD and — = — 


B D C E 
BD BE BD BE 
=> —=— = = 
DC CE ` BC-BD BE-BC 
=>  BD-BE-BD- BC = BC: BE – ВО: BE 
= 2BD- BE =(BD + BE)- BC 
2 1 1 
— = — + — 
BC BD BE 
Solutions (Q.Nos. 102-103) 
102. r(t) = 2i + 26 + 4e" -9k 
Since, r (t) is parallel to r(t), 
so r(t) = ar (t) 
1-21 = -20,t* = ot, 2277 


or 


1 
= дое“! Vo c 
The only value of t which satisfies all three equations is t = L 
So, r(1) is the required point (71. 1, 2) м i 
103. (2, 0, 5) corresponding to r(1) and r(t)=4ñ -j+ sik 
So, the required tangent vector is ^ (1) = 4i —j+6k 


104. E D 


F с 
А а в 
АВ =a, ВС =b 
AC = AB+ ВС =a+b — (1) 
AD =2BC =2b —@) 
(because AD is parallel to BC and 
twice is length) 
CD = AD- AC =2b-(a+b)=b-a 
FA--CD-a-b — (ii) 
DE = -AB = -a Gy) 
EF = -BC = -b —6?) 
AE = AD+ DE -2b-a (vi) 
CE = CD + DE = b-a -a =b-2a --. (vii) 


105. Let R be the resultant. Then, 
R-RE-E-E -(p*1)i +4) 
Given, | R| 2 5, Therefore R? =25 
VO (p+1)?+16=25 or p+i=43 or p-2-4 
106. Vectors along to sides area 21 2j K and Ь=2ї+ 4j+k 
Clearly the vector along the longer diagonal is 
atb=3i+oj+2k 
Hence, length of the longer diagonal is 
|a + bl=[3i+6}+2k|=7 
107. Vector a={+2}-k, ba2i-j+k c-Mejezk are 
coplanar, : 
1 2 -1 
=> |2 -1 1/=0 or àÀ-3«X-5)e0 or À «13 
lS 3$ 
Number of digits in value of À is 2. 
108. since, angle bisector of a and b 


PAE ~ b 
> hâ + beat.) NS 
ПИГ s 
given, a + b is along angle bisector, 
a b 
= ph] —+ 13 =а +} 
( a) Ibl 


only, when|a | = |= 


^ а= — Aad 


109. á 


B E 


Here, O is circum centre = 0,G is centroid = g 
H is orthocentre = p 


А OG 1 
Since, — == 
GH 2 
g 1 
= — =- = 2g = p- 
уча teg 
or p-3g 
& k=3 
110. XG = kGY 
btc 2b (Ле Pee) gat 
3 3 WA S E 
A(O) 
X Y 
Bib) C(c) 
2€. A 
3 1+А 
Ж - 2 
10A 3 
> A=2 
111. We have, a=2pi+j 


Let bbe the vector obtained from a by rotating the axes. Then, 


the components of bare p + 1 and 1. Therefore, 
b=(p+1)a+B 


where б and ё are unit vectors along the new axes. 


But|b| =|] 
=> 4p’ +1=(p+1) +1 
> , 1 
sl]e- 
> 3p^-2p-1-0 > p з 
1 
=> p = land pp =-7 


1 
sin +pi=3{i-3]=2 


112. Here, a is rotated about Z-axis, the Z-component ofa will 
remain unchanged namely a; 


yx) 


113. 


114. 


115. 


Chap 01 “Vector Algebra 59 


Now, if it is turned through an angle > As shown in adjoining 


figure. 

-. Now components are (a2, — a;, аз). 

Here, r, = OA pointing North-East and r; = OB pointing 
North-West. Where | OA| =| ОВ| =5. 

As shown in figure, 


ZBOA = 90? 
=> r -r; = ВА 
Clearly, ZBOA is right angled at О. 

S BA? = ОА? + ОВ? =5° + 5° =50 
E |BA| 2545 
or [n -r| 25/5 
i.e. r) — т; has magnitude 545 and points from West to East. 
Let OACB be a parallelogram shown as 
B(b) C(c) 


(using triangle law) 


Here, Ор = 1вс 
2 

E OP +PD = (ВР +РС) [using A law] 
- 20P +2PD = BP + РС 

-2P0 +2PD = -PB + PC 
= PB+2PD = PC «2PO 
> PB+2PD РС +2РО 

1+2 1+2 


The common point P of Вр and CO divides each in the ratio 
2:1. 
Let S be the point of intersection of AB and CR. Let A be the 


origin and the position vectors of the points B, C, P, Q, Rand S 
be b,c, p, q, r and s respectively. 


_ 3b+2c 
5 
4c 
and =— m 
5 (i) 
= p. = 10p -6b =5q 
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ie. 10р =5q+6b = 10Р .5aq*6b , 
11 11 


P (2:3) 


lir .— _3b+2c 
10 "S 
lir =6b + 4c 
lir — 4c =6Ь 


[using Eq. (ii)] 


11г-4с 6 
EE XE "zb =s, thus s divides AB in the ratio 6 : 1. 


116. Since, angle bisectors divides opposite side in the ratio of sides 


containing the angle. 


= BA’ = — and ca’ = 00. 
b+c a+c 
Now, BI is also angle bisector of ZB for AABA'. 
E Al Bre q AL bte 
Al’ a AA' a+b+c 
A 
C, B' 
B А” C 
a BI _ a+c 
Similarly, BE atbte 
d XT o at+b 
ed CC a+b+c 
AL BI-CI (b + c)(a + cY(a + b) 0) 


> AA-BB-CC (2+6 + с(а+Ь+ са bc) 
As we know АМ 2 GM, we get 


b+c $ c+a a+b 1 
а+Ь+с abc atbte ,[(a* 0 (ca) 


3 (a+b+c)? 
2(a + b + c) .. [(a + b)(b + с)(с+ a)? 
= Se ту 
3(a + b c) a+b+c 
(a + b)(b + с)(с+ а) < 8 й) 
(a+ b- c) 27 
From Eqs. (i) and (ii), we get 
AI : BI -CI eB 


АА’. BB' -CC 27 


117. Let the position vector of O' with reference to O as the origin 


bea. 

Then, ОО =a 
Now, O P, = Position vector 

or P, — Position vector of O' =r; — o 


Let the position vectors of P, Py, Py... D, with respect to O as 
the origin be Ry, Rz. Ry respectively. Then, R; = O | 
Br -0,121,2...n [using Eq. (1)] 


Now, ай + a;Rz +... + a Ra 70 
n a 
= Yak, =0 = Yan - 4) =0 


1=1 isl 


n n 
E Yan-Ya2-0 


à °-°[$]- | Eos ешм) 


tet fel 


n 
E Уа=0 
fet 


n n 
Thus, У aR, = 0 will hold good, if Уа=0. 


i=l i=1 


118. Let Obe the origin of reference. 


Let the position vectors of A, B, C and D bea, b, c and d, 


respectively. 
Then, ОА :СВ z2:1 
=> ОА = d = OA+2CB 
CB 
D 
о 
= ОА =2CB 
= a -Xb- c) 0) 
апі OD: АВ =1:3 
ор 
= — =- = 30D= 
AB AB 
> 30D = AB 
T 3d =(b-a) = b - 2(b - c) [using Eq. (i)] 
Sa Sd bid de -- (ii) 


Let OX : ХС = A :1and AX : XD =p:1 
Now, X divides OC in the ratio À : 1. Therefore, 


Ac 
PV of X = 
A+1 


X also divides AD in the ratio : 1 


PV ofx Hd * à 

utl 

From Eqs. (iii) and (iv), we get 
Ac pda 
А+1 ц+1 


„(у ШӨ 


.. Aiii) 


AÀ \ [e )(-be2c 1 
Ge) s J (eo 


[using Eqs. (i) and (iv)] 


À E m u 
= 55) s)" 
+( a Je 
3441) pti 
X _{ 6-n 20 -6 
5 (к) Ge (25): 
6-pu 2u —6 À 
> b ——— = 
(<4) (ge au е 
=> 6-4 EE a e fA 
3(u + 1) 30 +1) A+1 
(since, b and саге non-collinear) 
=> н =6апал == 
Непсе, OX:XC 22:5 


119. let 1, mand n be scalars such that 


lp + тд + nr-0 
= (l(cosa)u + (cosb)v + (cosc)w} + m((sina)u 
+ (sinb)v + (ѕіпс)м} 
+ n{sin(x + a)u + sin(x + b)v + sin(x + c)w] = 0 
= {lcosa + msina + nsin(x + a)}u + (Isinb + msin(x + b))v 
+ {lcosc + msinc + nsin (x + c))w =0 
= Icosa + msina + nsin(x + a)=0 ...(i) 
1соѕЬ + msinb + nsin(x + b)=0 .. (ii) 
1соѕс + msinc + nsin(x + c) = 0 (iii) 
This is a homogeneous system of linear equations in /, m and n. 
The determinant of the coefficient matrix is 
cosa sina sin(x-a)| |cosa sina 0 
A-|cosb sinb sin(x+b)|=|cosb sinb 0/=0 


cose sinc sin(x+c)| |cosc sinc 0 


(using С; — C; —sinx C; — cosx C?) 
= So, the above system of equations has non-trivial solutions 


also. This means that /, m and n may attain non-zero values 
also. 


Hence, the given system of vectors is a linearly dependent 
system of vectors. 


120. We know that, the sum of three vectors of a triangle is zero. 


A 
B M € 
ET AB+BC+CA=0 
= BC=AC-AB PME AT: 
= Ap - AC-AB [^ M is a mid-point of BC] 


121. 


122. 


123. 


124. 
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Also, AB + ВМ + МА =0 
[by properties of a triangle] 
E An AE = AB алм [АМ =- MA] 
25 АМ = AB + AC 
2 
_3it 4k+5i-2j+ 4k 
i 2 
=4i-j+4k 
> |АМ|= 4? +1? + 4? = 433 
As, a + ЗЬ is collinear with c. 
* a+3b=Ac 0) 
Also, b + 2c is collinear with a. 
= b + 2c = ра .. (ii) 


From Eq. (ii), we get 
а+3Ь + 6с = (А + 6)с 
From Eq. (ii), we get 
a+3b+6c=(1+3p)a 
From Eqs. (iii) and (iv), we get 
(A+6)c=(1+ 31)a 
Since, a is not collinear with c. 
=> A+6=14+31=0 
From Eq. (iv), we get 
a+3b+6c=0 


(Шш) 


іу) 


Ѕіпсе,а =8b апіс = – 7Ъ 


Ѕо, а is parallel to b and c is anti-parallel to b. 
= aand care anti-parallel. 
So, the angle between a and c is л. 


^t P be the origin outside of AB and C is mid-point of AB, 
en 


[o] 


A B 
P 
P. 
pC-PA*PB _ с pA + PB 
Ifa + 2b is collinear with c, then a + 2b = tc .. (i) 
Also, b + 3c is collinear with a, then 
b+3c=Aa 
=> bz2a-3c .. (ii) 
From Eqs. (i) and (ii), we get 
a + 2(Аа —3c) = 1с 
=> (а —6c) = 1c -2Xa 


On comparing the coefficients ofa and c, we get 
15-24 = sl 
2 


and -б={ => (2-6 
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From Eq. (i), we get 
а+2Ь = – 6с 
Е; а+ 2 + 6с=0 


125. The three vectors (а + 2b + 3c), (Ab + 4c) and (2A – 1)с are 
non-coplanar, if 


1 2 3 
0 А 4 |#0 
о 0 24-1 
=> (24-1) (A) #0 
= A201 
2 


So, these three vectors are non-coplanar for all except two 
values of A. ` 


126. Given that, ОА -7i - 4j 7k 

OB =i-6j+10k 

ОС =-i-3j+ 4k 

OD -5i - j 4 5k 
24564449 
2449-7 

BC = (1 +1)? + (-6 +3)? (10 - 4) 
=./4+9+36 
= 49 =7 

CD = J(A -5) +(-3+1) (4-5) 
2436-491 
=V41 


Now, 


127. 


128. 


and DA = 6-7)? «CA 4Y +(5-7) 


AEFIA 
2417 
Hence, option (d) is correct. 
a à 1+а°| |а а? 1| |а а? а^ 
Sine,|b b? 1+b°|=|b b? 1|+|ь > Б =0 
с с? 1+с> c c& 1 je ec 
eas a а? 1| 
= b bè 1\=abelb B 1|=0 
e c1 eu 
а а? 1 Гра а 
=> (1+abe)|b b? 1|=0 e| bob also 
ce c 1 cel 
> 1+abe=0 
nd abc 2-1 


Since, the vector i + х) + ЗК is doubled in magnitude, then it 
becomes 


«і (ax 22) * 2k 
2] e aj e3k [2 4i (ax- 2] 2k | 


=> 2Vi4x749 = ec ax-2Y +4 
= 40+ Ax? 220€ (Ax -2Y 
> 3x? -4n-4=0 
=> (x-2)8x-2)20 
> узай ы 
3 
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Product of Two Vectors 


Product of two vectors is processed by two methods. 
When the product of two vectors results in a scalar ` 
quantity, then it is called scalar product. It is also known 
as dot product because we denote it by putting a dot (.) 
between two vectors. 

When the product of two vectors results in a vector 
quantity, then this product is called vector product. It is 
also known as cross product because we denote it by 
putting a cross (x) between two vectors. 


Scalar or Dot Product of Two Vectors 


If a and b are two non-zero vectors and 0 be the angle 
between them, then their scalar product (or dot product) is 
denoted by a - b and is defined as the scalar |a|| b| cos, 
where |a| and |b| are modulii of a and b respectively and 


0<0 <л. 


B 
b 
8 
о а А 
Remarks 
1.a-beR 
2. a-bs|a||b] 


3. a.b» 0 = Angle between a and b is acute. 
4. a-b<0 = Angle between a and bis obtuse. 
5. The dot product of a zero and non-zero vector is a scalar zero. 


Geometrical interpretation of scalar product 
Let a and b be two vectors represented by OA and OB 
respectively. Let 0 be the angle between OA and OB. Draw 


BL L OA and AM 1 OB. 


From triangles OBL and OAM, we have OL = OB cos8 
and OM = ОА cos®. Here, OL and OA are known as 
projection of b on a anda on b respectively. 
Now, a: b = |а || Ъ|соѕӨ 
= |а| (OB соѕ0) =|a] (OL) 
= (Magnitude of a) (Projection of b on a) ...(i) 
Again, a - b = |a|| b|cos8 
=|Ь|(|а| соз Ө) 2|b| (OA cos8) =| b| (OM) 
a-b = (Magnitude of b) 
(Projection of a on b) ...(ii) 
Thus, geometrically interpreted, the scalar product 
of two vectors is the product of modulus of 
either vector and the projection of the other in 
its direction. 


Remarks 
1. Projection of a on Б-та =a-b 


a-b 


2. Projection ofbona E =a-b 
a 


3. Angle between two vectors it a and b be two vectors inclined at 


an angle8, then a, b = |а| - |b| cos Ө 


= 50 = a-b 
lal -|bl 
EI 8 -cos^ (25) 
lal -|b| 


Ifa -aj aj + ak andb = ji + bj bak 


6 cos"! а,Ь, + ab + азу 
аў + а? + а? 2+ bi bi 


Properties of Scalar Product 


(i) Commutativity The scalar product of two vector is 


commutative i.e, a: b — b. a. 


(ii) Distributivity of scalar product over vector 


addition The scalar product of vectors is distributive 


over vector addition i.e., 
(a) a (b +c) =a -b +a -c (Left distributivity) 
(b) (b *c):a- b:a «c.a (right distributivity) 


(iii) Let a and b be two non-zero vectors a - b 20 Фа Lb. 
Asi, j and k are mutually perpendicular unit vectors 


along the coordinate axes, therefore 
i-j=j-i=0,j-k=k-j=0;k-i=i-k=0 

(iv) For any vectora,a-a=|a|’. 
As ij and k are unit vectors along the coordinate 
axes, therefore 1-1 =|1|} =1,j-j=|j|* =1and 
k-k=|k? =1 

(у) If m is a scalar and a and b be any two vectors then 
(ma): b 2 m(a- b) =a - (mb). 


(vi) If m and n are scalars and a and b be two vectors, then 


(ma) -nb 2 mn(a : b) = (mna): b =a - (mnb) 
(vii) For any vectors a and b, we have 
(a)a-(—b) =—(a-b) 2(-a):b 
(b) (7a) :(-Ь) =a-b 
(viii) For any two vectors a and b, we have 
(а) |a + b|? —|af* +b]? +2a-b 
(b) |a - b| =|al’ +| bl’ -2a -b 
(©) (a +) (а - b) =|а - |) 
(d|a * b| 2 |a] | b] = al|b 
(е) |a + bf =|al? +|b? — alb 
(Hla * b|-|a - b| a Lb 


Scalar Product in Terms of Components 

Ifa -a,i a7) - a kand b — bj i b; ) € bsk, then 
a:bza;b, +azb, +a3b3. 

Thus, scalar product of two vectors is equal to the 
sum of the products of their corresponding 


components. In particular, a -a = |а? =а? +а? +а?. 


| Example 1. if 6 is the angle between the vectors 


a-2i«2j-kandb- 6i - 3} + 2k, B 
4 

= — Ө = — 

(a) cos T (b) cos 2. 

(c) соѕ0 = r1 (d) соѕ = — 
19 
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Sol. (a) Angle between a and b is given by 


a-b 

созе тЫ 
_ (d2j- k) - 3j + 2k) 
© fo? 4 2? cay fe? + (-3)? +22 
12-6-2 4 
T UNSER ai 


| Example 2. (a-i)i+ (a-}) j+(a-k)k is equal to 


(а) а (b) 2a 
(c) 3a (d) 0 
Sol. (a)Let a= aj aj] + ak 


a-1=(ai+ aĵ + ask) i =a, 
a-j=a,,a-k=a, 
So, (a-i)i+(a-j)j+(a-k) k 


=ai+a,j+ask=a 


1 Example 3. If |a| = 3,|b| = 4, then a value of À for 
which a+ Ab is perpendicular to a — Ab. 
(а) 9 /16 (0) 3/4 
(03/2 (d) 4/3 
Sol. (b)a Ab is perpendicular toa — Ab. 
^n (а + А) -(а – Ab) =0 
=  Ja'|-A(a-b)* А (b:a) - A? |Ы? =0 
^ lal’ - АДЫ? 2o 
=> х= +11243 
lb 4 
| Example 4. The projection of a = 21+ 3j ~2k on 
b=i+ 2j + 3k is 


2 
Mas (b) Jn 
-2 
(о V14 (d) d 
Sol. (b) Projection ofa on ^e 
T _ (2i+3j- 2k): (ї +2] +30) 
ut li 2j +3k| 
246-6 2 
| 44 уз 


| Example 5. if a = 5i - 
find A such that a+b and a -b are orthogonal. 
Sol. Clearly,a +b = (5i – j+ 7k) +(i-j+ Ak) 
26i -2je (7 + A) 
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j+7k and b =i — }+ АЙ, then 
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a-b=(5i- j 7k) -(i- j - Ak) 
=41+(7-A)k 
Since, a + b anda – b are orthogonal 
(a * b)-(a - b) 20 
[6i - 2j + (7 +A) kJ (4l (7 - А) k) 20 


and 


=> 

= 6xX4-2x0+(7+A)(7-A)=0 
=> 24+ 49 - А? =0 

=> А? =73 

> А = +573 


| Example 6. if a,b and c are unit vectors such that 
a+b+c=0, then find the value of a-b+b-c+c-a. 
Sol. Consider, a - b - c- 0 
On squaring both sides, we get 
(a «b c)? zo! 
> (a+b+c)-(a+b+c)=0:0 
=> jal? + |b|? + |c]? + 2a -b+ 2b- c4 2c:a =0 
= 1+1+1+2(a-b+b-ct+e-a)=0 
=> 


a:b+b-ete-a=—> 


| Example 7. if a, b and c are mutually perpendicular 
vectors of equal magnitudes, then find the angle 
between the vectors a and a+b+c. 
Sol. Let be the angle between the vectorsa anda -b-4c. 
a-(a+b+c) 
|а||а+Ь+с 
_a-ata-bta-c 
Jal |a * b + d 


> 


Then, cos0 = 


NRN 
Т [alla * b * cl 
[;a:b =a-c=0asa,b,care mutually 
perpendicular vectors] 
|a -* bd 


Now consider, 
|a * b * c[' = (а +Ь+с)-(а+Ь+с) 
= ap +|b|? +19 + Aa-b+b-c+ c:a) 
=з|а| + 0) = jal? 
[lal = ]b] 21d anda:b=b-c=c-a = 0] 


la * b +9 = V3 [а] 
From Eq. (i), we get 
cos0 = - 
Кд 
1 
Ө = cos"! 
ay cos X 


1 Example 8. if the vectors a = (clog x)i -6j* 3k 
and b - (log; х)і+ 2j+ (2c log 2 x)k make an obtuse 
angle for any x e (0, =). Then, determine the interval to 
which c belongs. 

Sol. For the vectors a and b to be inclined at an obtuse angle, we 


must have 
a:b«0, V x € (0, =) 


c(log; x)? — 12 + 6clog; x «0, V x € (0, =) 


=> 
=> cy? + 6cy - 12< 0, V ye R, where y = log x 
=> .c < 0and36c? + 48c < 0, 


(using ax? + bx +c <0, 
V xe Riffa<0and D<0) 


4 
= c<Oandc(3c+4)<0 -ce(-5.9) 


| Example 9. If a+2b+ 3с — 4, then find the least 
value of a? +b? + c?. 


Sol. Consider vectors p = ai + bj + ckandq- i 2j 3k 
a * 2b 3c 


Now, cos0 = 
a? +b? +c? 412 +27 +3" 
+ 2b + Зс)? 
> cos? ME ila a <1 [7 соѕ20< 1] 


14 (a? + b? + с?) 


=> a+b? +с?> 
14 14 7 


Hence, least value of a? + b? + c? is 2 А 
7 


| Example 10. Find the unit vector which makes an 
angle of 45? with the vector 2i - 2j — К and an angle 


of 60° with the vector j – k. 


Sol. Let the unit vector bec = cji + с,) + c,k so that; it makes 
an angle of 45° with 2i + 2j -k. 


2c, + 2с, – 
= TOLL ^ f3 = cos 45° Сё 7 1) 
> 2c, + 2с, – су К: Я 0) 
42 
Also, it makes an angle of 60* with j- k. 
C2 — Сз CER V 
э =cos60° (v|j-k|=v2 ê| = 
T (|j k|» V2 and |@| = 1) 
2 
> C2 —Cy v2 (ш) 
2 
= ci +03 +03 =1 ...(iii) 


(using |e| = |cii  c2j + csk| =1) 
~Cy 1 


1 
From Eq. (ii), c; = AZ +c, and from Eq. (i), с, = a + 2/2 
242 


On substituting in Eq. (iii), we get 
2 
©з ‚1 а 2c4 1 с, 


9 
> ES Зе; 


з. dog 
КЫЫС А-АА TUE 


Hence, the required vectors are (=. 0, -+) d 
Б)" 

| AER sz) 

342' 342' 342) 


| Example 11. Show that the median to the base of an 
isosceles triangle is perpendicular to base. 
Sol. Let ABC be an isosceles triangle in which AB = АС. 
Let A be the origin of reference and let 


AB-b,AC-c 
Let D be the middle point of BC. 
b 
Then, AD = es ч 
Now, BC-c-b 
B C 
AD-BC = +) (e-b) p 
1 1 
=z (lel - Ib) => (AC - LAB) 
1 
=-(0)=0 
2 ) 


Hence, median to the base of an isosceles triangle is 
perpendicular to base. 


I Example. 12. ysing vector method, prove that in a 
triangle, a? =b? +c? – 2bccos A (cosine law). 


Sol. Ina AABC, 
Let АВ = с ВС =а, СА =Ь 
V a+b+c=0 
We have, a=-(b+c) 
la| =|-(b +¢)| = |а| =|b +e? 
> jal? = +|с|®+2Ь-с 
> ja?| = [Ы + 192 + 2b] |d] соз(т — A)| 


Since, angle between b and c = The angle between CA 
produced and AB 


a? = b! + с? - 2bccos A 
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1 Example 13. Using vector method, prove that in a 
triangle, а= bcos C + c cosB (projection formula). 


Sol. Ina A ABC, 


Let АВ = с, ВС =а, СА = Ь 
a+b+c=0 
A 
с b 
B C 


We have, |a| = |-(b + c)| 
а:а=-(Ь + с):а 
ог la =-b-a – с:а 
= -|b||a| cos (x — C) – |с | a| cos (л — B) 
Since, the angle between b anda = (x — C) and angle 
between canda = (л — B) 


а? = abcosC + accosB 


=> a=bcosC +ccosB 


Components of a Vector Along and 
Perpendicular to Another Vector 


Let a and b be two vectors represented by OA and OB and 
let Ө be the angle between a and b. Draw MBLOA, 
shown as 


b=OM+MB 
> MA Е. OP РАР abi 


(3 m _a:ba_|a-b 

=| — |а 
lal)  lallal (ар 
b=0M+MB 


mn=b-om=b-(% 


=? 

е 

N 
> 
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Thus, the components of b along and perpendicular to a 


a-b 
аге | — |а anda — = 
lal 


a respectively. 
lal? esp у. 
| Example 14. if a =4i +6] and b = 5j-- 4k, then find 

the component of a along b. 
Sol. The component of vector a along b is "o 
Ibi 


18,5 ^ 
=—(3j+4k 
25) ) 


| Example 15. Express the vector a = 5i - 2j4- 5k as 
sum of two vectors such that one is parallel to the 
vector b = 3i+k and the other is perpendicular to b. 


Sol. Required vectors are 
(к> Ъ апда – ж» b 
|ы іы? 


Clearly, fe b =2(3i+k) =6i+2k and so, 
b 


(5): = (5i 2j +5) (6+2) 
b 
=-i-2j+3k 
Note that (6i + 2k) + (-i — 2j 4 3k) 
=5i-2j+5k=a 


Application of Dot Product in 
Mechanics (Work done) 


A force acting on a particle is said to do work, if the 
particle is displaced in a direction which is not 
perpendicular to force. 

Let a particle be placed at O and a force f represented by 
OB be acting on the particle at O. Due to the application of 
force f, the particle is displaced in the direction of OA. Let 
OA be the displacement. 


Then, the component of OA in the the direction of force f 
is, |OA|cos Ө 


Work done =| f]|OA|cos Ө = f -OA 
=f -d, where d - OA 


2. Work done = (Force) - (Displacement) 


Remarks 
1. The work done by the resultant of a number of forces 
£f,, f;, ...f, in a displacement d of a particle is equal to the 
sum of work done by the forces separately 
i.e. Work done = f,-d+ f,-d+....+f,-d 
=(f,+ f+ ..+f,)-d 
=R-d where,R=f,+f+..4f 
2. The work done by a force f when its point of application 
experiences a number of consecutive displacements 
d.. dz. d....d,. is equal to the work done by the forces in single 


displacement from the beginning to end. 
i.e, Work done = f-(d; + dz + ....+ d,) 
= The work done by the force f in the single displacement from 
the beginning to end 
| Example 16. Two forces f, = 3i — 2j-- К and 
Б =1+ 3] – 5k acting on a particle at A move it to B. 
Find the work done if the position vector of A and B 
аге —2i + 5k and 3i —7j+ 2k. 
Sol. Let R be the resultant of two forces f, and f, and d be the 
displacement. 
Then, R=(3i-2j+k)+(i+3j—5k) 
=4i+j-4k 
d - (3i - 7j + 2k) - (-2i +5k)=5i-7]-3k 
-. The total work done = The work done by resultant 
=R-d - (4i + j- 4k)-(5i — 7j — 3k) 
720-7 *12-25units 


and 


| Example 17. Forces of magnitudes 5 and 3 units 
acting in the directions 6i + 2j+ 3k and зі -2j4 6k, 
respectively act on a particle which is displaced from 
the point (2,2, — 1) and (4, 3,1). Find the work done by 
the forces. 


Sol. Let R be the resultant of two forces and d be the 
displacement. 


Then, 
R = 5(61+2) + 3k) | Gi - 2j + 6k) 
36+4+9 9+4 +36 


(391+ 4) & 33k) 


че 


and d - (4i «3j к) - (2i « 2j - k)- 21+ j 2k 


<. Total work done = R -d = 1078 +4 + 66) 
7 


148 
= — units 
7 
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Exercise for Session 1 


- м 
GNRSo» NOMAN 


Find the angle between the vectors 1—2} + 3k and 3i - 2] + k 

Find and angle between two vectors a and b with magnitudes 4/3 and 2 respectively such that a- b = J/6 
Show that the vectors 21 — 1+: kandi- 3j —5К аге at right angles. 

If r-i- rj =r-kand |r| 23, then find vector г. 

Find the angle between the vectors a+ b and a — b, if a - 2i – j + 3kand b - 3i + j - 2k. 


Find the projection of the vector i + 3j + 7kon the vector 7i – j + 8k. 


А: Дм na P (бз а. vl 
If the projection of vector xi — j + k on vector 2i — j + 5k is —— , then find the value of x. 


430 


If[a|- |b|-| c] and a+ b= c, then find the angle between a and b. 
If three unit vectors a, b and c satisfy а + b+ с =O, then find the angle between a and b. 
If a - xi + (х —1)]+ kand b - (x + 1) i j + ak make an acute angle, V x €R, then find the values of a. 


Find the component of i in the direction of the vector i + j + 2k. 
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Find the vector components of a vector 21+ 3] + 6k along and perpendicular to the non-zero vector 2i + j + 2k. 


A particle is acted upon by constant forces 41 + j – 3k and 3i + j — k which displace it from a point i + 2j + 3k to 


the point 5i + 4j + k Find the work done by the forces in standard units. 


Session 2 


Vector or Cross Product of Two Vectors, Area of 
Parallelogram and Triangle, Moment of a Force 


and Couple, Rotation About an Axis 


Vector or Cross Product 
of Two Vectors 


Let a and b be two non-zero, non- parallel vectors. Then 
the vector product a x b, in that order, 
is defined as a vector whose magnitude 
is 

|a|| b| sine b 
where 0 is the angle between a and b, 
whose direction is perpendicular to the 
plane ofa and b in such a way that a, b 
and this direction constitute a right 
handed system. 
In other words, a x b = |а || b |sin0 n, where Ө is the angle 
between a and b, fi is a unit vector perpendicular to the 
plane ofa and b such that a, b and n form a right handed 


system. 


Properties of Vector Product 


(i) Vector product is not commutative i.e., ifa and b are 
any two vectors, then a x b + b xa, however 
axb--(bxa). 

(ii) Vector product is not associative, 
ie.a x(bxc) #(a xb) хс 

(iii) Ifa and b аге two vectors and m is a scalar, then 
ma X b 2m (a x b) =a x mb 

(iv) If a and b are two vectors and m and n are scalars, 
then ma x nb 2mn (a x b) =m (a x b) =n (ma x b) 

(v) Distributivity of vector product over vector addition. 
Let a, b and c be any three vectors. Then, 
(a)ax(b+c)=axbt+axc (left distributivity) 
(b) (b--c)xazbxa-*cxa (right distributivity) 

(vi) For any three vectors a, b and c, we have 
ax(b-c)-axb-axc. 


(vii) The vector product of any vector (zero or non-zero) , 


with zero vector is a zero vector i.e. 
ax0-20xa-0 


(viii) The vector product of two non-zero vectors is zero 
vector iff they are parallel (collinear) i.e. a x b = 0 
а || b, a and b are non-zero vectors. 


It follows from the above property that a x a = 0 for 
every non-zero vector a, which in turn implies that 


ixi-jxj-kx k=0. 
(ix) Vector product of orthonormal triad of unit vectors 
i, j and k using the definition of the vector product 


obtain 
ixj=k jxk=ikxi=j, 
be-REhkje-Lixke-j 
(x) Lagrange’s identity If a, b are any two vectors, then 
laxb[ -Jaf | b —(a-b)° 
or |axbf +(a-b)? =a]? |b}? 


Vector Product in Terms 
of Components 


If a=a, ia; j* a; kand b=), i+b, j+b, k 
Then, a X b - (a5b4 –азЬ,)і — (a,b, —a3b, )ј 


ij k 
+(a,b, - ab, )k =|а а› а; 
b b, b, 


| Example 18. if a =2i + 3j – 5 and b = mi+nj+12k 
and a x b = 0. Then, find the values of m and n. 


|i j &l 
Sol. Clearly, ax b-12 3 -3 
m n 12 


= i (36 + 5n) — j(24 + 5т) + k (2n — 3m) 
Since, axb=0 
7. (36 + 5n) i – (24 +5m) ј + (2л – 3m)k- 0i +0) +0k 
On comparing the coefficients of i, j and k, we get 


36 + 5n 20, — (24 + 5m) = 0 and 2n - 3m - 0 
24 


> n--7 and m= 


| Example 19. show that (a —b)x(a+b)=2(a xb) 


Sol. Consider, (a -b)x(a+b)=(a-b)xa+(a—b)xb 


[By distributivity of vector product over vector addition] 
=axa-bxa+axb—-bxb 


[Again, by distributivity of vector product over vector 
addition] 


=Ot+taxb+axb-0 [vaxb=-(bxa)] 


=2(axb) Hence Proved 


1 Example 20. If a is any vector, then 
(a x i)? ^ (a x j)? + (a xk)? is equal to 
(а) |а|? (b) 0 
(c)3| al? (d) 2 | a? 
Sol. (d) Leta =aitaj+ak 
& a X i - (ai + aj ak) x i =-а,К +а;) 
(a x if =(a x i)-(a x i) 
=(- ak + a,j): (- a;k * asj) =a; +а? 
Similarly, (a x j)* = a2 + a? 
and (a x к)? =a? +a} 
(а x i)? +(a x j)? + (a x k}? 
=2(а{ +a} +а3)=2|а |? 
| Example 21. if a -b =0 and a x b =0, prove that 
а=0огЬ=0. 
Sol. Given,a- b =0anda x =0 
Now, a-b-0-»a -0or b=0ora Lb 
and axb=0=a = 0огЬ = 0ога ||b 
Since, a 1 b anda || b сап never hold simultaneously. 


a:b-0and axb=0 
=> a-0orb-0 


| Example 22. if a, b and c are vectors such that 
a-b=a-c,axb=a xc and a #0, then show that 
b=c 

Sol.a-b=a-canda £0 


=> a-b-—a-c=Oanda #0 

> a-(b—c)=Oanda #0 

> а 1(Ь-с) or b-c (i) 
Again, axb-axcanda #0 

> a X(b-c)-0anda #0 

> a||(b-c)-0andb-c .. (ii) 
7. From Eqs. (i) and (ii), we have 

b=c 


[as a cannot be both parallel and 
perpendicular to (b ~ c)] 
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| Example 23. If a,b and c are three non-zero vectors 
such that a - (b x c) 2 O and b and c are not parallel 
vectors, prove that a = Ab-- pic where A and и are 
scalar. 


Sol. We have, a-(bxc)- 0 


> a=0orbxc=O0ora 1 (bx с) 
=> a=0orb||cora 1 (b x c) 
But as0andbzc 

à a l (bxc) 

=> a lies in the plane of b and c. 

=> a,b and care coplanar. 


=> a=Abt+uc 


| Example 24. if axb=axc,a #0, show that 
b=c+ ta for some scalar t. 


Sol. We have, axb-axc 
=> axb-axc=0 
=> ax(b-c)-0 
= а -0or(b-c)-0ora||(b— c) 
=> a||(b-c) (a #0and b #0) 
= b-c=ta (for some scalar t) 
=> b=c+ta 


| Example 25. For any two vector u and v, prove that 
(i) u-v}? +u xv]? =lu]? | v? 
(ii) (+ Jul?) 1+ |у|?)=(1-и-у)?+|и+у +(иху)|? 
Sol. (i) To show (u - v} +|u x v'| -Ju |v]? 
Let Ө be the angle between u and v. 
=> u-v=uvcos@ 
and |u xv|=uvsin® 
=> (u-v) +|ux v|? = игу? cos? 6+ u2v? sin? 
> (u-v) +|u xv]? = игу? 
= (u-v + аху = |а ур 
(ii) Taking RHS (1 — u - v)? +| u + v + (u x v) |? 
= 1+(u-v) —-2u-v +|[u +v + (u x v)] 
-[u+v+(u x v)]| 
= 1+|u |? |v]? cos?0-2|u|| у | соѕ9 + u-u 
+u-v+u(uxv) 
+v-ut+v-v+v-(uxv)+(uxv)+(uxv)-u 
+(uXv)-v+(uxv)-(u xv) 
= 1*[uf [vf соѕ20 -2| а || у | cos + | uf | u || 
v |cos8 +0 
+|u]v|cosð+|v?+0+0+0+|u+v]? 
= 1+lul |v? cos*ü Jul. «| v +|u]? |v]? sin*8 
=> ї+|ч|М|у| pup tive 


=(1+]ul?)(1+|v|?)=LHS 
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Angle between Two Vectors 


If 0 is the angle between a and b, then sing =/2*>! 


lal|b[ 


Expression for sin 0 

Ifa=a, i+a, j*as k,b=5,- i+b, j+b3 kand be 

angle between a and b, then 

(azb; —asb;)* +(a,b, аз, )? * (a;b; - a,b, )* 
(ai +аг +43) (bj bi +3) 


sin? Ө = 


| Example 26. The sine of the angle between the 
vector a = 3i + j+k and b 22i - 2j - k is 


74 25 
(a) | — [5 
99 e 99 


37 5 
CN (d) — 
99 V41 
i j k 
Sol. (a) axb-|3 1 1|-3i-j-8k 


2 =f- 1 


зае=1а Ы. X n 
lal|b| 1-49 V99 


1 Example 27. if|a|=2|b|=5and|axb|=8, then . 


find the value of a - b. 
Sol. We have,|a|=2|b|=5 


and laxb|-& 
Let O be the angle between a and b. 
laxb| 8 4 
Th 02 —— = —— = — 
ев, ап talib] 2xs 5 


Now, соѕ9 = + АА —sin?8 


a-b=|a|b|eos0=+(2-5-2}=46 


Vector Normal to the Plane 
of Two Given Vectors 


If a and b are two non-zero, non-parallel vectors and let 0 
be the angle between them. a x b =|a|| b |sin0 ñ, where ñ 
is a unit vector perpendicular to the plane of a and b such 
that a, b, ñ form a right handed system. 
=> (a xb) -|axb|n 
axb 
jaxb| 


= n= 


„ axb 


n= is a unit vector perpendicular to the 
jaxb| 


Thus 


axb 


laxb 
perpendicular to the plane ofa and b. Vectors of 
magnitude ‘A’ normal to the plane ofa and b are given by 
À (a x b) 
|bxb| 


plane ofa and b. Note that — | is also a unit vector 


| Example 28. The unit vector perpendicular to the 
vectors 6i 4-2 j-- ЗК and 3i — 6j — 2k, is 


7-37 + 6k 2i — 3j - ek 
(a) 2! 3j + 6k (b) 1—3J 
7 7 
(o 21 +37 6k а) 2153) + 6k 
7 y 
Sol. (c) Leta = 6i + 2j - 3k and b —3i — 6j — 2k 
i 7 k 
axbzj6 2 3 
5, =& 2 


= 141 +21j— 42k =7 (21 +3) — 6k) 
jaxb|=7|2i+3j—6k|=7-7 


axb ДА, ж. A 
=—(2i+3j- 
[а хЪ] 7A 3j — 6k) 


which is a unit vector perpendicular to a and b. 


| Example 29. Find unit vectors perpendicular to the 
plane determined by the points 


P (1, -1, 2), Q (2,0, —1) and R (0, 2, 1) 


Sol. Clearly, required unit vector is a unit vector perpendicular 
to the plane of PQ and PR. 


Now, 
PQ = (2i - К) -(1— j+ 2k) 
=i+j-3k 
PR = (2j + К) —(i- j+ 2k) 
=-i+3j-k 
ijk 
and PQxPR-|1 1 -3/=81+4j+4k 
-1 3 -1 


«<. Required unit vectors 


=+_PQxPR _ (8i 4j + 4k) 
| PQ x РК | 446 
=ti+j+k) 


1 Example 30. Let A,B and С be unit vectors. Suppose 
A-B=A-C =0 and the angle between B and C is = 


Then, 
(a) A= +2 (Вх С) 
(c) A=+3(B+C) 
Sol. (b) Since, A: B=0 


(b) A= + VZ (B x C) 
(d) A = + V3 (Bx C) 


=> ALB and A-C=0 
= ALC 
А=# BxC 
|BxC| 


[^ A is a unit vector perpendicular 


to both B and C] 
Here, |B*C|-|BI|C|sin7 
1 „2А 
=171-———= 
42 42 
So, А = +(8ХО)_ + (вхо) 
v2 


Right Handed System and Left 


Handed System of Vectors 


(i) Right handed system of vectors Three mutually 
perpendicular vectors a,b and c from a right handed 
system of vector iffa x b =c,bXc=a,cXa=b. 


b 


c 


For example, the unit vectors i, jand k form a right 
handed system, ix ĵ}=k,jxk=i,kxi=j 


(ii) Left handed system of vectors The vectors a,b and 
c mutually perpendicular to one another form a left 
handed system of vectors iff 


cxb-a,axc-b,bxa-c. 
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с 


с 


| Example 31. The vectors с,а = xi * y j+zk and 
b = jare such that a,c and b form a right handed 
system, then c is 


(a) zi - xk (b) 0 

Oyj (d) - zi + xk 
Sol. (a)a,cand b form a right handed system. 

Hence, bxa=c 

=> c=jx(xityj+zk) 


=-xk+zi=zi-xk 


| Example 32. If a,b and c are three non-zero vectors 
such that a xb =c and b xc = a, prove that a,b and c 
are mutually at right angles and |b|=1and|c|=| al. 
Sol. axb-canda- bxc 
= cla,clbandalb,ale >atlb,bic andcla 


= a,b and care mutually perpendicular vectors. 
Againaxb-c and bxc-a 


= {ахЬ|=|с|апа|Ъхс|=|а| 

=> аъ = =] and |b || c|sin 7 = |а| 

=> Іа ПЪ [= [| y 

and |Ъ||с|=|а| (га 1 bandb 1 c) 
= [е = [е] 

=> |b =1 = |b|=1 


On putting in |a||b|=|c| = |а |= | с| 


Geometrical Interpretation 
of Vector Product 


If a and b are two non-zero, non-parallel vectors 
represented by OA and OB respectively and let 0 be the 


angle between them. Complete the parallelogram OACB. 
Draw BL L OA. 
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In AOBL, sing - PL 
OB 
= BL = OB sin0 -| b |sin8 
Now, axb-|a||b|sinó n 
=(ОА) (ВА) n 


= (Base x Height) п = (Area of parallelogram OACB) п 
= Vector area of the parallelogram OACB 


Thus, a X b is a vector whose magnitude is equal to the 
area of the parallelogram having a and b as its adjacent 
sides and whose direction n is perpendicular to the plane 


of a and b such that a, b and n form a right handed system. 


Hence, a x b represents the vector area of the 
parallelogram having adjacent sides along a and b. 


Area of Parallelogram 
and Triangle 


(i) The area of a parallelogram with adjacent sides a and 
is|axb| 

(ii) The area of a parallelogram with diagonals d; and d; 
is > 1а, ха, | 

(iii) The area of a plane quadrilateral ABCD is 
; | AC x BD |, where AC and BD are its diagonals. 


(iv) The area of a triangle with adjacent sides a and b is 


llaxb| 
2 
1 
(v) The area of a ДАВС is >| AB x AC] 
or 2I BCxBA| 
or 21СВ хСА| 


(vi) Ifa, b and c are position vectors of a AABC, then its 
area =; |(а x b) (b xc) * (c xa)| 


Remark 
Three points with position vectors a, bandc are collinear, if 


(a xb) + (bxc) + (сха) =0 


| Example 33. If a,b and c are position vectors of the 
vertices A,B and C of AABC, show that the area of 


AABC is 5| axbebxcsc xal 


Deduce the condition for points a,b and c to be 
collinear. 


1 
Sol. Area of AABC = 2! AB x AC| 


Now, AB = Position vector of B — Position vector of A 
AB-b-a 


AC = Position vector of C — Position vector of A 
АС = с-а 
AB x AC - (b-a) x(c-a) 
2bxc-bxa-axc-*axa 
=axb+bxct+cxa 


1 
Hence, area of AABC = 2 AB x AC| 


(ca xa =0) 


-llaxbebxercxa|-0 


If the points A, B and C are collinear, then area of AABC = 0 


=> slaxb+bxetexa|=0 
= jaxb+bxc+exa|=0 
=> axb+bxc+cxa=0 
Thus, axb+bxc+cxa=0 


is the required condition of collinearity of three points a,b 
and c. 


| Example 34. Show that the perpendicular distance of 
the point c from to the joining a and b is 
|bxc+cxa+axb| 


|b-a| 


Sol. Let ABC be a triangle and let a,b and c be the position of 


its vertices A, B and C respectively. Let CM be the 
perpendicular from C on AB. 


Then, area of AABC = ХАВ) (СМ)= d АВ || CM| 


Also, area of ААВС - ^ |a xb bxesexa| 
C(c) 


А(а) M B(b) 
1 1 
^ z ABIICM|=—|axb+bxetexa| 


cm - IbXc* exa taxb| * 
|b-a| 


= 


| Example 35. 


(i) Find the area of the quadrilateral whose diagonals 
are given by 
3i+j—2k,i-3]+4k 
(il) Ai, A2,..., An are the vertices of a regular plane 
polygon with n sides. O is the centre. Show that 
n-1 


Y. ОА, x OA; ‚) = (1— п) (A; x OA;) 


i=l 


Sol. (i) Area of the quadrilateral = 214 ха, | 

ij k 

aes Ш> -51- 2 - 1j - 108 | 
1-3 4 : 


1 
=} устй = 95 Lug 


(ii) Ay, А,,..., A, are the vertices of a regular plane polygon 
ofn sides and centre О. ' 


Le |OA,|- E Vi-1«23,..n 
Let ё, be the unit vector along OA, 
OA, = kê; 
OA, x OA,,, = kê; X Кё, = КЖ, 
where X; is a unit vector in the direction perpendicular to 
the plane of the polygon and X, = x, +, for 
і=1,2,3,....., п-1 


a-t п-1 
LHS- У (ОА, x OA.) - У & 
i=l r=1 
=k? (n - 1) X; = (л - 1)(OA, X OA;) 

-(1—n)(OA; X OA) 


Moment of a Force and Couple 
Moment of a Force 


(i) About a point Let a force F be applied at a point P of 
a rigid body then, the moment of F about a point O 
measures the tendency of F to turn the body about 
point O. If this tendency of rotation about O is in 
anti-clockwise direction, the moment is positive, 
otherwise it is negative. 

Let r be the position vector of P relative to O. Then, 
the moment or torque of F about the point O is 
defined as the vector M =r ХЕ. 
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If several forces are acting through the same point P 
then the vector sum of the moment of the separate 
forces about O is equal to the moment of their 
resultant force about O. 


Remark 


Moment of a force F about a point A= AB xF, where B is any 
point on Е, 


(ii) About a line The moment of a force F acting at a 
point P about a line L is a scalar given by (r x F) :á, 
where a is a unit vector in the direction of the line 
and OP — r, where O is any point on the line. 


Thus, the moment of a force F about a line is the 
resolved part (component) along this line, of the 
moment of F about any point on the line. 


Remark 


The moment of a force about a point is a vector while the moment 
about a straight line is a scalar quantity. 


1 Example 36. Find the moment about (1—1— 1) of the 
force 3i - 4j – 5k acting at (1,0, — 2). 
Sol. Let A =(1,~ 1, ~ 1), B = (1,0, — 2) 
and F=3i+4j—5k 


‘Then, moment of force F about A is given by AB x F. 


Here, АВ -(i-2k)-( -j-k)-j- k 
ij k 
АВхЕ=|0 1 -1 
3.4 -5 


=i(-5+4)-j(0+3)+k (0— 3) 
2-i-3j-3k 
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1 Example 37. Three forces i +2] – 3k 2i 3] 4k 
and i – ј+К acting on a particle at the point (0, 1, 2). 


The magnitude of the moment of the forces about the 
point (1, — 2,0) is 


(a) 2435 (b) 6/10 
(с) 447 (d) None of these 


Sol. (b) Total force F = (i + 2j — 3k) + (2i + 3j + 4k) 
*(i- je k) = 4i e 4j 2k 
Moment of the forces about 
P=rxF=PAXxF 
РА =(0-1)i+(1+2)j+(2-0)k 
=-i+3j+2k 
-. Moment about P = (- i 3j + 2k) x (4i 4j + 2k) 


B k 
=|-1 3 2|-2-2i-10j- 16k 
4 4$ 
F 
(0, 1, 2) 
A 
r 
(1,-2, 0) 
P 


Magnitude of the moment 
=|-2i +10) – 16k | 


= 2,1? +5? +8? = 24/90 =6V10 


| Example 38. Find the moment about a line through 
the origin having the direction of 2i —2j- k due to 
30 kg force acting at a point (— 4,2, 5) in the direction 
of 12i – 4j — ЗК. 


Sol. Let F be the force. Then, 
Е= 30 (12i — 4j – 3k) Е 30 (121 Ls 4j - 3k) 
4144 + 16 * 9 13 

Suppose the force F acts at point P(-42 3) the moment of 
F acting at P about a line in the direction 2i — 2j * k is 
equal to the resolve part along the line of moment of F 
about a point on the line. 

r= OP -(- 4i + 2j + 5k) - (0) 


= 41+2) +5 
Let M be the moment Е about О, Then, 
lod К 
M=rxP=— -4 2 5 
12 -4 -3 


= 20 (45 + 48j - 8k) 
13 


ai-aj+k м 


Let a be unit vector in the direction of 2i —2j+k. Then, 
2i-2j+k _1 (i - 2j ek 
= =-(2i-2j+ k) 
" V4 +441 3 
Thus, the moment of F about the given line 


=Ma =“ (14i + 48) - 8k) 


1; а: á 760 
.—(2i - 2j + К) 2 - — 
S J ) 13 


Moment of a Couple 


A system consisting of a pair of equal unlike parallel 
forces is called a couple. The vector sum to two forces of a 
couple is always zero vector. 


B F 


The moment of a couple is a vector perpendicular to the 
plane of couple and its magnitude is the product of the 
magnitude of either force with perpendicular distance 
between the lines of the forces. 


M =r xF, where r = BA 
|M|=|BA хЕ|=|Е||ВА |sin 
where Ө is the angle between ВА and F 
=|F|(BN) | F|o 
where, & = BN is the arm of the couple and + ve or — ve 


sign is to be taken accordingly as the forces indicate a 
counter clockwise rotation or clockwise rotation. 


| Example 39. The moment of the couple formed by 
the forces 5i+k and — 5i — К acting at the points 
(9, - 12) and (3, — 2,1) respectively, is 
(a) - ij 5k (b i -j - 5k 
(с) 2i - 2j - 10k (d) - 2i + 2j + 10k 


Sol. (b) Moment of the couple, 


Е, 5i + k) 
A 
(3, -2, 1) (9,-1.2) 
B 
-F "(-5i-k) 


-BAxF-((9-3)i(-142)j 


4 (2— 1) k) x $i + К) 


- (6i je К) x (Si - К) = 


un a м.> 
о - ч.› 
"ut 


=i-j—5k 


Rotation About an Axis 


When a rigid body rotates about a fixed axis ON with an 
angular velocity œ, then velocity v of a particle P is given 


by 


v=@Xr, 
were, r=OP 
and о =| | (unit vector along ON) 


| Example 40. A particle has an angular speed of 
3 rad/s and the axis of rotation passes through the 
points (1, 1, 2) and (12,2). Find the velocity of the 
particle at point P (3, 6,4). 
Sol. Clearly, OA =i+j+ 2k 
OB =i « 2j - 2k 
AB = j - 4k =|AB|= 17 
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and AP = (i +6) + 4k) —(i+ j + 2k) 
=21+5j+2k 


(1,2, -2) B o 


P (3, 6, 4) 
r 
A (1, 1, 2) 
22503-4 )2 апа г 
47 
3 


Now, v-oxr- j-4k)x 2i+5j+2k) 
лу Ч )x Qi +5] 


3 NETS 
= —— (22i -8j -2k 
AU 1 — 5) ) 


1 Example 41. А rigid body is spinning about a fixed 
point (3, — 2, — 1) with an angular velocity of 4 rad/s, 
the axis of rotation being in the direction of (1,2, — 2) . 
Find the velocity of the particle at the point (4, 1, 1). 

i+2j-2k 246 "IS 

E] oe re 

г= ОР-ОА 
=(41+)+ К) - Gi - 2j - К) 


=i+3i+2k 


Sol. oz 


ү=®хт= з (1+2) -2к)х( з) zio) 


E 5 qoi - 4j +k) 
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Exercise for Session 2 


9 NADA o кю a 


- А 
S RS © 


~ 
= 


14. 


15. 


16. 
17. 
18. 
19. 


Find|axb| ifa=i-7j+7k and b-3i-2j-2k 

Find the values of à and u for which (21 + 6j + 27k) x (i+ Aj - uk) =0 

If a-2i« 3j - k,b- i 2j-4K c=i+ j + k then find the value of (ax b)- (a xc) 

Prove that (a- i) (a x i) + (a- j) (ax j) + (a x k)(a x k) 20. 
Ifaxb=cxdand axc=bxd then show that a — dis parallel to b— c. 

If (ax b + (a-b)? = 144 апа | а | -4, then find the value of | b} 

If [a| -2,| b| 27 and (ax b) 23i 2j + 6k find the angle between a and b 

Let the vectors a and bbe such that] a|-3.[b] = © and ax bis a unit vector, then find the angle between a 
and b 

If] a] = 426,| b|« 7, and| a x b| 235, find a-b 

Find a unit vector perpendicular to the plane of two vectors a = i - j + 2kand b- 2i - 3j- К 

Find a vector of magnitude 15, which is perpendicular to both the vectors 4i — j + 8k and-j+k 
Leta- i 4j +26 b=3i-2j+7k and c -2i - j - 4k 

Find a vector d which is perpendicular to both a and b and c- d = 15. 

Let a, band c be unit vectors such that a- b =0 = а. c. If the angle between band cis =. then find a. 


Find the area of the triangle whose adjacent sides are determined by the vectors 
a--2i-5k and b- i-2j- k 

Find the area of the parallelogram whose adjacent sides are represented by the vectors 

31+ j-2k and i-3j - 4k 

Show that the area of the parallelogram having diagonals 3i + j - 2k and i - 3j « 4K is 5,3. 

A force F=2i+ j-k acts at point A whose position vector is 21 ~ j. Find the moment of force Fabout the origin. 
Find the moment of F about point (2, – 1 3) when force F=3i+ 2] – 4k is acting on point (1 — 12) 


Forces 2i + j.2i - 3j + 6k and - 1+ 2] -kactata point P, with position vector 4i — 3j -k Find the moment of 
the resultant of these force about the point Q whose position vector is Gi + ] - 3k. 
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Scalar Triple Product 


Scalar Triple Product 


The scalar triple product is defined for three vectors and it 
is defined as the dot product of one of the vectors with the 
cross product of the other two. 


If a,b,c are any three vector, then their scalar product is 
defined as (a x b) ·с. 


We denote it by [a, b, c] 
It is also called the mixed or box product. 


Remark 
Result of scalar triple product is always a scalar. 


Geometrical Interpretation of Scalar 
Triple Product | 


Let а,Ь and c be three vectors. Consider a parallelopiped 
having coterminous edges OA, OB and OC such that 
OA =a, OB = b and OC =c. Then, a x b is a vector 
perpendicular to the plane of a and b. Let ф be the angle 
between c and a x b. 


If n is a unit vector along a x b, then ф is the angle 
between n and c. 


[abc]=(axb)-c 
| C F 
7 сезк 
| Ей 
ee y 
A D 


= (Area of parallelogram OADB) п.с 

= (Area of parallelogram OADB) (n - c) 

= (Area of parallelogram OADB) (| c || n | cosQ) 
= (Area of parallelogram OADB) (| с | cos). 

= (Area of parallelogram OADB) (OL) 

= Area of base x height 

= Volume of parallelopiped 


Now, 


Height of parallelopiped 
_ Volume of parallelopiped 
T Area of base 


Properties of Scalar Triple Product 
(i) If a, b and c are given by 
a=a,ita,j+a3k 
b=b,it+b,jt+b3k 


с=суі+с,ј +сз К 


ај а, а; 
Then, (ах) :с= |6, b; bj 
с с; Сз 


(ii) (ахЬ)-с=а.(Ь xc) i.e. position of dot and cross can 
be interchanged without altering product. Hence, it is 
also represented by [a b c] 


(iii) [a b c] 2 [b c a] - [c a b] 

(iv) [ab c] 2 -[b а c] 

(v) [ka b c] = k[a b c] [к,а k;b Кс} = Kk, kk; [a b c] 
(vi) [a +b c d]-[a c d] - [b c d] 


(vii) a, b and c in that order form a right handed system, if 
[a b c] » 0. 
a 


b 
ШР, 

(viii) The necessary and sufficient condition for three - 
non-zero, non-collinear vector a, b and c to be 
coplanar is that [a b c] —0 i.e., a, b and c are coplanar 
«€» [a b с]=0. 

(ix) [x1a *- yi b t zie, x,a + y;b t z;c, x a + y4b zac] 
Xx "yi 21 
=|X2 ya 22 |[abe] 


X3 ya 23 
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Remarks 
1. Four points A, B, C, D are coplanar if [AB, AC, AD] =0 
2. Four points a, b, c and d are coplanar, if 
[dbc] + [dca] + (da b] = (a bc] 
or [a bc] + (ac d] + [a d b] = [d bc] 
3. [a a b] -[bba] = (cc b] - 0 
i.e., if any two vectors are same, then vectors are coplanar. 


Volume of Tetrahedron 

(A pyramid having a triangular base) 
If OABC is a tetrahedron as shown in figure, where 
OA =a, OB = b, and OC = с, then volume of 


tetrahedron = ala bc] 


Remarks 
1. The six mid-points of the six edges of a tetrahedron lie ina 
sphere, if the pair of opposite edges are perpendicular to each 


other. 
2. Centre of the sphere is the centroid of the tetrahedron. 


GA? + GB? + GC? + 60° = 12r2, Gbeing the centroid. 
. The angle between any two plane faces of a regular 
tetrahedron is cos"! 3 


> C 


5. Angle between the any edge and a face not containing the 


angle is cos" É (for regular tetrahedron). 


6. Any two edges of regular tetrahedron are perpendicular to 


each other. 
7. The distance of any vertex from the opp 


tetrahedron is үк k being the length of any edge. 


osite face of regular 


1 Example 42. Find the volume of the parallelopiped 
whose edges are represented by a 22i – 3j+ Ak, 


b =i+2j-k and c - 3i - j ^ 2k. 


23 4 
Sol. Неге, [аЪс]=|1 2 -! =44-1)+%2+3) + 4(-1-6) 
3-12 ч 
=6+15-28=-7 


+, The volume of the parallelopiped = [аъ c]|» 7. 


1 Example 43. Let a =xi+12j-k, b= 2i 2xj  k and 
c=i+k. Ifb,c,a in that order form a left handed 


system, then find the value of x. 
[xa + уб +С, Хза + yıb + Z2C, Хза  ysb + zsCl 


х y ^ 
=|x у; 2: |[аһ] 
Ху ys 23 


Sol. Since, b,c,a form a left handed system, three fore 


[b,c,a]« 0 
2 2x -1 
> 1 0 1|<0 
x: 12. =f 
= 200-12) – 2х(-1- x) + 112-0) « 0 
=> —24+2х * 2x* +12<0 
=> 2x! 42x -12«0 = x^ 4 x -6«0 
> (x —2)(x +3)<0 = xe(-32) 


] Example 44. For any three vectors a,b and c prove 
that [a -b b--c c- a1 - 2[a b c] 
Sol. We have, [a+b b+cc+a] 
= {(a+b) x(bxc)}-(c+a) 
={axbt+axc+bxb+bxc}-(c+a) 
{bx b =0} 
={axb+axc+bxc}-(c+a) 
=(aXb)-c+(a xc) c+(bxc) c 
+(ахЬ)-а + (ax c):a * (bxc):a 
= [abc] 040-00 [bca] 
[~ [acc] 2 6 [bc c] 2 6 
[ab a] 2 0, [ac a] 7 0] 
= [ab c] + (a b c] - 2[a b с] 


1 Example 45. If a,b and c are coplanar show 
[a * b b-- cc а] are coplanar. 
Sol. Since, [a b c] are coplanar 
[ab c] 2 0 0) 
and shown in above example 
fatbb+cc+a]=2[abc]=0 [using Eq. (i)] 
which shows [a + b b + c c + a Jare coplanar, if [a b c] are 
coplanar. 


| Example 46. For any three vectors a,b and c prove 
aa ab ac 
that[abc)?-|b.a b-b b-c 
ca cb cc 
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Sol. Let a = ai + aj] + ak 1 Example 49. if a,b and c are any three vectors in 
b= bi + b,j e bk space, then show that 
excite) tosh (c+b)x(c+a)-(C+b+a)=[abc] 


& ity Aa AD d Sol. Here, (c + b) х (с+а):(с+Ь +a) 


+bxe+bxa)-(c+bt+a 
Then, [abe)[abe]=|b, b, b|b by b, E urbs b M RISE fad HM 
€ C2 С [|су С: C3 =(cxa)-c+(cxa):b+(cxa)-a+(bxc)-c+(bxc)-b 
On multiplying row-by-row, we get +(b x c)-a +(bxa)-c+(bxa)-b+(bxa)-a 
[abe] = => 0+[cab]+0+0+0+(beca)+[bac]+0+0 
aya, + аза: + азау ab, + a,b, + аз ас + азс + a5C3 =. [abec]+[abc]-[abe] (veab=abe) 
һа, + baa, + bya, ЫЫ + b,b, +, Ыс, + bc; + сз = [a b c] C~ [ba c] = - [ab c]) 
£t са; +суау cb + сар: eb Cici + с2с + сзсз | Example 50. If u,v and w are three non-coplanar 
aca аЬ ace vectors, then (u+ v — w)-[(u— v) x (v — w)] is equal to 
=|b-a b-b bec (a) 0 (b) u-(v x w) 
ca cb cc (c) u-(w x v) (9) 3u-(v x w) 


Sol. (b) (u- v - м): [u - v x(v - w)] 
=> (ut+v—w)-[(uxv)x(u x w)-0-*(vxw)] 
а b 6 = [и иу] + (vu v]- [w u v] - [u u w]- [v u w] 
[аһс]@хт)=| а! bl cl + [w и w]+[u v w]+[v v w]- [w v w] 
am bm cm =0+0-[uvw]-0+[uvw]+0+[uvw]+0-0 
=[uvwj=u-(v x w) 


| Example 47. if a,b,c,! and m are vectors, prove that 


Sol. Leta = ai + a;j + ak, b = bi + b;j + bsk, 
c=qitcjt ok, 1 = 1 + Lj kk 1 Example 51. If a, b and c are non-coplanar vectors 
and A is a real number, then the vector a+ 2b + 3c, 
Ab 4c and (2. — 1)c are non-coplanar for 
(а) no value of A 
-[abc](lxm)2|b b: А1 bh h (b) all except one value of X 
€, с; сз || т т, m; (c) all except two values of X 
(d) all values of X 


and m = mi + mj + mk. 


а а, ali j k 


On multiplying row-by-row, we get 


si Я aJ +ak ada, tad, am + am + am Sol. (c) Since, a, b and c are non-coplanar vectors. 
“(е - ^ ER ЕБ a {abc]#0 
= bi + bj + bsk bih + balz + bm; + bam, + bams Now, a+2b+3c,Ab + 4cand (2A – 1)c will be 
cb coj c4k bl + bil + 6313 cm + com; + cm; non-coplanare iff 
& ail ad a b c (a + 2b + 3c): (Ab + 4c) x (2. — 1) c] #0 
-|b b-l b:m|s|ad b: cl ie., (а + 2b + 3c)- {A(2A – 1) (bx c) #0 
eed ocam| deam bam em ie., A(2A — 1) [ab c]] #0 
À #0, 3 
| Example 48. if a and b are non-zero and non- 2 | 
collinear vectors, then show that Thus, given vectors will be non-coplanar for all values of A 
a fe ^ s 1 
axb-(abili [a bjj-(a bkjk except two valies Candz 
Sol. Let axb=x+yjt+zk ald 


| Example 52. if x, y and z are distinct scalars such 


(x die ey pesi that [xa + yb + zc, xb + yc + za, xc + ya + zb] = 0] where 


(axb)isx a, b and c are non-coplanar vectors, then 
Also. (a x b)-j=y OY (а) х+у+2 = 0 (b) xy t yz + zx = 0 
, ? 3 3 +. ;2 2 ы 
(a xb)kez (x ^y *z^-0 (@ х *y^*2* 20 


axb = [аЬ 1i * [a b 1) * (a bk] k Sol. (a) a, b and саге non-coplanar, 
^ [a b c] #0 
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Now, consider [xa + yb + zc, xb + ус + та,хс+ ya + zb]- 0 — Sol. (a) Since, the volume of tetrahedron with edges a, b and c is 


x yt x у т [a b c] 
= |: х y|[abe]e0 2 |z x y|-0 [-[abc]0] Where, aazbbzcecsl 
$^om ax ў ree and acce bezate T (given) 
э (x+y +2z)(x? +y? +2? - ху-уг-х)=0 | 
1 2 $ V=-[abc] 
=> git FY +2) (х – у))+(у- 2) + (2 х)2} = 0 6 
=> аа atb acc 
x+y+z=0 or x=y=z a. „6, 22. heb. b: 
But x, y and z are distinct e е SENA 7" idi эман 
à x+y+z=0. ca c c 
з 48 
| Example 53. if a,b and c are three non-coplanar : OP 4 
uni-modular vectors, each inclined with other at an 18 1 Уз с, x55 
angle 30°, then volume of tetrahedron whose edges are 36| 2 2| 36,4 4 
a,b andc is КД 3 1 
gees ыза mox 
К, 12 ^ у= 20505-5 
542 +3 
(c) жт (d) None of these 


Exercise for Session 3 


1. \faand bare two vectors such that| ax b| 2 2, then find the value of [a b ax b} 

2. ifthe vectors 2i-3j,i+ j - kand 3i — k form three concurrent edges of a parallelopiped , the find the volume 
of the parallelopiped. 

3. Ifthe volume of a parallelopiped whose adjacent edges are a - 2i + 3] - 4k, b- i oj 2k, c2 14 2] + okis 
15, then find the value of œ, where с > 0. 

4. The position vector of the four angular points of a tetrahedron are A(j+2k), B(3i+ k), C(4i 4 3j+ 6k) and 
D = (2i +3] + 2k). Find the volume of the tetrahedron ABCD. 


5. Find the altitude of a parallelopiped whose three coterminous edges are vectors A= i+ j +k ,B=2i+ 4j at 
and C= 1+ j + 3k with Aand Bas the sides of the base of the parallelopiped. 
6. Examine whether the vectors a =2Î + 3Ì + 2k , b= Î — Ì + 2k and c - 3i +2] + 4k from a left handed or a right 
handed system. 
7. Prove that the four points 41+ 5] + К, - (] +k), (31+ 9] + 4k) and4(-i+ j + К) are coplanar. 
au bu cu 
8. Prove that{abc][uvw]=|a-v b:v cv 
aw bw cw 
9, if(a b c]-2, then find the value of [(a + 2b - c) (a - b) (a - b с)} 


10. ifa band care three non-coplanar vectors, then find the value of 


a-(bxc) , b- (cxa) | c- (axb) 
b(cxa) c(axb) a-(bxc) 


Session 4 
Vector Triple Product 


Vector Triple Product 


It is defined for three vectors a, b and c as the vector 
a x(b xc). 


This vector being perpendicular to a and b x c. But b xc is 
a vector perpendicular to the plane of b and c. 


ла X (b xc) lie in the plane of b and c, i.e., it is coplanar 
with b and c. 


ie., a X(b xc) = Ь 4 mc a(i) 
Taking the scalar product of this equation with a, we get 
b "ax(bxc)is.L toa 

0 — Қа : b) +m(a-c) захво) а 0 
> Қа -Ь) 2 —m(a:c) 
> : ath (say) 

a-c a-b 

=> 1= а ·с) 
апа m=-A(a-b) 


Substituting the value of l and m in Eq. (i), we get 
a X(b xc) =A [(a-c)b—(a-b) c] 
Here, the value of À can be determined by taking specific 
values of a, b and c. 
If we choose the coordinate axes in such a way that, 
a-a,i b-b,i*b;j 
and c-ci XETA 
it is easy to show that A = 1. 
Hence, a X(b xc) =(a-c) b - (a: b)c 
anda x (b x c) =(a x b) xc, if some of all a, b and c are 
zero vectors or a and c are collinear. 


Remarks 
1. a x (b xc) is a linear combination of those two vectors which 
are with in brackets, 
2. Itr=ax(bxXe), then ris perpendicular toa and lle (п the plane 
of b and c. 
3.axibxcls(a:c)b-(a:blc 
(a xb xc = (c-a) b ~ (cba 
Aid to memory 
IX QN HD = QD T= QD HI 
4. (a xb) x(c Xd) = (а Nb) -d) ee ~ (а x b)-c)d 
=labdjce-labcld 
= The vector (a x b) x (c x di lies in the plane ol c and d. 
Also, (a xb) x (c x d)= — (c xd) x (a xb) 
= -((c x d-b)a - (c xd) (a b) 
z-[cdb]a + [cd a]b 
Which shows that (a x b) x (c x d) lies in the plane of a and b. 
Thus, the vector (a x b) x (c x d) lies along the common 
section of the plane of c,d and that of the plane of a, b. 


Lagrange's Identity 


acc acd 
axb)-(exd)= 
дак “К?” 
Proof LHS - (a X b): (c Xd) = а (c xd) 
where u=axXb=(uxc)-d 


=((aXb) xc).d 

=((c-a)-b—(c-a)-a)-d 

=(c-a)(b-d) - (c: b) (a-d) 

7 (ac) (b: d) - (b-c) (a.d) 
arc а.а 

b:c E 


| Example 54. if a=i+j+k,b=i+ j,c=i and 
(a xb) x c 2 Aa ib, then A +u is equal to 
(a) 0 (b) 1 
(c) 2 (d) 3 
Sol. (a)(ax b) x c= àa + ub 
=>  (a:c)b-(b:c)a = Ла 4 tb 
= Àz-bejza:c 
À*pn-a:c -b:cz(a-b):c 
=((i+j+k)-(i+ p}=k-i=o 
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| Example 55. if a,b and c are three non-parallel unit 
vectors such that a x (b x c) = sb, then find the angles 
which a makes with b and c. 

Sol. We һауе, ax(bxc)- 5b 


=> (a-c)b – (а :Ь)с= 1Ь 


2 
> a-e=“anda-b=0 (comparing c and b) 
> a-e= landa Lb 
Suppose a makes angle Ө with c. Then, a -c =; 
> la e| cos => = созд = 2 (а [| c] #0) 
E 6s 5 
3 


Thus, a is perpendicular to b and makes an angle S with © 


| Example 56. if a=-i+ ј+К andb=2i+k, then 
find the vector x satisfying the conditions. 
(i) that it is coplanar with a and b. 
(ii) it is perpendicular to b. 
(iii) a-x 27 
Sol. Since, x is in the plane ofa and b and is perpendicular to b. 
х= А {b x (a x b)} 
=> x=A {(b-b)a—(b-a)b} 
=A {X-i + jt k)-(-1) (21+ К)} 
=2{-5i+5j+5k +2i+k} 
= A (-3i 4 5j + 6k} 
Now,a-x=7 
=> -3) 5X +6А =7 
=> 8A=7 = А = 1 
8 


Hence, x= : ( -3i + 5j + 6k) 


1 Example 57. Prove that 
a x(bxc)+bx(cxa)+cx(axb)=0 
Sol. We have,a x (bxc) * х (сха) + сх (а х) 
={(a-c)b -(a:b)c) + ((b:a) c - (b. c) a} 
+ (с: Ьа - (c:a) b) 
= (а: c)b – (a: b)c + (a: b) c - (b-c) a 
+ (b:c)a - (a.c) b] 30 


| Example 58. Show that the vectors 

a X(b xc), b x (c xa) and c x ((a x b) are coplanar. 

Sol. Let p za x(b xc), q = bx(cxa)and r= cx (a x b) then 
ptqt+r=ax(bxc)+b x(cxa)+ex(axb)=0 
= p-(-1).q-(-Dr 
which shows p is linear combination of q and т. 


So, p, q are coplanar. 
Hence, a x (b x c), b x (cx a) and c x (a x Б) аге coplanar. 


1 Example 59. Prove that [a x b b хссха]= [а be]? 


Sol. We have, [a x bbxcexa] 
= ((a x b) x (b x c)}-(c xa) 
={d x(bxc)} (сха) [where d =(a x b)] 
=[(d-¢)b —(d-b)c]-(¢ xa) 
= [{(a x b): c) b - (a x b) b) c] (c xa) 
= {[a b c]b – 0}. (cx a) [^ (a b b) 2 0] 
= {[a b c] (b. (cxa)) 
= [a b c] [b ca] 
= [a b c] 


f- [a b c] - [b ca]] 


1 Example 60. if a,b and c are coplanar show 
‚ [ахЬЬхсс х а] аге coplanar. 
Sol. Since, [а b c] are coplanar. 

> [a b c] 2 0 

and [a xbbxccxa] = [аъ с]? =0 


[a X bb x cexa] are coplanar, ifa, b and c are 
coplanar. 


| Example 61. f A, B and C are vectors such that 
|B|=|C|, prove that 
{(A+B) x (A C)) x (Bx C)-(B-- C) 2 0. 
So. Lt R,-A*B,R;zA*CGR,-2B«C 
“LHS = (А + B) x (A + C)} x (B x C)) x (B x C): (B + C) 
=> = {(R, x Ry) x(Bx C)}- К, 
=>  [(R,.(BxC)R,; = (Ry (Bx CO Ry} Ry 
=>  [A*BBC][R;R,]-[A * CB C]J(R,- Ry) 
=>  [[ABC]«(BBC]((A +С) (В + C)]- [ABC] 
* [C B C] CA +B) (B + C)] 
[AB C (A.D 4 A.C* C.B« С.С) -[AB C] 
(AB AC В.В + ВС) 
> [ABCA BEA CHO BECP - А.В 
~A-C+B-B+ BC) 


y 


=> Jj[AnC]|(C| -|np) 
[A B C] (0) 
0 = RHS 


4 


(з= |с) 


y 


| Example 62. If b and c are two non-collinear vector 
such that a || (b x c), then prove that(a x b)-(a x c) is 
equal to |a |? (b -с). 


Sol. Since, a ||(b х c), therefore а | banda L c 


E ` a:b -0anda.c-0 
Now, consider (a xb).axc)-|? ^ 2%]. |а y 
b-a b-c 0 b:c 


=(a:a)(b-c)=|a?° |(Ь: с). 


Reciprocal System of Vectors 
Thé two system of vectors are called reciprocal system of 
vectors if by taking dot product, we get unity. 
Thus, if a, b and c be three non-coplanar vectors and if. 
| bxc ,, сха , axb 
m к=к = an = 
labe] |abe| |abe| 
Then a^, b’ and c’ are said to be reciprocal system of 
vectors for the vector a, b and c. 


, 


Remarks 
1. Ifa, ке. and a’, b’, c’ are reciprocal system of vectors, then 
aê -(bxc)_ [abc Е 
(abc) [abc] 

Similarly, b-b' 2 c.c' = 1 
2.a-b’=a-c’=b-a’=b-a’=c-a’=c-b’= 
3. [abc] · (a'b'c'] =1 

Proof : We have, 


[a'b'c'] = bre сха „ахы 
[abc] [abc] [abc] 


1 
= [a T [bxccxaa xb]- abel 
PA 
[abc] 
<. [a^ b'c']- [a bc] =1 
4. The orthogonal triad of vectors i, j and k is self reciprocal. 
Leti i, i and k be the system of vectors reciprocal to the system 


i, jandk then, we have; 


[a bc]? 


Similarly, =k 
5. a, bande are non- с анлы iffa’, b', c' are non-coplanar. 
[a bc] [a’b’c’) =1 
1 
a’b’c’]= 
J= [a bc] 
So, [a bc] #0 e» (a'b'c'] «0 


Thus, a, band c are non-coplanar iff [а b' c^] are non-coplanar. 


6. Ifa, b. c are non-coplanar vectors, then 
[(xbc]a +[xca]b+ [xa b]c 


— [а bc] 
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1 Example 63. Find the set of vectors reciprocal to the 
set of vectors 2i 3j- k, i-])- -ЖҖ, -Î+2j+2k 


Sol. Let the given vector be a, b, c. 


A 3 =] 
Now, [а bc]=|1 -1 -2 
-1 2 2 
=2(-2+ 4)- X2- 2)-1(2-1) 
=4-1=3 
i'd k 
bxc-|1 -1 -2|-2i*k 
-1 2 2 
ijk 
cxa=|-1 2 2|-2-8i*3j-7k 
a 15: lb 
ij k 
axb=|2 3 -1|--7i*3j-5k 
1 =1 =2 
, bxc 2i+k 
Hence, a’= = 
[a b c] 3 
,_ сха -8i +3) 7k 
[a b c] 3 
aud s.2Xb _ ~7i+3j—5k 
[a b c] 3 


| Example 64. Find a set of vector reciprocal to the 
vectors a,b and a x b. 


Sol. Let the given vectors be denoted by a, b and c where 
c-axb. 
[abc]-(axb).c-(axb)-(a xb) ..(i) 
and let the reciprocal system of vector bea’, b’ and с”. 


atis bxc . bx(a xb) 
[abc] [axb} 
‚_ сха (axb)xa 
[abc] [axbf 

a a Xb _ axb 
[abc] (axbf 


-. a^, b’ апіс’ are required reciprocal system of vectors for 
a, banda x b. 


axb 
faba)’ 


bxc,, cxa yo 
| Example 65. if a’ = [a hg pst" 


then show that 
axa’+bxb’+cxc’=0, where a,b and c are 
non-coplanar. 
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Sol. Here, a xa’ = a x(b xc) 


[a b c] 
a ха’ (8:96 - (а -b)c N 
[a b c] 
Similarly, 
‚_ (b-a)e—(b-c)a T 
bxb'.——— "VM. 
x [abc] ..(ii) 
‚ _ (c: b)a - (c.a) b 
ex etm Veo - (ea) b = 5 E 
axa’+bxb’+exe’ | 
(а :c)b - (a - b) c * (b-a)c - (b.c)a 
= +(c:b)a - (c.a) b 
[a bc] 
: (-a-b-b.a) 


=0 


I Example 66. if (e;,e,e;) and (e,’,e2’,e;") are two 
sets of non-coplanar vectors such that i = 1,2,3, 
we have e, -ej -{ y . 4 , then show that 
Oo ifizj 
[e;,e3, 05), [e; e; 05] 1. 
Sol. We have, еү-е; 20, 0-6, =0 
=> e; Le; and e, 1 e; 
ei Il (ea x es) 
e, =A (e, хез) (i) 
e-e, = A(e; X єз)-е| 
1=A fe, е; ез) ("ee = 1, given) 
EUR 
| [eres es] 
From Eq. (i), 
_ e Хез” 
[е ег ез] 
E es’ Xe," 
[е егез] 
e Xe,’ 


Similarly, ez 
and еу =—— 
[ei е; ез] 
à хезеухе £j хе; 
le, iaje 323 A 2] 
[e; е; ез] 
= [es ez ,ез ][е, ez esr = [е X e3 e X e e; x e;] m 
Now, [ez X es e3 X e e; X e2] = [e; e; ез] .. (iii) 
2. From Eqs. (ii) and (iii), we get 
$4 dog tle us 
[e, ез es] [ei ег ез] = [ei егез) 


[е, е, е,] (е, e; e;]21 


Solving of Vector Equations 


Solving a vector equation means determining an unknown 
vector (or a number of vectors satisfying the given 
conditions) 

Generally, to solve vector equations we express the 
unknown as the linear combination of three non-coplanar 
vector as; г = xa + yb - z(a x b); asa, banda x b are 
non-coplanar and find x, y and z using given conditions. 
Sometimes, we can directly solve the given condition it 
would be more clear from some examples. 


1 Example 67. Solve the vector equation r x b =a x b, 
г.с =0 provided that c is not perpendicular to b. 
Sol. We are given, 
rxb-axb 
=> (r-a)xb-0 
Hence, (r — a) and b are parallel. 
> г-а= № 
and we known r:c = 0, (i) 
7. Taking dot product of Eq. (i) by c, we get 
га -а:с= ҚЫ.с) 


= 0-a-c=t(b-c) 
ese " 
=e t= (25) -. (ii) 


7. From Eqs. (i) and (ii) solution of r is 
a-c 
r=a -|— |b 
i 
I Example 68. Solve for x, such that-A-X =C and 
A x X =B with C +0. 
Sol. We have, Ax X =B 
Taking vector product of both sides with A, we get 
AxB=Ax(A xX) 
-(A:X)A -(A-A)X 
= СА -|А [Хх 
- (using А.Х =Cand А-А =| A |?) 
> |APX=CA-AxB 
_ СА +ВхХА 


ог x 
[Af 


I Example 69, Solve the vector equation r x a + kr = b, 

where a and b are two given vector and k is any scalar. 
Sol. Since, a, b anda x b are two non-coplanar vectors. 

r=xa+ b +2(axb) « (i) 

(where, x, y and z scalars) 


Chap 02 Product of Vectors 87 


On putting ri = 
n putting r in r x a + kr = b, we get | Example 70. Solve for vectors A and B, where 


pa + yb + z(a x b)} x a + k{xa + yb + z(a x b)} =b A+B=a, AxB=b, A-a=1 
SESE ANS) оеро Sol. We have А +В =а 
EEAS p р i A-a+B-a=a-a 
= [kx - z(a-b)Ja + (ky + 2(a-a)} b + ((y + zk)} (ax b) = b : f 
25 kx — z(a-b) = 0, ky + 2(a-a)=1 = 1+ В:а =а (given А.а = 1) 
=> -у+2к=0 => B-a=a’-1 vei) 
On solving these equations, we get Also, AxB-b 
^ 1 => ax(AxB)-axb 
Kap = (a-B)A -(a:A)B=a xb 
x a-b => (a? -1)A-B=axb 
K| a? +k’) [using Eq. (i) апда. А = 1] ...(ii) 
and jS k and A+B=a 
k +lal? From Eqs. (i) and (ii), we get 
On putting theses value in Eq. (i), we get the solution, A _(axb)+a and B=a 22 
(ab) |  k a? a 


(b) ,— ; (ax b) 


p = — ———— 
kk laf) klar lal 
1  [(a.b)a 


кар к 


(b xa)*a(a? - 1) 


a* 


(axb)+a (b xa) a(a* – 1) 
Е and a 


=> B 


+(k)b+(ax »)| is required solution. 


Thus, A 
a 


Exercise for Session 4 


1. Find the value ofa x (В x y), where a 22i - 10) + 2k B=3i+ j+ 2k, y 22i ] + ЗК. 
. Find the vector of length 3 unit which is perpendicular to i+ j+ k and lies in the plane of i+ j +kand2i -3j. 


. Show that (bxc).axd)+ (cxa) (bx d) + (axb)(cxd)-0 


. Prove that[axb axc d]-(a-d)[ab c] 


b+c 


2 
3 
4. Prove that i x (a i) + jx(ax]) ^ kx (axk)=2a. 
5 
6. Ifa, band care non-coplanar unit vector such that a x (bx c) = We band c are non-parallel, then prove that 


the angle between a and b is =. 


7. Find a set of vectors reciprocal to the set of vectors -i+ j+k,i-j+k,i+j+k. 


8. Ifa, b, cand a', Ы, с are reciprocal system of vectors, then prove that 


a+b+c 


" a -—— —., 
аху+ухс+сх [abc] 


9. Solve r x b- a, where а and bare given vectors such that a-b=0. 


10. Find vector r, if r-a = mand rx b= c, where a- b +0. 


JEE Type Solved Examples : 


Only One Option Correct Type Questions 


9 Ex. 1 /f|a|-5,|a—b|-8and|a +b |-10, then|b | is 


equal to 
(а) 1 (b) 57 
(c) 3 (d) None of these 


Sol. (b) We know that for any two vectors 
la*b[ +|а-Ь|®=2(а|®+|ь |?) 


= (10)? + (8)? 22(65)* + | b°] 
= 100 + 64=50+2|b|? = |b|? =57 
| b| = J57 


€ Ex. 2 Angle between diagonals of a parallelogram whose 
sides are represented by a = 21 +j+kandb=i -j-k 


(a) cos" (6) (b) cos" () 
(c) cos~ (2) | (d) cos~ (3) 


Sol. (a) Let c and d be the diagonals of parallelogram. 
Then, c=a+bandd=a-b 
=> c=3iandd =i + 23 +2 
Let @ be the angle between c and d 


cd 3i-(i + 2} + 2k) 

Then, cos0- - 
I eli di Jay ht + 2? + 22 

= 4- d 

(3x3 3 


e Ex. 3 Leta,b,c, be vectors of length 3, 4, 5 respectively 
and a be perpendicular to (b c), b to(c * a) andc to 
(a+b), then the value of (a * b+ c) is 
(a) 2/5 (b) 242 
(c) 10/5 (4) 5/2 
Sol. (d) We have, | a| 23, | b | = 4 and | с | = 5. It is given that 
a L(b+ с), b L(c- a)and c 1 (a * b) 
=> a-(b + c)=0,b-(c + a) = 0апіс.(а+ b) =0 
=> a-b+a-c=b-c+b:a=c-:a+c-b=0 
or a-b+b-c+c:a=0 (adding all the above equations) 
[а+ь + с? =[а 2 +16 (2+ || 
+ (a:b +b-c+c-a) 
=3? + 47 +52 =50 
[а+ b+ c|=5/2 


Now, 


3 4i x: 
. ө Ex. 4 Leta, b» 0 anda == ^ + Bl and 


"EX z 10. >. 
B=bi aj +. then the maximum value of. inb is 
(a) 1 (b) 2 
(c) 4 (d) 8 
Sol. (а) о-р=2+ 24125 CAM EM) 
10 
59 (25). = 


ө Ex. 5 If the unit vectorse, ande; are inclined at an 
angle 20 and | e, —e2 |<1, then for € [0, 1.], 9 may lie in the 


interval 
тл 
b)|—.— 
|2) 


п 5n 
[s 


Sol. (a) It is given that е; and e; are two unit vectors inclined at 
an angle 20 and | e, — e; | <1. 
Je, -e;| «12 e -e| «1 


> 451п20 «1 [> | e — e; |? = 4sin*8] 
=> зіп? ae 
4 
80e n z) 
w^ 


ө Ex. 6 lfa-3i -j -5kandb - i +2) — 3k are given 
vector. A vector c which is perpendicular to Z-axis satisfying 
c-a=9 andc. b = – 4. If inclination of c with X-axis and 
Y-axis is œ and B respectively, then which of the following is 
not true? 


ш т 
uae ()8» > 


т т 
(9o (pe 


Sol. (c) c lies in XY-plane 
У с=хі+уј 
From the given conditions 3x — у=9 
and x+2y=-4 
Solving, we get c = 2i - 3j 


a = cos"! (5) B= ee (2 


ө Ex. 7 If A 153 х3 matrix andu is a vector. If Au andu are 
orthogonal for all realu, then matrix A is a 
(a) singular 
(c) symmetric 
Sol. (a) Аи:и= 0 


(b) non-singular 
(d) skew-symmetric 


э АЦ = 0, Since|u| #0 = | A|-0 
A is singular. 


© Ex. 8 Let the cosine of angle between the vectorsp andq 
be such that2p 4 q—i 4j апар + 20 i — j, then À is 
equal to 


5 4 
а) – b)-— 
(а) < (b) = 
3 7 
с) 42 
(05 (95 
Sol. (b) It is given that 2p += + j 
and p*2q-i-j 
=> р=11+3} and q-11-j 


= ЖЯ: „. 


Ipilal у. 
ГЕ «ar (5) «e» 
8 


ө Ex. 9 Let a, b апас be vectors with magnitudes 3, 4 and 
5, respectively and a-- b-- c —0, then the values of 
a-b+b-c+c-ais 


(a) 47 (b) 25 
(c) 50 (d) – 25 
Sol. (d) We observe, | a|? + | b|? =3° + 4^ -5* =| c|? 
a-b=0 


-14 
b-e=|b|| ehos{ — cos B 


secat] 
-axsx[- 2) ев 


E 
c-a=|el|ateos(x - cos B 
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a-b b-c+ с:а= 0-16 – 9 = – 25 
Тгіск a+ Ъ+с= 0 
On squaring both the sides, ме get|a+ b+ c[^ = 0 
=> la[l*|b|?*|cl^  2(a-b b.c ca) 20 
=> 2a-b+ b-c+ с-а) = – (9 + 16 + 25) 
=> а:Ъ+Ъ.с+ с:а = – 25 


ө Ex. 10 Letu, v and w be such that|u|=1,| v|=2, 


| w|=3. If the projection v along и is equal to that of w 
alongu and v, w are perpendicular to each other, then 


|u- v+ w | equals. 
(a) V14 (b) V7 
(c)2 (d) 14 
Sol. (a) We have, 
Projection of v and u = Projection of w along u 
vu wu 
lu] Tel 


Also, v and w are perpendicular to each other 


v u=zw u 


v-w=0 
Now, | u- v+ м |2 = |ы |2 +| v +| w]? —2(u- v) 


0) 


(ü) 


=2(v-w)+2(u-w) 


=> [а-у+м |2 =1+4+9 
= |u-v+w|= 14 


© Ex. 11 Ifa,b апас are unit vectors, then 
|a- b +|b- c]? *-|c— a|? does not exceed 
(а) 4 (b) 9 
(с) 8 (d) 6 
Sol. (b) We have, |a- b |» |b- e| + | с-а? 


= |a|* |b|* 2 (a: b) * |b +c]? -2(b-c) «| e]? 


+ la[* —2(c-a) 


= 20а |2  |b * +] ef! — (a: b-- b-c+ c-a)] 
=2[3 - (a: b b: c c:a)] 
=6 -2(a-b+ b:c c-a) 

Now, |a+ b c|?’ 20 


=> jal?+|b|?+|c|?+%a-b+b-c+c-a)20 


(i) 
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> 3+2a-b+b-c+c-a)20 
= a-b+ bes ca 2-7 
= —Жа-Ь+ b-c+ с-а) <3 ...(ii) 


From Eqs. (i) and (ii), we obtain 
la- bi! + 16-с]? «]c- a| <6+3 


=> la-b* «[|b-c|! «|c- aj! <9 


э Ex. 12 The vectors a = 2321 + 4%) + k and 
b =7i — 2j + Ak make an obtuse angle whereas the angle 
between b and К is acute and less than л / 6, 


@)о<%<- (b) A> V159 
(Q-2« .<о (d) null set 


Sol. (d) As angle between a and b is obtuse, a-b <0 
=> (2021 + 42) + k)-(7i -2j + Ak) <0 


E 1447-84 +Å «0 

= 22 -1) <0 

=> о<А <1 NO) 
2 


x 
Angle between b and k is acute and less than г 


b-k =| b || k[cos8 
X = 453 + А21: cos8 


AX 

соѕ = 
= з + А 

e«X => cos > cos 

6 6 

asa x 35 
= cos > dx 2 
= 422 – 353 + 27) >0 


=> А? > 159 
E А <- 4159 (п) 


From Eqs. (i) and (ii), à — 6 
2, Domain of } is null set. 


e Ex. 13 The locus of a point equidistant from two given 
points whose position vectors are a andb is equal to 


e z sat ы] (a+ b)=0 
(b) | = sat »]e- b)=0 


ofr- gat 2E =0 
(9) [r – (а + b)]-b =0 


Sol. (b) Let Р(г) be a point on the locus. 
AP = BP 
|r-aļ=|r-b]=|r-aļ 2| r- bI 


= (r-a)(r-a)-(r- b)-(r- b) 


2r.(a- b) - a:a- b. b 


=> 

fel r-(a-b)=3(a+ b)-(a— b) 
[r-ie »]e- b)=0 

This is the locus of P. 


о Ex. 14 In cartesian coordinates the point A is (xi, y1), 
where x, =1 оп the curve y = x? + х +10. Then tangent at A 
cuts the X-axis at B. The value of the dot product OA · AB is 


(9-3 (b)- 148 
(c) 140 (d) 12 
Sol. (b) Given curve is y = x! x10 .. (i) 


Whenx=1, у=12+1+10=12 
А = (1,12) 
ОА - i 12) 


From Eq. (i), 2 =2x+1 


Equation of tangent at A is y — 12 -(2) (x -1) 
(1,12) 
=> y —12=(2x1+1)(x-1) 
> y-1223x-3 
y 23x +3) 
This tangent cuts X-axis (i.e. y = 0) at(—3, 0) 
Bz(-3,0) 
OB = -3i + 0-j = – 31, OA: AB= OA -(OB- OA) 

(i + 129)-(—3i - i -12j) =( + 12) (- 4i - 12)) 

2-4-144-- 148 


€ Ex. 15 Ina tetrahedron OABC, the edges are of lengths, 
| ОА |=|ВС | -a,| OB| -| AC | 25, | OC | | AB|=c. Let Gy 


and G, be the centroids of the triangle АВС and AOC such 
EE. 


that OG, L BG), then the value of ы X is 
(a) 2 (b) 3 
(©) 6 (d)9 


Sol. (b) OG, · BG, = 0. 
a a*btcatc-3b _ 
3 3 
=> а? + с? —3b? + 24-с —2b-c -2a-b =0 


Now, |e~al? =b?,| c—b |? =a? and|a-b = c 
2a-c =a" +c? —Ъ?, 2Ь-с=Ь®+ с? -а?, 
2a-b =a? + b? – с? 

Putting in the above result, we get2a? + 2c? — 6b? = 0 


ө Ex. 16 If OABC isa tetrahedron such that OA? 4 BC? 
-OB* +CA* =OC? + AB?, then which of the following is 
not true? 

(a) OA 1 BC (b) OB L AC 

(c) OC 1 AB (d) AB L AC 
Sol. (d) Let ОА =a, OB- b, OC- c 

Then from the given conditions 

а-а+ (b- c)-(b- c) = b- b (c-a) (c-a) 

> —2b-c=—2c-a 

=> c-(b—a)=0 => BA-OC=0 

Hence AB 1 OC. Similarly, 

BC 1 OA and CA 1 OB 


ө Ex. 17 Ifa,b,c and A, B,C € R—{0} such that 


aA+bB+cC +y(a? +b? +c?)(A? +B? +С?) «0, then 


value afte zbe „+ is 
bA cB aC 
(а) 3 (b) 4 
(95 (d) 6 | 
Sol. (а) Let т, =ai+ Bj + de and т = Ai + 8) + Ck 
E n.r; =аА + bB + cC 
=> ао (a? +b? cya + В? + С?) 
7 nr; --|nll rl 
= қ and г, are anti-parallel 
= а Р © xk where kis any constant 
A B € 
> aB bC A, 
bA cB aC 


* Ex. 18 The unit vector in ZOX plane making angles 45* 
and 60° respectively, witha = 2i +2) -k andb = j —k, is 
VENE: 1 ü-k 

0+0 07 ) 


(©) Bå +k) (d) None of these 
2 
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Sol. (b) Let the required vector be r = xi + zk, since r is a unit 


vector. 
x+y’ =1 
It is given that r makes 45° and 60° angles witha and b 
respectively. 
ra г-Ь 
соѕ45° = апі " 
fir] Iriibl 
1 2x-y 1 =} 
—= and-=-—= 
x: 4,2 3 2 2 
2х-у= = andy = : 
* a ana em 
i 
=> VAR 
т= 10-6 


€ Ex. 19 А unit vector perpendicular to the vector 
—î +2] + 2k and making equal angles with X and Y -axes 
can be 


(9) Gi ezj- ke) (b) = Gi-2j- k) 


© ої+2}+ k) @ Gi-2js k) 
Sol. (a) Let the required vector be r = li + mj + nk, where J, m, n 
are the direction cosines of r such that | = m. 
It is given that r is perpendicular to — i+ 2j + 2k. Therefore, 
r:(-i«2j*21)- 0 


> —1+2m+2n=0 
=> [+2n=0 [512 m] 
> 1=—2п 
Now, P+m + п = 
> 4n! + 4n! +n? =1 
=> mA 
3 
(ste meee next 
3 3 3 
Hence, 


raf zeiezj- k) 


* Ex. 20 If(a+3b)-(7a-5b)=0 and 
(a — 4b) (7a — 2b) =0. Then, the angle between a and b is 


(a) 60° (b) 30° 
(c) 90° (d) None of these 
Sol. (a) We have, (a + 3b)-(7a —5b) = 0 
> 7|a |? + 16а-Ь – 15| 20 -«() 
and (a — 4b)-(7a - 2b) =0 
= 7\а |> —30a-b+8|b|? =0 (н) 
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From Eqs. (i) and (ii), we get 
16 


a-b= 
a-b=— (јај +8|Ь[) 
30 


11 7а 1 aja? ыру 
15 


= z 

8 
= 1915112 –7[а |?) 287 |a | € 8| bI) 
=» 225| b |* – 105 |а |? =56 |a |? +64] b]? 
=> 161| b|? =161 |a |? 
=> |b}? =|al? 


From Eq. (i), we get 
16a:b 215| b? -7|a|? =15|b|? - 7| b|? 


= 16а -Ь =8|b|? 
=> a-b=2)b/? 
2 
li? 
=> lal|b]cosó = 7| bI 
=> ES 
2 
Ө =60° 


© Ex. 21 Let two non-collinear vectors a and b inclined at 
an angle = be such that| a | -3 and|b |= 2. If a point P 
moves so that at any time t its position vector OP (where O is 


1 1 
the origin) is given asOP =| t + 1a # ( = 1) b, then least 


distance of P from the origin is 


(a) 24133 — 10 (b) J2/133 + 10 
(c) V5 + 4133 (d) None of these 


2 2 
1 1 
Sol. (b) We have, op (2+1) iat«(i-2) |b]? 


ee - 4) alt blcoe( =) 
2 2 
2 = А 4:1) +e 3) (2) 
| OP| =o t+ J * z 2 2 
1 


=7 + B 4-40 
t 


19 
=> Гор 22: [nr +10 


2. Minimum value of | OP | = 410 + 24133 


(> AM2 GM) 


e Ex. 22 Ifa, b,c be non-zero vectors such that a is 
perpendicular to b апас and|a | 7*1 |b| 2 2,|c| » 5 b:c 1 
and there is a non-zero vector d coplanar with a+ b and 
2b- c andd- а=1, then minimum value of|d| is 


3 
(75 0 = 
4 4 
(075 Was 
Sol. (d)a-b=a-c=0,/a|=|¢]=1,]b|=2 and b-c=1 
let d = x(a b) + y2b- c) 
But d-a=1 
E x14 0) 021 
=> x=1 
=> d=a+ b+ y(2b- c) 
= jd[?=|a|?+|b|+2a-b+y? 
(2Ь- с)? + 2у(а+ b)-(2b- c) 
=> Jd [?=14 44 y7(16 + 1— 4) + 2y(8 – 1) 


=13у? -14y +5 


TIN 4x13x5-14x14 4 
"s 4x13 Лз 


9 Ex. 23 A groove is in the form of a broken line АВС and 
the position vectors of the three points are respectively 
2i -3j4 2k, 3i + 2j- k andi +j+ k. A force of magnitude 
2443 acts on a particle of unit mass kept at the point A and 
moves it along the groove to the point C. If the line of action 
of the force is parallel to the vector i +2] + k all along, the 
number of units of work done by the force is 
(a) 1444/2 (b) 1444/3. 
(е) 724/2 (d) 7243 
z i+2j+k 2443. 
Sol. (c) F = (2443) TFT == @ 
-1242 (i 2) 4- k) 
Displacement, r = Position Vector of C — Position Vector of A 
=(i+j+ k) - Qi -3) + 2k) 
=(-i+4j-k) 


+ 23+ k) 


Work done by the force 
W =r-F=(-i+ 4j-k)-122 (i+ 2) + k) 
= 12V2 (-1+ 8-1) 27242 


ө Ex. 24 For any vectors a, b; | ax b|? +(a-b)? is equal 
to 
(a) af |b]? 
(Га |? -| bP 


(b)|a * b| 
(d) 0 


Sol. (a) We have, |ax | = |a || b|sin8 
= lax b|? 2Ja['| b['sin*e 
7|a[*| bà — cos?) 
= |а| |а | соз? 
= [а Р b]? - (|а| b|cos6)? 
= |а |> -(@-b)? 
Jax bp? + (a.b)! = |а Py} bP 


ө Ех. 25 Ifa=i+j+kb=i +) – К, then vectors регреп- 
dicular toa and b is/are 


WAG +) (b Ai» j « k) 
(c) A - p (d) None of these 
Sol. (c) Any vector perpendicular to both a and b = A(ax b) 
ij X 
Nowaxb-|1 1 1 
11-1 


=-2i+2}=-2i-j 
--xi-j 
-. Required vector = A (1 — j) 


о Ex. 26 Ifax b=b xc #0, then the correct statement is 


(a)b||c (b) a || b 

(о (а+ c)|| b (d) None of these 
Sol. (c) We have, 

axb-bxc 

= axb-bxc-0 

> axb+cxb=0 

> (a+ c) Xb-0 

^ (a+ c)|| b 


[~ if vector product of two vectors is zero, then 
both vectors are parallel to each other] 


© Ex. 27 Ifa=î+2ĵ+3k,b=- ї+2)+ k andc-3i + j. If 
(a+b) Le, thent is equal to 
(а) 5 
(с) з 
Sol. (а) We have, а= i 2j * 3k 
b=-i+2j+k 


(b) 4 
(d) 2 


and c=3i+j 

Since, (a + ib) is perpendicular to c 

S (a + (b): c 7-0 
-ni + (2+ 20)) +(3 + 0k]-Gi + 31-0 

> 3(1 —t) + (2 + 21) =0 

> t=5 
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e Ех. 28 /fa-2i-3j * К,Ь=- i+ k,c=2j—-k, then the 
area (in sq units) of parallelogram with diagonals a+ b and 
b+ c will be 


(a) V21 (b) 2421 
©з 421 (d) None of these 


Sol. (c) We have, a=2i-3}+ k 
b=-i+k and c=2j- k 
Since, (a+ b) and (b+ c) are the diagonals of the parallelogram 
Now, a+ b=i-3}+2k and b+ c-- i4 2j 


^. Area of parallelogram = 5 | (a b) x (b* c)| 


= 5 -3j+2k) xc E291 


- 
t 


k 
1 =з 2 -[:csi-3- | 
0 


: (- 4)? 7-2) + (71 = Am sq units. 


ө Ex. 29 The coordinates of the mid-points of the sides of 
APQR are (3a, 0,0), (0, 3b, 0) and (0,0, 3c) respectively, then 
the area of APQR is 


(a) 184 b?c? + с2а? + a? b? (b) 9 bc? + с2а? + a?b? 
9 k] 
(9 be? + с2а? +а?Ь? (d) 18 ab + bc + ca 


Sol. (a) Let L, M, N be the mid-points of the sides of APQR. 


P 
(За, 0, 0) L N (0, 0, 3c) 
M 
(0, 3b, 0) 
Area of ALMN = > | MNx ML | 
1 ^ 
251C38 + Зк) x (Зай — 3bj) | 
1 ^ 
= | Xba + caj + able) | 
9 


: ТЗ + (ca)? + (аЬ)? 
Now, area of APQR = 4 x (Area of ALMN) 


9 5 z 
=4х- Joe + ca? + а? 


=18 Joi + сга? + агр? 
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ә Ex. 30 Ina parallelogram ABCD, AB= i+j+k and 
diagonal AC= i — }+ k and area of parallelogram is 48 sq 
units, then 2 ВАС is equal to 


т 
А (а) = 


(с) sin" (2) 


Sol. (с) We have, AB= i+ j+ k and AC=i-j+k 
D C 
A B 
Те! Ө be the ZBAC. Then, 
sing = | ABX ACI 
| AB|| AC| 
ij k 
Now, ABxAC=|1 1 1|=2i-2k 
1 -1 1 
| ABx AC|- 8 
Hence sin = Ув 
: У x45 
= =s (2) 


9 Ex. 31 Let AABC be a given triangle. If 

| BA-—tBC|>|AC| for any t € К, then ДАВС is 
(a) Equilateral (b) Right angled 
(c) Isosceles (d) None of these 

Sol. (b) | BA |? + ^| BC |? -2BA-BC t-| AC? 20, Vte R. (i) 
Discriminante of the quadratic equation S 0 


= 4BA-BC)*-| ВС BA |? + 4|BC| |aC «o .. (ii) 


Using (BA - BC)? -|BC[ [вА 
--|BAxBC| 
=-|(ВС+ CA)x BC|* 
--|CAxBC[|* 


Using Eq. (ii) in Eq. (i). 
|BC|?| AC S| AC xBC/? 


But | ACx BC| =| АС || BC [sinC 
=> sin?C 21 

= i sinC - £1 

=> Са 


e Ex. 32 Ifa? +Ь? +c? 21wherea, b, c € В, then the 


maximum value of (4a — 3b)? +(5b — 4c)? +(3c —5a)? is 


(a) 25 (b) 50 
(c) 144 (d) None of these 
Sol. (b) Let q 2 di + bj + ck, т; =3i + 4) + 5k ...(i) 
In xnIsInl Inf 
ij К 
Now, „хт;=[а b c 
a. x d 


= i(6b — 4c) + j (Bc — 5а) + k(4a — 3b) 


So, from Eq. (i), we get 
(5b — 4с)? + (3c — 5a)? + (4a —3b)* «50 


е Ex. 33 lf a,b апіс are pth, qth, rth terms of HP and 


$ 3 L i j,k 
u-(q-r)i +(7 – p) *(p-q4)k dap tul i. then 
(a) u and v are parallel vectors 
(b) u and v are orthogonal vectors 
(с)и:у = 1 
(9) их v= i+j+ k 
Sol. (b) Let A be the first term and D be the common difference of 
the corresponding AP. Then, 


liA«(p-)Dnl-A-«(q-0Dl-As(r-1D 
a b c 


э a(q-r)*b'(r-p)*c'(p-q)-0 
> v-u=0 

=> ulv 

Hence, u and v are orthogonal vectors. 


9 Ex. 34 If the vector product of a constant vector OA with 
variable vector OB in a fixed plane OAB be a constant vector, 
then the locus of B is 

(a) a straight line perpendicular to OA 

(b) a circle with centre O radius equal to| OA | 

(c) a straight line parallel to OA 

(d) None of the above 
Sol. (c) Let А(а, B) point be given and O be taken as the origin 


B (x,y) 
[9] 
(0, 0) 
A (а, В) 
We һауе, ОА =ai+ |) 
and OB - xi + yj 


Now, | OA x ОВ | =| (ay – Bx) К | = constant 


= ау — Вх = constant 
"Locus of Их, y) is a line parallel to OA because slope of 
0A - P 


g, 


* Ex. 35 Unit vector perpendicular to the plane of AABC 
with position vectors a, b, c of the vertices A, В, С is 
(a) axb*bxctcxa 
A 
ахЬ+ Ьхс+ сха 
24 
(c) ахЬ+ Ьхс+ сха 
4^ 
(d) None of the above 
Sol. (b) The required vector is given by 
АВх AC 
| ABx AC| 
ABx AC = (b xa) x(c—a) 
-bxc-bxa-axcecaxa 


(b) 


m 


-bxctaxb*cxa [аха =0] 
We also know that, 
Area of ABC = 2 | ax b+ bxc+cxal 

axb+bxc+cxa 


a= ———————— 
[ахЬ+ Ъхс+ сха | 


_ахЬ+ Ьхс+ сха 
2A 


Jax b+ bx c+ ха] 


Е а= 
9 Ех, 36 The vectorr satisfying the conditions that 
|. it is perpendicular to 3i +2] +2k and 18i — 22] — 5k 
II. it makes an obtuse angle with Y-axis. 
II. fr] 2 14 
(a) X- 2i — 3j + 6k) 
(b) «(2i — 3j + 6k) 
(c) 4i + 6j – 12k 
(d) None of the above 
Sol. (a) Let a =3i + 2j + 2k and b = 181 – 22) — 5k 


Then, the required vector r is given by 
r = À(ax b) 
> r = А34 + 513 — 102k) 
217A + 3j – 6k) 
Now, [r|[214 => 119|A|714 


=> Ajet 
17 
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Since, r makes an obtuse angle with Y-axis. Therefore, 


jek 

17 
Hence, r-2-2(íi-3j-6k) 
or r -2(- 2i -3j + 6k) 


* Ex. 37 Leta,b,c denote the lengths of the sides of a 
triangle such that Р 
(a —b)u + (b —c) v + (с-а) (u x v) 2-0 

for any two non-collinear vectors u and v, then the 

triangle is 

(a) right angled (b) equilateral 

(c) isosceles (d) scalene 
Sol. (b) Since, u, v and ux b are non-coplanar vectors. 

(a Б) и + (b—c)v + (cC a) (ux v) 20 

=> a-b-0-b-c-c-a 

= a=b=c 

So, the triangle is equilateral. 


€ Ex. 38 The value of i-(jx k)+j (kx i) -k- (i x j) is 
(a) 3 (b) 2 
(c) 1 (d) 0 

Sol. (a) We have, i- (jx k) + j-(k i) + k-(ix j) 
=i-i+j-j+k-k [-ixj=k jxk=i,kxi=j] 


rT eee ре гар Р 
=|î| +j +) k\?=14+14+1=3 [~ ij, Kare unit vectors] 


9 Ex. 39 For non-zero vectors a, b, c; 

|(ax b)-c]=|a||b||c| holds if and only if 
(a)a-b=0,b-c=0 (b) b-c =0,c-a=0 
(c)c-a=0,a-b=0 (d)a-b=b-c=c-a=0 

Sol. (d) We have, | (ax b)-c|=|a|| b|| c| 

lla || b || с [sin cosa | = | a || b || с| 
|sin8|| cosa | 21 


Ө= anda =0 
2 
albandc||n 
а 1 cand c Lbotha and b 


a, b, c are mutually perpendicular. 
a-c=b-c=c-a=0 


p. a 


ә Ex. 40 The position vectors of three vertices A, B,C of a 


tetrahedron OABC with respect to its vertex О are i, 6}, К, 
then its volume (in cu units) is 


1 
3 = 
(a) (b) 3 


1 
(c) a (d) 6 
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Sol. (d) We have, A(6i + 0j-- ok), B(oi + 6j + ok), C(oi + о} + k) 

and O(0i + 0) + ok) 
х OA = 6i + 0j + 0k 
OB = 0i + 6j + 0k 


and OC = 0i + 0j К 
-. Volume of tetrahedron 
1 " ^ 
=; [0A Ов 0c] == [si 6} k] 
; 6 00 
27 060 = 2166 ~ 0] = 6 cu units 
00 1 


* Ex. 41 A parallelopiped is formed by planes drawn 
parallel to coordinate axes through the points A =(1, 2,3) 
and B =(9,8,5). The volume of that parallelopiped is equal 
to (in cubic units) 

(a) 192 (b) 48 

(c) 32 (d) 96 
Sol. (d) Translating the axes through A(1 2,3). 

A changes to (0, 0, 0), B changes to (8, 6, 2). 

..Coterminous edges are of lengths 8, 6, 2. 

Volume of parallelopiped = 8-6-2 = 96 cu units. 


© Ex. 42 If|a|=1,|b|=3 and|c|=5, then the value of 
[a- b b-c c-a] is 


(a) 0 (b) 1 
(c)-1 (d) None of these 
1 -1 0 
Sol(a[a-bb-cc-a]*| 0 1 -1|[abc] 
2 AL 1 
= [11 — 0)  1(0 — 1) + (0 + 1)] [abe] 
= 0 x [abc] = 0 


ө Ex. 43 Іѓа,Ь, саге three non-coplanar vectors, then 
4c, За — 2b +c and a +b + Àc will be coplanar, if 


За -7b - 

À is 
(а) – 1 (b) 1 
(c) 3 (9) 2 


Sol. (d) Let œ = За – 7 — 4с, В 23a – 2 + c and y=a +b + Ас 
For œ, Вапа y to be coplanar [o B y] = 0 


3 -7 -4 
= з -2 1 |[abc]=0 
1 3 A 
[3(-24 —1) + 78A. —1) - 4(3 + 2) (abc)] = 0 
E (15А – 30) [abc] = 0 


Since, a, b, c are non-coplanar 
154 -30 =0 > А =2 


© Ex. 44. Letr - (a xb)sin x +(b xc)cosy - (c x a), 
where a,b and c are non-zero non-coplanar vectors. If r is 
orthogonal to За + 5b + 2c,then the value of 
sec? y + cosec? x + sec y cosec x is 

(a) 3 (b) 4 

(c)5 (d) 6 
Sol. (a) r:(3a + 5b + 2с) = 0 

= a-(bxc)[2sinx + 3cosy + 5] = 0 

> 2sinx + 3cosy +5=0 

2sinx + 3cosy =— 

sinx =- 1, cosy =1 


cosec х = – 1,5есу = – 1 


[^ a-(b x c) #0] 


цуу 


ө Ех: 45 Leta, b, с. be distinct non-negative numbers. If the 
vectors ai +a) + ck, i +k and ci +c) + bk lie ina plane, then 


c is 
(a) HM of a and b (b) 0 
(c) AM of a and b (d) GM of a and b 
Sol. (d) Since, the given points lie in a plane 
aac 
1 0 1|=0 
сё. b 
On applying G — C, – C; 
оа c 
> 1 0 1/=0 
ос b 
=> —1(ab - c?) =0 
= c! =ab 


Hence, c is GM ofa and b. 


ө Ex. 46 Ifa, b апас are non-coplanar vectors and isa 
real number, then[A(a+ Ь)|АЫ Ac] 2 [a a+ c b] for 


(a) exactly two values of À 
(b) exactly one value of A 
(c) no value of A 
(d) exactly three values of X. 
Sol. (c) Given, [A(a+ b)A*bÀc] =[ab+ cb] 
Ма +b) Alaz +) Alas + bs) 


>| h Ab, Mb, 
Aq Àc; Xe, 
a a; а, 
-|hto b+c, by tes 
b b b, 
aq tb a+b, a+b 
= M by by 
ao €; с, 
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a а; аз Minimum value occurs when АВ = BC = AD =6 


=|һ+а b+c, bee Hence, AC- JAB* + ВС? — 2AB- BC - cos30? 
Б. 


b 


4 = 642 = з 
[applying В, — R, — R; in LHS and R, > R, – R, in RHS) 
vidis Nb de © Ех. 49 Ifa=itj+kb=i-j+kc=i+2j—k, then 
=> =- 
с à : dide а-а a-b a'c 
1 2 cy Q с C а 
4 d'a the value of|b-a b-b b:cj|is 
> M=-1 
3 ca cb cc 
Hence, no real value of À exists. 
(a)2 (b) 4 
€ Ex. 47 Ina regular tetrahedron, let® be angle between (9 16 UA (as 
any edge and a face not containing the edge. The value of Sol. (c) We have, a=i+ j+ k 
cos? 8 is b=i-j+k and c=i+2j-k 
(a) 1/6 (b) 1/9 а-а a-b acc 
(c) 1/3 (d) None of these 


We know that,| b-a b-b b-c|-[abc] 
Sol. (c) Let OABC be the tetrahedron. Let G be the centroid of the 


1 ca cb cc 
face OAB, then GA se AP. т "Чур 


=|} 4 

] 4x 

-[11 -2) -1-1-1) 12 + * 
=[-1+2+3]? - [4] 2 16 


алы 9 Ех. 50 The value ofa so that the volume of Ее 
Then, созӨ = rie parallelopiped formed by i+ aj +k, j +ak andai+k 
: becomes minimum is 
cos?0 = – - (a)-3 (b) 3 
(с) 1/3 (d) з 


© Ex. 48 DABC be а tetrahedron such that AD is perpen- 501. (c) Volume of the parallelopiped 
dicular to the base АВС and ZABC = 30°. The volume of 


V -[i aj 4 К) + akai+ К] 
tetrahedron is 18. If value of AB + BC + AD is minimum, 


=(i+ aj + k)- (8 ak) x (ai + &} 
then the length of AC is Л наў уйа 
(а) 6/2 J3 (b) 36 — V2) & кр 
— = a — E —= 
(0642 + J3 (d) 3(V6 + 42) da 3a c4 dat 6a, da 0 
1 Wem 
Sol. (a) Volume = LA (2 AB- BCsinso ) => 3a7-1=0 = a=t 4 
1 1 dV 6 
= —(AD- AB- BC) REP dt 
= 18 ry At a NT BM. 20 
= Any ABB gie vs «V is minimum at a =. 
Now, AB + BC + AD 2 XAD: AB: BC) 45 


© Ex. 51 lfa,b апас be any three non-zero and 
non-coplanar vectors, then any vectorr is equal to 


(a) za + xb + yc (b) xa + yb + zc 
(c) ya + zb + xc (d) None of these 
(rbc] | [rea] , [rab] 
> AB + BC + AD218 where, x = e zs 


[abc] (abd [abd 
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Sol. (b) Since, a, b and c are three non-coplanar vectors, we may 
assume r = Qa + Bb + yc 


[rb c] = (xa + Bb + yc)-(b x c)=a{a-(b x c) 


7 a[a b c] 

EA [rb e] 
[ab c] 

But х= Irb el 
[ab c] 

he a=x 

Similarly, B=y,y=z 

А г= ха yb + zc 


* Ex. 52 The position vectors of vertices of AABC are a, b, 
с anda: a- Ъ.Ь= c:c-3. If[a b c] =0, then the position 
vectors of the orthocentre of AABC is 


(а)а+ b+c 0) (а+ Ь+ с) 


(c) 0 (d) None of these 

Sol. (a) Hence, [ab c] = 0 
So, the points O, A, B and C are coplanar. Also, 
ОА = OB = ОС = 45, hence origin O is the circumcentre. 
Position vector of the centroid G is Urbes 


Now, orthocentre divides OG in the ratio of 3 : 2 externally. 
So, position vectors of orthocentre isa 4- b+ c. 


ө Ex. 53 Ifa and are two mutually perpendicular unit 
vectors (ro. + 1B + s(a x B), [œ +(a х B)] and ` 
{sa + s B +40 x B)) are coplanar, then s is equal to 
(a) AM of rand t (b) GM of randt 
(c) HM of rand t (d) None of these 
Sol. Since, œ and В are two mutually perpendicular vectors and 
(ra + r B + s(a х В), [x + (0 х B)] {sx + 5р + ҳо x B)} are 


coplanar 
F Pes 

= 1 0 1j=0 
S do 

= s?-rt 


© Ex. 54 Leth =- +4) * 6k andc - 2i —7j - 10K. Ifa be 
a unit vector and the scalar triple product[a b c] has the 
greatest value, then a is equal to 
T us aue 1 ^^ ^ 
ij 2i - j - Jak 
(а) (i+ j+k) (b) 7e (Vai - j - V2k) 
Joost 24. l4 Tub le Ж 
- - d 3i - 7j -k 
(9 (21 2 k) 9—5 j-k) 
Sol. (c) bxcz2i «2j- k 
[abc] a-(21 + 2) - k) 21:3: cos0 $3 


The greatest value of (a b с] —3, which is obtained when Ө = 0. 
bxc 


So, a= 


ө Ex. 55 The vectors А к 
и —(al  a,;)i +(am+aym)j +(ап *anj)k 
v — (bl + 61) 4- (bm bum )j + (bn + byn, )k and 
м z (cl + cili )i + (ст + сүт, Jj * (cn + c,n;i)k 
(a) form an equilateral triangle 
(b) are coplanar 
(c) are collinear 
(d) are mutually perpendicular 


Sol. (b) We have, 


al*al ат+ ат an+am 


[uv w]2| bl c bl; bm* Ыт bn+ bm 
cl ch ст+ сот cn+ ст 
a a ОІД 0 
=> [uvw]=|b b 0| т m 0|-0 


са O||[n nm 0 


Hence, the given vectors are coplanar. 


9 Ex. 56 Leta,b,c be three vectors such that[a b c] = 2. 
ifr = (bx с) + mcx a) + n(a x b) is perpendicular to 
a+ b+ c, then the value of (| + m + n) is 
(a) 2 (b) 1 
(c) 0 (d) None of these 
Sol. (c) It is given that r perpendicular (a+ b+ c) 
r-(a+ b+c)=0 


> I[a b c] + m[ca b]-- n[abc]- 0 
= 41+ m+n)=0 [~ [ab c] = 2] 
> l+m+n=0 


ө Ex. 57 Ifa, b andc are three mutually perpendicular 


vectors, then the projection of the vectors 
а -b (ax b) 
+m— + 


— — +n——— along the angle bisector of the 
lal jbl "ахь 27 e ang d 
vectors a and b is 
an (b) [P - m? +n 
| 2 2 
(с) ABL. (d) None of these 
P + т? +5? 


Sol. (a) A vector parallel to the bisector of the angle between the 
vectors a and b is 


a b 
— + — 
laj |b] 


-. Units vector along the bisector 


=4+6 


_ a+b 1 art 
[a+b] veer?) 
G+? =| al? «|b|e22-b-14 140-2 
-. Required projection 
Га b 1 
=(1 m—— axb ila 
[Tai "ть [axpi| zz 6 * P 
= 50+") 
E b-b 2 2 1 
d EE Mies E 


© Ex. 58 If the volume of parallelopiped formed by the 
vectors a, b, c as three coterminous edges is 27 cu units, then 
the volume of the parallelopiped havea. = а+ 2b — c, 
B=a-b andy =a- b- cas three coterminous edges is 


(a) 27 (b) 9 
(c) 81 (d) None of these 
Sol. (c) We have, |[a b c]| = 27 cu units 
1 2 -1 
Now, [«Вү)=|1 -1 о |[abc]-3[abc] 
1 -1 -1 


-. Required volume = |[a В ү]| 
—3|[a b с] 
=3 x27 =81 cu units 


€ Ex. 59 If V is the volume of the parallelopiped having 
three coterminous edges as a, b andc, then the volume of 
parallelopiped having three coterminous edges as 
а =(а :а)а +(а :Ь)Ь +(а -с)с, B=(a-b)a+(b-b)b+(b-c)c 
and ү =(a-c)a+(b-c)b+(c-c)cis 
(а) v? (b)3V 
(Qv? (d) 2V 
Sol. (a) We have, |[a b c]| = V 
Let V, be the volume of the parallelopiped formed by the 
vectors a, D and ү. Then, 


V, = |[ot В vll 
а-а ab ac 


Now, [а Ву] =[а-Ь b-b b:c|[abc] 
ac bec cc 

=> [a B ү]=[аЬ с] [a b c] 

= [o B y] =[a b c] 


V, =|[0 В v] 
7 |(a b cJ] - v? 
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э Ex. 60 Letr,a, b апас be four non-zero vectors such 
thatr-a=0, 
{гхЬ|=]|г||Ь}|гхс|=|г||с} then[abc] is 


(а) [а ЦЬ el (b) - [а |Ы с| 
(с) 0 (d) None of these 
Sol. (c) Given, r-a = 0 
Irxb]=|r||b] 
and Irxe|s2|rll|cl 


This shows r is perpendicular to both b and c. 
— ris perpendicular to a, b and c 
[ab c] 2 0 


. € Ex. 61 Ifa, b апас are any three vector forming a 


linearly independent system, then є R, 
2 
[acos0 +b ѕіпӨ +ccos 20, acos( 37 +0) +b s (At +0) 


2 
+ccos {= +0) 


acos( 9 = z), b “(в - =) +ccos C - 2) is 
3 3 3 


(а) [a b c]cos8 

(b) [a b c]cos 28 

(c) [a b c]cos38 

(d) None of the above 
Sol. (d) Since a, b and c are linearly independent, 

[abc] = 0 
We know that, 
[ах + bx; + cxay, + by; + сузад + bz; + cz] 

X X) XQ 
Ул Уг ys 
21 2. 25 


= [ab с]. 


Hence, the given system сап be written as 


cos8 sing cos20 
[ab c]| cos Е + e) sin( 7 + e) cosa(0 + Am) 
3 


cos (e = =) sino 2 =) со: = Am) 
3 3 3 


On applying Ку — R, + К, + R, we get 


cos8 sin8 соѕ20 
[ab c]| cos (= + e) sn( + e) соза[ө + =] 
3 3 3 
0 0 


-»[a b c](0) 2 0 
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where, Ө is an acute angle between a and c. 


9 Ex. 62 Leta,b,c be three non-coplanar vectors and d be 5 
a non-zero vector, which is perpendicular to a+ b+ c. Now, és cos0 = Е 
ifd = (sin x)(ax b) +(cos у) (bx с) + 2(сх a), then the > 
minimum value of (x? -- y?) is = 
2 т? — 
v o7 e Ex. 64 Leta=2i+j+k-b=1+2j—k апас is a unit 
(c) z (d) 5л? vector coplanar to them. Ifc is perpendicular to a, then c is 
4 ы equal to 
Sol. (d) Given, d-(a + b + c) =0 "RENNY (b) - 4 +j+k) 
and d =sinx (a xb) + cosy (Ьхс)+2(сха) (i) J2 a 
a-d =cosy[a b c] ... (ii) 1. 25 J isisk 
(с) (i - 2j) (d) 7G +j+k) 
b-d -2[bca] wo (iii) 45 уз 
с-а =sin x [a b с]. ... (iv) Sol.(a)a x(a xb) =(a-c) a —(a:a)b 
On adding Eqs. (ii), (iii) and (iv), we get =з +j +k)-6â+2)-k)=-9j+9k 
a-d+ b-d + c-d =(cosy + 2 + sinx)[a b с] | ах(ахЬ) 
sinx + cosy +2=0 -. Required unit vector = [a x (a x b)] 
sinx + cosy =—2 v 1 cjl) 


=> 
=> sinx --1 V2 

[^ -1<sinx € 1and - 1 < cosy € 1] 
9 Ex. 65 Leta - 21  j - 2k andb - i +). Ifc is a vector 


and cosy 2-1 
Sich ue fuge to Байча viet af such that a c -|c|,|c—a|- 24/2 and the angle between 
х®+у%х=--—у=т a Xb апас is 30°, then|(a x b) xc | is equal to 
2 3 
2 2 e oa 
eye 5 п? e (05 (05 
(с) 2 (d) 3 
9 Ex. 63 Leta,b,c be three vectors of magnitude 1, 1 and Sol. (b) | c -a| 2/2 
2 respectively. If a x (a xc) +b —0, then the acute angle => Ic? - [а |2 —2a.c 28 
between а and c is = lel? + (9)? -2j с|=8 
л 
OE e => Ie -2]e|- 1-20 
-1)?=0 = 
(= (d) None of these > [е apa lel d 
6 Now, axb=21+2j+k 
Sol. (c) Given, |a|=1,| b|=1, and| с| -2 E [ахь =./а+4+1 =3 
Also, ax(axc)+b=0 4 | (a x b) x e| 2 |a x b] | c | sin 30° 
=> (а-с)а -(a:a)c + b=0 1 3 
z (a-cla—c+b=0 [>а-а=|а|®=1] iani ta: 
= (a-cja- с=– b 
=> |(a:cja- c| 2] - | © Ex. 66 Let à andb be two unit vectors such that a-b = 
> |ба са - el -| b]? TM UAR "New 
> Паја + [е2 268: ођа е) [b]! р нА 
= (аја [ef - 28) (a-c) =]? He ORAE A KaL EQ UMP BURN of 
2% (а: е)? (1а |2 -2) +] ej! 2 ]b]* 2(k, +) is 
: (а) 2/3 (b) з 
=> —(a-c) + 4-21 (c) 3 (d) 1 
E: a:c-t43 Sol. (c) F=04+ ВЬ + yè 
= |a |{ c|cos@ =./3 B F.(6x 8) =a [â b c] 


* Ex. 67 Leta- i -j.b-j-kandc-k-i. If dis a unit 
vector such that a-d —0 —(b c d), thend is equal to 
(ij - 2k) (i+j-k) 

E 45 


(а) + (b) + 


(i+j+k) 
43 
Sol. (а) We have, а-а = 0 and [bc d]- 0 
=a L d and b, c, d are coplanar. 


— d 1 а and d lies in the plane of b and c, we know that the 
vector r =a x (b x c) is perpendicular to a and lies in the plane 


(с) + (9) £k 


ofbandc 
= ®.. 
Ir] 
Now, r=ax(bxc) 
=> r=(a-c)b—(a-b)ec 
=> r=~-(j-k)+(k-i) 
=-i-j+2k 
ж S p 
a r (-i-j+2k) 
=+—=+> 
4 ar Ji+1+4 
^ ^ е 
_,it+j—2k 
at x 


Li 
* E: 48 Ifa,b апас are non-coplanar unit vectors such 
that a x(b Xc) = еВ (b +с), then the angle between а andb 
2 
is 
зп n 
(a) да (b) Я 


bia d) x 
(c) 2 ( 
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Sol. (г) We have, a x(bx c) = b ai 
1 1 
> (a-c)b - (a-b)c = —b+ —c 
42 42 
> (a-c)-=0 [- a. b. c are non-coplanar] 
` 
1 
and a-b=-— 
v2 
= [al] b|cos8 = – 1 => сове = - —— 
v2 2 
. ө= 25 
4 


9 Ex. 69 The unit vector which is orthogonal to the vector 
3i 2j +6К and is coplanar with the vectors 2i + j + k and 
i-j*kis 


2i-6j+k ( 2i—3j 
" Уз ) h3 
3j-k 4i 3j-3k 
(c) JE (фе r 


Sol. (с) Let a =31 +2) +66 b=2i+j+kce=i-j+k 


Then, by definition, a vector orthogonal to a and coplanar to b 
and cis given by 


=> ax(bxc) 
= ax(bxc)=(a-c)b—(a-b)c 

=72i + j+ k)-(4\i-j+ k=2j-7k 
ax(bxc) 3j-k 


Hence, a unit vector — mI 
lax(bxc)] 10 


9 Ex. 70 Leta,b апас be non-zero vectors such that 
x 7T 
(axb) xc-4lbilel a. If is the acute angle between the 


vector b апас, then sin is equal to 


CE e 
©з EE 

Sol. (a xb)x ez] bilcla 
5 (a-c)b-(b-c)a=21 bil cla 
> (a-e)b=((b-c) + Ы ella 
- aabb {cos + th 


Asa and b are not parallel, a-e = O and cosi + + =0 


E 


242 


3 


=> созё =~ + = sin = 
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© Ex. 71 The value for[a x (b +e), b x (c - 2a), 
€ X (a +3Ь)) is equal to 
(а) (a b c}? 
(b) 7[a b c}? 
(c) -5[a xbbxcexa] 
(d) None of the above 
Sol. (b) Letax bel, bxces mund c Xa an 
[a x (b + c) b x(c ~ 2а), e x(n + 3b)] 
= [I ~n m+ 2l,n - 3m] 
1 0 -1 
=/2 1 1 
0 -3 1| 


[Imn] 


=7[Imn]=7[axbbxcexa] 
7 7[a b с] 


9 Ex. 72 Ifa, b.c апар, а, г are reciprocal system of 
vectors, then a X p +b X qc xr is equal to 


(а) [a be] (9p. *q +) 

(c) 0 (d)à * bc 
bxc cxa , axb 
Sol. dp reb T pal lube) 


JEE Type Solved Examples : 


More than One Option Correct Type Questions 


(bx e) (ае) = (n b)e 


RS 
axpei (n be] 


In h e| 

(и, b)e = (bin)a 

= [n b c] 
(beja = (a e)h 

5-2 Jab e| 


Similarly, b X q = 


| exr 


axpthxquiexr 
mt (а.е) = (a: b)e (а b)e = (b: c)a 
[n b c] 
+ (hb: c)a — (a c)b) 


м; x00 
[n b e] 


€ Ex, 73 Solve na'r 2 x, b:r = у, с.г = z, where a, b,c are 


given non-coplanar vectors. 
Sol. Given aerem beray, сга 
Leta’, b’, œ, be the reciprocal vectors of a, b, c, respectively. 
bxc ye cxa vdi axb 
[n b c] [a b e] [a b c] 
r z (r:a)a' +(r-b)b’ + (r.c) 
= ха' + yb! + zc’ 


Then, a= 


Now, 


ө Ex. 74 lfz, - ai * bj andz, =ci +d j are two vectors in 
i andj system, where| z, | | z;| « r and zy: Zz, =0, then 
м; =аї +c) and w, =bi +dj satisfy 
(а) |м, [= г 
(b)| w2 [= г 
(с) wiw: =0 
(d) None of the above 
Sol. (a, b, c) | x| 2| z;| = and z; z; 2 0 


E а? +b’ =¢?+d*=r ws (i) 
and ac + bd =0 

as, ac =—bd 

= Pj (ü) 


From Eqs. (i) and (ii), 
аі + А) = а + A?) 
a! 2d! and b? =¢? 


Now, Jw 2a! +c? =a? + 02 == |ә, | 


м =ab + bd = 0 


9 Ex. 75 If unit vectors i and j are at right angles to each 
other and p =3i + 4j, q —5i, 4r =p + qand2s =p —q, then 

(a)| т + ks| = | r — ks | for all real k 

(b) г is perpendicular to s 

(с) г + s is perpendicular tor ~ s 

(4)[г[=|5|=|р|=[| 
Sol. (a, b, d) We have, p 23i + 4j and p =5ї 

Also, 4r=p+q =3і + 4j 5i 

=8ї+ 4] > r=2i+j 


and 2s =p~q=3i+4j+si=-2i+ 4j 


> s=-i+2j 
Now, |r*ks|-|r-ks| 
=> |2i+ j - Ki «29 212i j +Â - 29 
=> (2~k)? + (1 + 2k)? =(2 + k)? + (1 - 2k)? 
Which is true for all values of k. 
Now, r§ =(2i + j)(-i+2}) 

=-2+2=0 

ris 


Also, (r +s)-(r -s) = (435) Gi -5) 23-3 =0 
(r*s).L(r-s) А 


Also, |r| = Ji! «125 
IsI 2 JC 1? +e = 45 
Iplo 32+ 42 =5 
[91= V? =5 


Ir|=|s|and| р |=| 9 | 


9 Ex. 76 a,b andc are three vectors such that 
a:a=b-b=c-c=3and|a—b|? +|b—c|* +|c—a|? 227, 
then 

(a) a, b and c are necessarily coplanar. 


(b) a, b and c represent sides of a triangle in magnitude 
and direction 


(c)a-b+b-c+c-a has the least value — 9/2 
(d)a, b and c represent orthogonal triad of vectors 
Sol. (a, b, c) Here, 
ļa-b|™+ b-c]? + | с-а |? 
=2(|а |2 *|b + |е] -a-b—b—b-c-c-c) 
=> a-b+b-e+e-a=—2 


Now, |a+ b+c[?=|a|?+|b|?+ 2a-b+ b-c+c-a) 


=3+3+3-2(2)=0 


S a+b+c=0 . (i) 
Also, ļla+b+c|’ 20 

9 те 
= a-b+b-ctea2—> .. (ii) 


Thus, least value is - 9/2 
ө Ex. 77 lfaandb are non-zero vectors such that 
|a+b|=|a—2b|, then 

(a)2a-b=|b/’ 

(b) a-b 2 |b|' 


1 9 
(с) least value of a-b -- —7; — is 
|Ь| +2 


1 ^ 
(d) least value of a-b is 2-1 
Sol. (а, д)  |a+b|=|a—2b| 
2 
ad gible 
2 
1 |b|? +2 1 
——=———+--—- 
Also, a +Тъ +2 i [ъЁ+2 


242 -1(using AM 2GM) 
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ә Ex. 78 If vectors b =(tana, —1, 2Vsina / 2) and 


c o tana, ——) 
vsina / 2 
а =(1,3, sin 20) makes an obtuse angle with the Z -axis, then 
the value of & is 
(a) = (4n + 1)л + tan” 19 
(b)a = (4п + 1)л — tan™ 2 
(с)®=(4п+2)хт + tan^'2 
(4) = (4n + 2)л – tan "is 
Sol. (b, d), Since, a = (1,3, sin 20) makes an obtuse angle with the 
Z-axis, its z-component is negative. 


are orthogonal and vectors 


Thus, —1S5sin2a <0 .. (i) 
But b-c=0 (~ orthogonal) 
tan*a — tana —6 = 0 
(tana – 3) (tana + 2) = 0 
=> tana =3,—2 
Now, tana =3. 
2tana 6 3 
Therefore, ѕіп20 = AT I 7T 
1+!ап ж 1+9 5 


(not possible as sin2a < 0) 
Now, if tana — — 2, 
= sin2a i MM ccv 2% 
1+ (апа 1+4 5 


> tan2a > 0 


Hence, 20 is the third quadrant. Also, sina /2 is meaningful. 
If 0 « sina /2 <1, the 


a = (4n + 1)л — tan^!2 


and a — (4n + 2)л — tan^!2 


9 Ex. 79 lfaandb are any two unit vectors, then the 


possible integers in the range of Ue +2|a—b|, is/are 
(a) 2 (b) 3 
(с) 4 (d) 5 


Sol. (b, с, d) We have, |а | -|b| 2 1 
Ге! Ө be the angle between a and b. 

|a * b| E 

2 
and |a-b|=2sine 


cos? * 4sin?:0 €[0. x] 


=5 PEE + m 55 
2 2 


The possible range аге 3, 4 or 5. 
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© Ex. 80 Which of the following expressions are meaning- 
ful? 
(a) u-(v x w) (b) (u-v) w 
(c)(u-v)w (d)u x(v-w) 
Sol. (a, c) (i) Since, v x w is a vector, therefore, u-(v x w) is a 
scalar quantity. 
7. (a) is meaningful. 
(ii) (ц - v) is scalar. 
оу) му is not meaningful. 
(iii) (и. v) is a scalar. 
So, (u - v)w is a scalar multiple of w. 
(u^ v)w is meaningful. 
(iv) (v: w) is a scalar. 
So, u x (v: w) is not meaningful as cross product is taken for 
two vector quantity and not for a vector and scalar. 


9 Ex. 81 Ifa+2b+3c=0, thena xb+bXxc+cxa= 
(a) Xa x b) (b) 6(b x c) 
(c) Xc x a) (d) 0 
Sol. (a, b, c) a = - (2b + 3c) 
axb+bxc+exa 
= (2b + 3c) x b+ b x c + c x{- (2b + 3c)} 
=—3c X b + bxc -2c x b=6(b х с) 
Similarly, putting the values of b and c in terms ofa anda, b 


respectively ina x b + b x c + c Xa, we get the desired results. 


ө Ex. 82 Leta =ai +b) t de -bi +c) +ak and 
y=citajt+ bk be three coplanar vectors with a + b and 


v=it+ j* k. Then v is perpendicular to 


(a) a (b) B 
(c) Y (d) None of these 
Sol. (a, b, c) It is given that aß and y are coplanar vectors. 

abc 

Therefore, [aBy]20 —|b c а|=0 
cab 

or 3abc -a° - b? - cà 20 

or a! +b? + с -3abe =0 


or (a+b + с)(а2 + b? + с? - ab - bc - ca) - 0 

or atb+c=0 [га +b? +c? - ab - bc – ca 0] 
= va=v-p=v-y=0 

Hence, v is perpendicular to œ, В and y 


• Ex. 83 Ifa is perpendicular to b and p is non-zero scalar 
such that pr +(r-b)a=c, thenr satisfy 

(a) [ra c] - 0 (b) p?r = pa - (c-a) b 

(с) р^г= pb-(a:b)c (9) р?г = pc - (b-c)a 


Sol. (а, d) Given, a-b=0 


and prt+(r-b)a=c .. (i) 


On taking dot product by b, we get 
pr-b) +(r-b)a-b=b-c 


eb p(r:b)-b:c 
c- pr 
= of Pr) = c 
> pe- p'r =(b-c)a 
pir = pc - (b: с)а 
> Pe di 5. 
p Р 
=> [гас] =0 


ө Ex. 84 lfo(a xb) * B(b xc) + Y(c x a) =0, then 
(a) a, b, c are coplanar if all of æ, B, y #0 
(b) a, b, c are coplanar if any one оѓо, B, y #0 
(c) a, b, c are non-coplanar for any a, B, y #0 
(d) None of the above 
Sol. (а, b) We have, a(a x b) + B(b x c) + We xa) =0 
Taking dot product with c, we have 
afa b c] = 0 
Similarly, taking dot product with b and c, we have 
yla b c] = 0, [a b c] = 0 
Now, even if one of a, B, y + 0, then we have [a b c] = 0 


= a, b, c are coplanar. 


9 Ex. 85 Ifa=i +j +k andb =i =}, then the vectors 
(a-i)i+(a-j+(a-k)k, (b -î)î - (b - )j - (b - КӘК and 
i+j-2k 

(a) are mutually perpendicular 

(b) are coplanar 

(c) form a parallelopiped of volume 6 units 

(d) form a parallelopiped of volume 3 units 
Sol. (а, c) Givena=i+}+kandb=i-j 


(a-i)i + (a-)) + (а: k)k- ie je ех ‚_— (ау) 
and (b -i)i + (Ь.))) + (Ь.К)К=1-)=у (say) 
and i+j-2k=2 (say) 
Clearly, xy =yz=z-x=0 
^ X, y and z are mutually perpendicular 
L- d 1 
Volume of parallelopiped=|1 -1 0 
1 1 =2 
-1(2-0)-1(-2-—0)- (1 + 1) 
2242-42-26 


"^ X, y and x are not coplanar, i.e. [x y z] #0 
*, Volume of parallelopiped formed by x, y and z is 6 cu units. 


ө Ex. 86 The volume of the parallelopiped whose cotermi- 
nous edges are represented by the vectors 2b x c, 3c x a and 
4a X b where a =(1+ sin0)i +соѕ0) + sin 20k 


ь= sin(o+ 2 Ji cos(0+ 2) аон), 
3 3 3 
e=sin(0- 28) i+ cos(0- 2) j + sin(20- ke is 18 


cubic units, then the value of 0 in the interval C z) is/are 


x 2n 
(a) 3 (b) 
x 4n 
(= (a) 


Sol. (a, b, d) Volume = |[2 x c 3c xa 4a хЪ]| =18 


=> 24[a b c]? =18 
= |[a b c]| = У 
2 
(1 + ѕіпӨ) cos sin20 


Now, [a b с] = sino + Am) coso + =) “(ө + &) 


(ө - =) coso - zm) sn( 2 - л) 
3 3 9 
Applying R, > В, + К, + R, and expanding 
|[a b е] = S [cosso| = Ë 


1 п 2x 4n 

=+-=30 = —, —,—— 

=> cos38 A eaa 
2n 4n 
> eg. a n 
99 9 


© Ex. 87 Ifa =й +y) + zk, b 2 yi + z) + xk and 
с= zi + xj + yk, then a x (b xc) is/are 
(a) parallel to (y — 2)і +(z- x)j +(x- y)k 
(b) orthogonal to i+ j +k 
(c) orthogonal to(y + 21 +(2+ x)j +(х + yk 
(d) parallel to i +j +k 
Sol. (a, b, c) a x (b x c) =(a-c) b — (a: b)c 
=(xz + yx + yz) GÀ +) + xk) 
- (xy + yz + zx) (Â + aj + yk) 
=(xy + yz + zx)[(y - iji (z-x)* (x - y)k] 
Clearly, 1 toi + j+ kand also to 
(y + z)Î + (z  x)) + (x + y)k, as dot product are zero, clearly 
parallel to 
(y - 2i + @ - х)) +(x- y)k 
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о Ex. 88 Ifa, b andc are three non-zero vectors, then 
which of the following statement(s) is/are true? 
(a) a x (b x c) b x (cx a)c x (a x b)from a right handed 
system. 
(b) c (a X b) x ca x b from a right handed system 
(c)la-b+b-c+c-a<0,ifa+b+c=0 
(xb XS) iua bién) 
(b x c):(a x c) 
Sol. (b, c, d) 
(a)a x(b xc) + b x(c Xa) + c x(a Xb) =0 
=> vector are coplanar, so do not form RHS. 
(b) (a x b) x c, a x b, c in that order form RHS. 
= c, (a x b) x c, a x b also form RHS as they are in same cyclic 
order. 
(jatb+c=0>|atb+ c|?=0 
— a+b? +c? =-Aa-b+ b-c+ c-a) 
= a-b+b-c+c-a:<0 
(dja+b+c=0 


=> axb=bxc=cXa 


9 Ex. 89 Let the unit vectors a andb be perpendicular and 
unit vector c is inclined at angle œ to a and b. If 
c=la+mb +n(a x b), then 


(а) = m (b) à? = 1- 212 
(с) п? = — cos 20 (d) m? “a 


Sol. (a, b, c, d) 
a-b=0, c-a = c-b = cos 
Take dot products with a , b and c respectively. 
l=mP + т + п? =1 


п = - cos2a, 


> 


2_ 1+ cos2a 
dae 


9 Ex. 90 Ifa x(b хс) is perpendicular to (a x b) x c, we 


may have 
(a) (а -с) | b | =(a-b)(b-c) (b) a-b=0 
(c) a.c 20 (d)b-c =0 
Sol. (a, c) 
a X(b xc) =(a-c)b—(a-b)c 
and (a xb) x e 2 - (c: b)a + (a: c)b 


We have been given 
(a x (b xc))-((a x b) хе) =0 
((a- c)b – (a: b)c)-((a:c)b – (с: b)a) = 0 
ог (a:c)'| b|* — (a: c)(b:c)(a-b) 
— (a: b)(a: c)(b:c) + (a: b)(b:c)(c:a) = 0 
(a: c)*| b|? = (a: c)(a: b)(b: c) 


or 
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ог (a-c)((a-c)(b- b) - (a-b)(b-c)) = 0 
a-c=0 
or (a-c)| b|? =(a-b)(b-c) 


© Ex. 91 if(axb) x(cxd)-(a xd) =0, then which of the 
following may be true? 

(a) a, b, c and d are necessarily coplanar 

(b) a lies in the plane of c and d 

(c) b lies in the plane of a and d 

(d) c lies in the plane of a and d 
Sol. (b, c, d) (a x b) x (c x d)-(a xd)=0 

ог [acd] b-—[be dh)-(axd)=0 

or [ac d][d a d] 2 0 

Hence, either c or b must lie in the plane ofa and d. 


9 Ex. 92 The angles of a triangle, two of whose sides are 
represented by vectors 4/3(à х b) andb — —-(a- b)à, where b is 


a non-zero vector and à is a unit vector in the direction of à, 
are 


JEE Type Solved Examples : 
Statement Type | & II Questions 


(a) tan” (V3) (b) тал” (1/43) 


(c) cot" (0) (d) tan” 1) 
Sol. (a, b, c) Consider V, V; =0 
= A=90° 
| b-(à-bà| V3|4xb| 
Using the sine law, Te di eo 


1 |Ь-(@-Б)4| 


or tnt oe làx5| 


1 1@ x 5)xà| 
Уз |ахЬ| 


1 |а x b||a|sin90° _ 1 


т 
82— 
or n 


= Directions (Q. Nos. 93-96) This section is based on 
Statement I and Statement II. Select the correct answer 
from the codes given below. 


(a) Both Statement I and Statement II are correct and 
Statement II is the correct explanation of Statement I 


(b) Both Statement I and Statement II are correct but 
Statement II is not the correct explanation of 
Statement I 

(c) Statement I is correct but Statement II is incorrect 

(d) Statement II is correct but Statement I is incorrect 


€ Ex. 93 Let the vectors PQ, OR, RS, ST, TU and UP 
represent the sides of a regular hexagon. 
Statement | PQ x (RS + ST) #0 
Statement 11 PQ x RS =0 andPQ x ST 20 
Sol. (c) Clearly, RS + ST = RT, which is not parallel to PQ. 
PQx(RS + ST) +0 
So, Statement I is correct. 
Mes PQ is not parallel to RS. 
PQxRS #0 
So, Statement II is not correct. 


© Ex. 94 p,qandr are three vectors defined by 
p=ax(b+c),q=b x(c+a) andr 2cx(a +b) 
Statement І p,q andr are coplanar. 


Statement 11 Vectors p,q r are linearly independent. 
Sol. (c) Statement I p+ q+r =ax(b+c)+b 
х(с+а)+сх(а+Ь) 
=ахЬ+ахс+Ьхс+Ьха+сха+схЬ 
=ахЬ+ахс+Ьхс-ахЬ-ахс-Ьхс 
=-4-г (a linear combination of q and г) 
Therefore, p, q, г are coplanar and hence statement I is true. 


Statement П p+q+r= 0= p,q,r are not linearly 
independent. 


Therefore, statement II is not true. 


ө Ex. 95 Statement I If ina AABC,BC = GR “ld and 
P 


2 
AC- Pipl *|q| then the value of cos 2A +cos 2B +cos 2С 


Ipl 
is —1. 
Statement II /f in AABC, ZC = 90°, then 
cos 2A +со5 2В + соѕ2С = – 


Sol. (b) Statement II In AABC, ZC =90° 
cos2A + cos2B + cos2C 
=2cos(A + B)cos(A — B) + cos180° 
= cos (180? — C)cos (A - B) -1 
= —2cosC cos(A — B)-1 
=0-1=-1 [~ cosC = cos90°= 0] 
Therefore, Statement II is true. 
Statement I BC = 5-4, AC =2p 
AB = АС+ CB=2p-—(p-4)=p+q 
Now, AB-BC =(p+4).(p—q) 48°- =1-1=0 
s, ZB =90° 
* Now, cos2A + cos2B + cos2C 
= cos 2A + cos2C + cos 2B 
=2cos(A+C)cos(A—C)+cos180° 


JEE Type Solved Examples : 
Passage Based Type Questions 


Passage I 
(Ex. Nos. 97-99) 


Leta =2î +3) — 6k, b=2i 3j - 6k andc=—2i1+3j+6k 
Let a, be the projection ofa on b and a; be the projection 


ofa, and c. Then 


9 Ex. 97 a, is equal to 

3, a X 943-6 2o r 

) 22221 - aj - 6k) (ы) 322021 - 3j - ek) 

A. oat a DA gt ee 

(92S iaj + 6k) (2) (21 +3) +6) 
Sol. (b) 


Qi -3j4 2 2i -3j +6& 
7 7 


a, = le + 3j - 6k). 
= 24104-3) + 6k) 
49 


А „ (-214+3}+ 6k)). (-2i +3) + 6k) 
a= X G -3+ sio CH eed, — 


7 


"a (- 4-9 + 36) (- 2i +3) 6k) 
4 
= TS ai -3j-eio 


* Ex. 98 a,.b is equal to 
41 
(а) – 41 0- = 


(с) 41 (9) 287 
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—2cos(180*— B)cos(A—C) - 1 
—--—2cosBcos(A-C)-1--1 
Therefore, Statement I is also true. 


Thus both Statements are true but Statement II is not the 
correct explanation of Statement I. 


9 Ex. 96 Statement 1 /fa is perpendicular to b andc, 
then a x(b xc) =0 
Statement 11 /fb is perpendicular toc, thenb x c =0 
Sol. (c) If a is perpendicular to b and c, then a ||(b x c) 
ax(bxc)=0 

Therefore, Statement I is true. 

But, if b.Lc, then bxc #0 

Therefore, Statement II is not true. 


Sol. (a) a,-b=-— i -3j + 6k)-(2i-3j+ ek) =— 41 


9 Ex. 99. Which of the following is true? 
(a) a and а, are collinear 
(b) a, and c are collinear 
(c) a, a, and b are coplanar 
(d) a, a, and a, are coplanar 
Sol. (c) a, a, and b are coplanar because a, and b are collinear. 


Passage II 
(Ex. Nos. 100-102) 


Let a, b be two vectors perpendicular to each other and 
[а] 22, |b| 3 and c xa =b. 


© Ex. 100 The least value of|c — al is 


1 
(а) 1 9 
1 3 
ку (9) re 


ө Ex. 101 When|c—al is least the value of a (when a is 
angle between a and c) equals 


[1 A 3 
(a) tan (7) (b) tan (3) 


(c) соз”! (3) (d) None of these 


C B= 90°) 
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ә Ex. 102 When|c – a| attains least value, then the value 
оя is 


1 7 
(a) : (05 
5 
QE (d)4 
Sol. For (Ex. Nos. 100-102) 
Here, la] 2 2. |b] 23 


сха=Ь = [се| |а|ѕіпоа =|b| 
3 
=> le] = cosec a 


Consider, |с — aj? =|¢° — Xa с)+ lal? 


Je-al2 ; and least possible when 


3 3 43 
соіа =2 => tang =- — Q=tan — 
2 4 4 
Also | ТВ шке эё. MT 
2sina (2 2 
2|- 
5 
100. (d) 101. (b) 102. (c) 
Passage III 


(Ex. Nos. 103-105) 


Consider a triangular pyramid ABCD the position vectors 
of whose angular points are A (3,0, 1), B (—1, 4, 1), C (5,2,3) 
and D(0, — 5, 4). Let G be the point of intersection of the 


medians of triangle BCD. 


ө Ex. 103 The length of vector AG is 


(a) Л7 (b) = 
3 V59 
diver 
(c) 4 (d) > 
ө Ех. 104 Area of triangle ABC in sq units is 
(a) 24 (b) 8/6 
(с) 4/6 (d) None of these 


e Ex. 105 The length of the perpendicular from vertex D 


on the opposite face is 


14 2 
(a) X (b) £73 
(c) x (d) None of these 


Sol. For (Ex. Nos. 103-105) 


Point G is (2. 1 з) Therefore, 
3.53 3 


AB -— 4i 4- 4j * 0k 
AC -2i + 2j +2 


D (0, -5, 4) 


ijk 
ABxAC=-81 -1 0 
1 1 1 
=i + j-2k) 


Area of ABC = 7 |AB x AC| = 4\6 


AD -—-3i -5j «3k 
The length of the perpendicular from the vertex D on the 
opposite face 
=| Projection of AD on AB x AC| 


103. (b) 105. (a) 


Passage IV 
(Ex. Nos. 106-108) 


Let A, B, C represent the vertices of a triangle, where A is 
the origin and B and C have position vectors b and c 
respectively. Points M, N and P are taken on sides AB, BC 


and CA respectively, such that ВЕ = CE, =q 
AB BC CA 


A (Origin) 


B(b) N "Qo ` 


[Now answer the following questions] 


9 Ex. 106. AN - BP - CM is 


(a) 30 (b + c) (b) a(b + c) 
(c) (1— 0) (b + c) (d)o 


Sol. (d) Since A —: 


«Position vector of N = (1 — &)b + ac 


Since, 


- PV. of 
Now, 


р=(1-0)с 
AN =(1-@)Ь+ос 
ВР=(1-@)с-Ь 
CM =ab-c 
-. AN + BP+ CM=0 


9 Ex. 107. The vectors AN, BP and CM are 


(a) concurrent (b) sides of a triangle 
(c) non-coplanar (d) None of these 
Sol. (b) Since AN + ВР + CM =O 


Hence, AN, BP and CM from the sides of a triangle. 


* Ex. 108. If ^ represents the area enclosed by the three 
vectors AN, BP and CM, then the value of à. for which A is 
least 


(a) does not exist (b) ; 


wi (d) None of these 
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Sol. ©) A= |AN x BP| - 20 -a)b + ac) x (1 - a)e - b]| 
= I(t - ab x e) + alb x e) 


=з do-a +1) 


2 
1 1 3 
=-|bx --| +- 
2! al г) | 
Р 1 
Ais least, if at == 


Раѕѕаре У 
(Ex. Nos. 109-110) 
If AP, BQ and CR are the altitudes of acute AABC and 


9AP -- 4BQ* 7CR = 0. 
9 Ex. 109. ZACB is equal to 


т n 
(a) n (b) з; 


af A 
(c) cos (57) 


9 Ex. 110. Z ABC is equal to 


JEZ л 

(а) со ( =) (b) 
EIE л 

a raum = 

(с) соѕ | z | (4) А 


Sol. For (Ex. Nos. 109-110) 


Since, sum of three vectors 9AP, 4BQ and 7CR is zero, there is 


a A whose sides have lengths АР), 4|BQ, 7| CR] and are 
parallel to the corresponding vectors. 


H is orthocentre. 
= ZBHP =90°-ZQBC = ZACB 


= Angle between AP and BQ equal to ZACB, similarly angle 
between BQ and CR be ZBAC. 


2AB . BC. . AC. 
7|CR| ЯАР 4|BQ| 
2. ar. (ДАВС) =| AB x СЕ| =|BC x AP| -|CA x BQ 


= 


= so 5 
7 9 4 
а:Ь:с=3:2: 47 
фф. d 
=> ducat to er 1 
2ab 2 
= ZC =60° == 
3 
Yu E vA 
and Shee 656 Р 2 
2ac 7 
109. (b) 110. (a) 
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Passage VI 
(Ex. Nos. 111 to 113) 
Let a, b,c are non-zero unit vectors inclined pairwise with 
the same angle Ө. р, q, r are non-zero scalars satisfying 
axb+bxc=pa+qb+re 


9 Ex. 111 Volume of parallelopiped with edges a,b andc is 


(b) (p +q + r)cos8 
(d) None of these 


(a) p + (9  r)cos8 
(c) 2p – (9 + г)соѕ0 


ө Ex. 112 The value Zu * 28) is 
p 


(b) 0 
(d) None of these 


(a) 1 
(c) 2[a b c] 


ө Ex. 113 The value of |(p + q)cos0 + r| is 


(а) (1+ cos@),/1— 2cos8 
(b) 2sin? EIE 2cos0| 
(c) (1 — sin®),/1+ 2cos8 


(d) None of the above 


Sol. For (Ex. Nos. 111-113) 
Volume of parallelopiped = [a b c] =a. (b x c) 


JEE Type Solved Examples : 
Matching Type Questions 


ө Ex. 114 Match the items of Column | with items of 
Column II. 


Column I Column II 
A. If[a + |= |a + 2b|, then angle betweena р. 90° 
and bis ( a APOE ere ere Ы 
В. 16а +b |= а – 2, then angle betweena q. obtuse 
and b is KADER: n 
C. If|a+b|= [а — b|then angle betweena and г. 0° 
ee ъ= „Фи „Ю® 
D. Angle between a x b and a vector 5. acute 


perpendicular to the vector c x (a x b) is 


Sol.A—q B—2sCop Dr 
(A) Ja + b| =|a + 2] 


Now, we have 
axb+bxc=pa+qbtre 

= a.(a x b) t a.(bx c) = p(a.a) + q(a. b) + (а.с) 

= [aa b]-[a b c] = plal^*glal|b| cos + rlal|c|cose 

= [a b c]= p + qcos0 + гсоѕ0 = p + (q + r)cos® 

. Volume of parallelopiped = р + (q + r)cos8 

Taking dot products with a, b, c respectively with given 

equation 


[a b c] 2 p + (q + r)cos8 .. (i) 
0=(p + r)cos0 +q (ü) 
[a b c]=(p + q)cos0 +r ...(iii) 
1 соѕ9 cos 
Also, [ab е]? =|соѕ9 1 cos 
cos® со$Ө 1 | ) 
=> [a b cj? =(1 — cos@)*(1 + 2cos8) 


v = |[а b c]| =|1 – cos8]|./1 + 2с050| 
=2sin??. | Ji + 2созб| 


From Eqs. (i) and (iii), p = г substituting in Eq. (ii), we get 
2рсоѕ9 + q=0 


> Я +2соѕ9 =0 
р 


111. (а) 112. (с) 113. (b) 


a? +b? +2a-b =а? + 4b? + 4a-b 
or 2a-b=-3b7 <0 
Hence, angle between a and b is obtuse. 
(B)|a + b| =|a — 2b| 
or a? +b? + 2a. b - a! + 4b^ — 4a-b 
or 6a-b=3b? >0 
Hence, angle between a and b is acute. 
(C)|a + Ы =|a – Ы 
=> a-b=0 
Hence, a is perpendicular to b. 
(D) c x (a x b) lies in the plane of vectors a and b. 
A vector perpendicular to this plane is parallel toa x b 
Hence, angle is 0*. 


• Ex. 115 Match the items of Column I with items of 
Column Il. 


Column 1 Column Ul 


A leta|2|b2,xsa-b,ysa-b.H p 4 
\ 
Ix X y| 8 2 {А - (a> 212, then the value of 
Ais 
B. The non-zero value of À for which Pope qM 
between Al + 1+ Kand + NES Kis Sis 
C. 1|а| = || = land lel = 2, then the maximum r. 16 
value of |a = 2b[ + |b 20р + le- 2a fis 
&. T = 
Sol. 


A> (r). В > (р), С > (9), 

(A) x x y =(a Xb) X(a ~) 
=aXa-aXb+bxa-—bxb=—2(axb) 

LHS = |х X y| =|- 2 (a x b)| = 2Ja|| blsind 


1 H 
=2(A - (а b))? =A – Jal! | b? cos?0)? 


1 
= XA – 16cos70)? 
16зїп?Ө = A — 16cos?0 
= 16зїп?Ө + cos*0) = А 


8sinO 


> 


(В) We have, cos 


A? +2 = 20А + 1) 
М - 4А =0 
МА - 4) =0 
à 20and4 
& A=4 
(C) We have, [a – 20° + |b - 2d" + [e - 2al? 
= aj! + АЫ – da-b + |b]? + dle? — Ab-e 
* [e + 
= 144414+16+4+4-4a-b+ brc cia) 
30 - dab + b-c + c'a) 
We know that, 
(a +b +c)’ = Za! +2Za-b20 
ie. 11 4 2(a- b & bie cia) 20 
asbebcetcia2-3 
230-4(-3)2304122 42 


руу у 


dJal? – 4c«a 


=> 


=> 
= 
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ә Ex. 116 Match the items of Column 1 with Items of 
Column Il. 


В, 


Sol. 


"E. 


| The polnts whose position vectors are | N. 


Column 1 Column П 


` nate two veetorsa = 2f = 3] 4 ok, p 0 
22b r2) and 
Projection of a on. b х 
id rejection ога с «thon the value of 
^n rojection et b on a 
Mis 
Wasit jtk, bei r2] k, q. 7 


e M+ fand n à phis normal to & then pis 


. Let n, by cbo three non-zero vectors such that r 5 


nt best then À(Qi x b) rex b 
ta xe Q where A is equal to 


tw 


pl tal trk, і t rj t pk and rt кр) + qk 
are collinear, „then the value of 
e D DEN 4 r = p-ar- rp) is 


A (q), B — (r), € > (s). D > (р) 
(A) Given, a s2E-3) 4 6k 
and bs-2l42)- 


a ») 
Projection of a on b ІЫ |a| 
LL АЦА E Чы Р ЖЕЙ | 


Projection of bona (ben |b| 
in| 


Vito FM 7 
тат 3 


Now, А = 


5 +(=3) +6? 
-I +2 +(-1# 
ЗА 27 
(B) Given, a= E 2) 4 3k, 
bs-ie2) k and csl +) 
Since, а + pb is normal to с 
= (а + pb)-c 20 
=> [7 p) @+2p)) + G+ pk] als 
X1-pt242ps0 


D=o 


= 3-3p*242p90 

^ pes 

(C) Given,at b es0 

=> axXataxbtaxce#axd 

= axbtaxewd wi) 
Alo, bxXatbxbtbxee#bxo 

=> Ъха+ хе» 0 

=> -axb-exbsuü 

= axbtexbed (0) 


On adding Eqs. (i) and (ii), we get 
Waxb)texbtaxeso0 
On comparing, we get A = 2 
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Pqr 
(0) jq r p|=0 
r pa 


= (р+а+ пр? + д + r?°- pq-qr-rp)=0 
p +q +r? — pq-qr-rp=0 


ә Èx. 117 Match the items of Column I with items of 
Column Il. 


e | .  Colmnl . T Column II 
A. Ifa and bare two unit vectors inclined at p. —12 

D then 16[a b+ a x bb]is 

B. Ifbandc are orthogonal unit vectors and q. 1 
__bxc=a, then[a+ b+c a+b b+ cis 

C. If|a| 2 |b| 2 |c|  2and t 3 

а: b=b-c=c:a=2 then[a b c]cos45? is 

„Жано... CUPRUM : 

D. a-2i « 3j- к, be - i 2j - 4k, s. 4 


c=i+j+ k and d = 3i + 2j+ k, then 
ES X b): (c x d) is equal to 


Sol. A — (р); B > (q); C > (s); D > (г) 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


e Ex. 118 Given thatu=î - 2j 3k; v — 2i +j + 4k; 
w=i+3j +3k and 
(u-R —15)Î + (v -R —30)j +(w -R – 20)k = 0. Then, the 
greatest integer less than or equal to |R] is 
Sol. (6) Let R 20d be ck 

u-i-2j «3k; v=2i+ j+ 4k; w 2i e 3j e 3k 


(u-R—15)i+(v-R —30)j+(w-R-20)k=0 (given) 
So, u- R = 15 5х - 2у + 32 = 15 0) 
v: R 230—2x + у + 42 = 30 (ii) 
м: R =25 9 х + 3y + 32 = 25 .. (iii) 


Solving, we get 


x=4 
у=? 
z=5 
Now, |R| = /4? 425 52 =./45 
[[RI] 2 [45] =6 


(A) Сімепа and b are two unit vectors, Le, [n] ‚| = 1 and 


n 
angle between them і 7 


sind = In a Б 
| 


a| | b| 
V: 


3: aja x b| 
2 


n 
> ang = [ах | 


Now, (a b +a x b b] = (а ЪЪ [na x b b) 
=0+[aax bb] 
=(a X b): (b xa) = ~ (а X b): (a x b) 


Р 3 
2-|xb[s- 


(B) If b and c are orthogonal b : c = 0 
Also, it is given that b x c =a, 


Now [a + Бъ ca* bbc], 
= [аа+ bb c] + [b * ca * bb c] 


= [a b e] 2 a (bxc) 
2na:a = |а 21 
(C) We know that, [a x b b x c c xa] (a b с] 
a:a a-b a:c| |4 
and=[abc]’=|b-a b-b b-c|= 
са c'b с.с 
[a b c] = 4/2 
(D) (a · c)(b - d) - (b: c)(a: d) 221 


9 Ex. 119 The position vector of a point P is 
r=xityj+zk, where x, y, z e N anda=i+2j +k. If 
гга = 20 and the number of possible of P is 9X, then the 
value of À. is 
Sol. (9) r-a 220 = x+ 2y + z = 20, xyzeN 
Number of non-negative integer solution are 
=> UG Uo +С +..+'с, 
=81=91 > A=9 


© Ex. 120 Letu be a vector on rectangular coordinate 
system with sloping angle 60°. Suppose that |u — i| is 
geometric mean of |u| and |u — 2i|, where i is the unit vector 
along the X-axis. Then, the value of (V2 + 1)|ч| is 
Sol. (1) Since, angle between u and i is 60°, we have 
u-i=[ullijcos6o° = B 
Given that, | u |, |u — i|, |, |u — 2 аге in GP. 


So, Ju = il* =u] –21 


(becausz a is a unit vector) 


Squaring both sides, 
(Iu + |i? —2u - i)? = (lu 4fif* — 4u i] 


(iu? +1 -au slu (iu + a- L) 


or {ul + 40| -12 0 
= lu = 25242 
2 
or jul 2 42 -1 
= (V2 +1) |uj = (v2 +1)(2 -1) 22-121 


€ Ex. 121 Let A(2i «3j +5k), B(- 1 3] + 2k) and 
С(М +5} uk) are vertices of a triangle and its median 
through A is equally inclined to the 
axes, the value of 2X — | is 

Sol. (4) Median through A is 


Positive directions of the 


A 
ae 
В G 
Ap. AB* АС 
2 
AB - —3i - 3k 


AC - (А - 2) + 2j + (u – 5)k 
AD = [QA -5)i +2} + (и - 8) 


We have, AD is equally inclined to the positive direction of 


axes 
Ha -si +2) +0 - oid 
ea NEN 
lt -5i«2j*& - 5g: 
ар —— 
Lia -syi +2) + (и -8)k]- k 
ЕЕ NE 
= ыы сы 
m A =7andp =10 


2A -p =14-10=4 
ә Ex. 122 Three vectors a(|a| +0), b апас are such that 
1 
axb =3a xc, also|a| - |b| 21 and|c| sri If the angle 


between b and c is 60° and |b —3c|=A|al, then the value of 
À is 
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Sol. (1) We have, axbz3a xc 

=> a X(b-3c)z0 

=a is parallel to b —3c. 

Now, b-3c=Aa 

E |b —3с|? = Jal? 

= |b]? +99 – &b. c) = Ja]? 

=> 149x+-6x1x4dx1 = Аа) 
9 $2 

> 141-123 = X =1 

А=+1 


9 Ex. 123 ifa, b, c are unit vectors such that 
QR 
a+b=0=a-cand the angle between b апа с is —, then the 
value of|a xb -a xc]. | 
Sol.a.b=0>alb 
а.с=0=а1с 
=» alb-c 
 |ахЬ-ахс|=|а x(b- c)| 
7lal|b – c| 2 [b — e| 


Now, |b- el? =ЈЫ? +e]? —2|blle|cos™ 


1Ь- |= 1 


© Ex. 124 If the area of the triangle whose vertices are 
A(- 1, 1, 2); B(1, 2, 3) and C(t,1, 1) is minimum, then the 
absolute value of parameter t is 

Sol. AB=2i+ j+k AC- (t 1)i e 0j - k 


i jk 
ABxXAC=/ 2 1 1 
t+1 0 =i 


=~i+(t+3)j-(+ nk 
= те з) +( xy 
= ar +в +11 


Area of AABC = АВ x AC| 


Let f(t) = a = "a B 1) 


ft)02:(-2-2 
At t=-2, f"()»0 
So, Ais minimum at t = - 2 
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9 Ex. 125 Let ОА =a, OB —10a + 2b and OC =b, where 
О, A and C are non-collinear points. Let p denote the area of 
quadrilateral OACB, and let q denote the area of parallelo- 
gram with OA and OC as adjacent sides. If p =k q, then К is 
equal to i 
Sol. Here, OA =a, OB =10a + 2b, OC =b 

q — Area of parallelogram with OA and OC as adjacent side. 

^ q=|axb| .. (i) 


C B 


с 


[9] а 


р = Area of quadrilateral ОАВС 
= Area of AOAB + Area of AOBC 


= 1 la x (10a + 2b)| + 3 laoa + 2b) x b| 


=|axb|+5|a x b| 
p-6laxb| 
or p=6q [From Eq. (i)] 


k=6 


ө Ex. 126. lf x, y аге two non-zero and non-collinear 
vectors satisfying [(a — 2)a? +(b – 3)о * c]x * [(a — 2)p? 
(b –3)В  c]y *[(a – 2)Y? * (b -3)y +с](хху) =0 
where at, B, ү are three distinct real numbers, then find the 
value of (a? + b? +c? —4). 
Sol. (9) Since, x and y are non-collinear vectors, therefore 
x, y and x X y are non-coplanar vectors. 
So, [(а – 2)? + (b -3)& + c]x + [(a —2) B? 
+ (b -3)8 + c]y + (a —2)ү* + (b -3)y + cl(x x y) =0 
— Coefficient of each vector x, y and x X y is zero. 
(a -2) a? +(b-3)a+c=0 
(2-2) В +(b-3)B+c=0 
(a -2) ү + (0-3) ү+с=0 


The above three equations will satisfy if the coefficients ofa, В 
and y are zero because a, В апа ү are three distinct real numbers 


a-2=0ora=2, 
b-3-20o0rb-3andc-0 
аё +2 + с? =22 +32 + 0° =44+9=13 


ө Ex. 127 Letv - 21+} —k and w = 1 3k. /fà is unit 
vector and the maximum value of[u v w] — Vii, then the 


value of (A —51) is 
Sol. (8) We have, [u v w] 2 u.(v x w) 


=> [u v w]<S|ullv x w| [a.b < [ај|Ы] 
> [uv w]S|v x wi [-[ul 2 1] 
ij Ek 
Now, vxw=|2 1 -1 -3i-7j-k 
10 3 


Ivx wi- М9 +49+1 = 459 
Hence, maximum value of [u у м] = 4/59 
On comparing, we get A =59 
À-51-28 


ө Ex. 128 Leta - ad +2) -3k, b =i+2aj – 2k and 
c-2i -0j +k. Then the value of 6a, such that 
{(a x b) x (b Xc)} x (c x a) =0, is 
Sol. (4) a =ai + 2j-3k b =i +20j - 2k c 22i - oj k 

((a x b) x (b x c)) x(c xa) 20 

or [([abc]b-[a b b]c] x(cxa) - 0 


or [a b c]b x (c Xa) =0 

or [a b c]((a . b)e - (b. cha) 2 0 

or [abc]=0 (va and care not collinear) 
= @ 93 

=> 1 2а -2/=0 
2 -а 1 


ог a(2a ~2a) - X1 + 4) -3(-a - 40) = 0 or 10- 15 =0 


qat 


Subjective Type Questions 
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€ Ex. 129 Leta andb be two unit vectors such that à +b 


is also a unit vector. Then, find the angle between à and b. 
Sol. Since, á b is a unit vector. 


=> |+ bl=1 = [a+ 02 =1 
=> (4+ b)-(à + b) -1 
E a-4+b6-b+24-b=1 = 14+1+24-b=1 
= àd--l- 8116 cose =- 1 
1 ^ 
> "adole (б. lâ] = |b| 2 1) 
= Ө 2120? 


Hence, the angle between â and b = 120°. 


è Ex. 130 Determine the values of c so that for all real x, 
the vectors cxi — 6j j*3 k and xi +2) j+ 2cxk make an obtuse 
angle with each other. 
Sol. Given, a = cxi - 6j + 3k and b - xi + +: + 2o 

`` a and b make an obtuse angle with each other. 


cos8 “пы <0 
lal|b 


Р cx? — 12 + 6cx 
ie. «0 

etx? +36+ 9x? + 4+ 4с?х? 
= cx? + 6cx -12 <0 .. i) 
Now, two cases are possible. 
Case I c#0 
=> cx? + 6cx—12 is a quadratic equation which has real solution 
“iff A <Q and В? – 4AC <0” 
ie. ifc < O and 36c? + 48c < 0 
іе. ifc < 0 and 12c(3c + 4) < 0 


=> 3c+4>0 [-с> 0] 
=> mA <с<0 (ii) 
3 
Case II c=0 
=- 12 < 0 which is an identity. 
c — 0 satisfy Eq. (i) ...(iii) 


4 
«<. From Eqs. (ii) and (iii), we get — x <с<0 


* Ех, 131 A,B,C andD are four points in space. Using 
vector methods, prove that AC? + BD? + AD? + ВС? 
> AB? +CD? what is the implication of the sign of equality. 


Sol. Let the position vector of A, B, C and D be a, b, c and d, 
respectively. 


Then, AC? + BD? + AD? + BC? 
=(c —a)-(c —a),+ (d —b)-(d —b) 
* (d -a).(d —a) + (c - b).(c — b) 
= |с? + Ja 2a - c + |d|? + |b|? -2d- b 
+|d|? + aj 2a. d + |c]? + |b]? 22b. c 
= [ај + |b|? — 2a - b + |c]? + |d]? 2c. d 
+ Jal? + |b]? + |q? + |d]? —2a - b + 2c- d 
—-2a:c-2b.d – 2а: -2b.c 
= (a — b): (a — b) + (c — 4) : (с: d) + 
(a +b-c-d)-(a+b-c-d) 
= АВ? + СО? + (a cb -c-d).(a* b 
-c- d) > АВ? + CD? 
AC? + BD! + Ар? + ВС? > AB? + CD? 


9 Ex. 132 Using vector method, prove that the altitudes of 

a triangle are concurrent. 

Sol. Let the point of intersection O of two altitudes BQ and CR be 
taken as origin and the position vectors of the vertices A, B, C 
be a, b, c respectively. Let AO produced meet BC at P. We 


will show that AP is perpendicular to BC , showing there by 
that the three altitudes are concurrent. 


A(a) 


B(b) Cc) 
OB = b, BQ = ub 
as its collinear with OB. 
Similarly, since ос= Сс 
* CR -vC 
Now, 


AC-c-a and AB- b-a 
Since, ВО 1 AC, we have ub. (c -a) and soa. b =b. c 
Арш, since CR .L AB, ус.(Ь-а)=0 


b.c=c.a 
» a.b-b.c-c.a 
or a.(c- b)-0 
=> Ла .(с- Б) =0 


AP.BC=0 = АРІ ВС 


ә Ex. 133 Using vector method, prove that the angle in a 
semi-circle is a right angle. 


Sol. Take the centre O as origin and AB is the diameter, so that 
OA = OB. 


If the point A is a, then B is — a and |a| =r = radius. 
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Let P be any point r on the circumference, so that |r] = OP =r 

Then, AP = Position vector of P ~ Position vector of A =r -a 

and BP = Position vector of P — Position vectorofB=r+a 
AP. BP =(r —a).(r +a) =r? -aà? =r? -r 29 


A(a) 


© Ex. 134 The corner P of the square OPQR is folded up so 
that the plane OPQ is perpendicular to the plane OQR, find 
the angle between OP and QR. 

Sol. After folding OPQ, PS L SR. 


Here, SQ 1 SR, SQ L PS 
Let SR = i5Q-—LisP-—j 
OP =-S0+ 5Р= 723+ Ti - Gl) 
QR - SR - SQ - 7k - i) 
[OP|- 7 2-a = |QRI-« 


Cosine of angle between OP and 


Ооа ат 
> cote Ца ж o7 


ө Ex. 135 Ina AABC, prove by vector method that 
3 
cos2A  cos2B +cos2C 2 — 5 


Sol. As we know, (OA + ОВ + OC)! 20 (i) 
and JOA)? =|OB)? =|OC|? = R? ii) 
A 


-. Using Eq. (i), 
[OA]? + | OB? + |OC|? + XOA.OB + OB. OC + ОС.ОА)>0 


= 3R! + 2R'(cos2A + cos2B + cos2C) 20 


= cos2A + cos2B + cos2C 2-2 


© Ex. 136 Let B = 4+3) and ү be two vectors 
perpendicular to each other in the XY -plane. Find all the 
vectors in the same plane having the projections 1, 2 along B 
and y, respectively. 
Sol. Here, B = 4i + 3j 

Since, y is perpendicular top ie.B. y= 0 

Ме can choose ү =3Ai — 4А) for all values of 2. 

Let the required vector bea =li + mj 


Now, projection ofa along B = oy 
ju ви o cni ss _@ 
Similarly, projection ofa along ү = e.T 
ЗАМ ~ 4m 
= 22394 - 44m 
57. 
= 3l — 4m — 10 2) 


On solving Eqs. (i) and (ii), we get 
1-2andm--1 
a -2i-j 
© Ex. 137 Ifa,b апас are three coplanar vectors. If a is 
not parallel tob, show that 


c.a hd a.a c.a 
а + 
_|с.Ь b.b a.b c.b 
2, a.a a.b 
a.b b.b 
Sol. Since, a, b and c are coplanar, we may write 
с= Аа + А,Ь 
=> a.c=Aja.at+Aa.b fd 
and b.c=A,b.a+A,b.b 00) 
On solving Eqs. (i) and (ii), by Cramer's rule, we find that 
a.c a.b [a.a a.c| 
b.c b.b [b.a b.c| 
pid TX RC n мелт a.b] 
a.b b.b a.b b.b| 


On substituting A, and À;, we get 
c.a a.b 

c.b ME 

a.a a.b 

a.b wel 


a.a c.a 
+ 
a.b c.b 


b 


c= 
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° Ex. 138 In ^ ABC, D is the mid-point of side AB and E al PAJ? + РВ + | PC)? 
2 2 2 1 
is the centroid of ^ CDA. If OE- CD = 0, where О is the z(a b + c) | PI + al LA}? + ДІВ + ЧС] 
circumcentre of ^ ABC, using vectors prove that AB = AC. + 2PI- [aIA + ЛВ + cIC| 
Sol. Let us take O to be the origin and position vector of the = a|PA[* + ДРВ + c| PCI 7 (a + b c) 
vertices A, B and C be a, b and c , respectively. PI]? + a [IA + ву + c [IC 
We have, 
la| 2|]b| = , (^ alA + bIB + cIC = 0) shown as, since D be point of 
- Fa intersection of AI with side ВС, we have BD: DC = c: b and 
a 
Now, D- (^ mid-point of AB) Al:IDsbc:a 
z cIC + bIB 
A(a) => 1р = PEE and a AI - (b + c) ID 
р, аА1=с1С + БІВ = alA +Ь1В+с1С=0 
O (Origin А ] 
ө Ex. 140 If two circles intersect, prove by using vector 
Bib) Cle) method, that the line joining their centres is perpendicular to 
= 32+ 6+ 2с their common chord. 
i 2 Sol. Let O be the centre of the first circle and C be the centre of 
a+b a*b-2c second. Let a and b be the radii of the two circles. Position 
Ср=—— = T vector of C is c and AB be point of intersection of two circles. 
and QE» 3 *b * 32e 
2 
OE-CD=0 à 
E “(3a + b+ 2c) (a + b - 2c) =0 B 
А : є If r is the position vector of A. 
Зја|? + — 4[c|^* 4a: b — da:c 20 = СА=ОА-ОС=г-с і) 
= a-b=a-c (^ ОА = rand OC = c) 
E 3lal! + [b - 42 = 0 Also, r-r 2 a! and (r - c). (r - c) = b? .. (ii) 
= |а [2 * |b]! 222: b = |а | + |с] 22a: (|а| = |Ь| = |) Hence, at the point of intersection of two circle 
= ja-b|'-la-c[? a! -2r:c &|c =b = сее 0-а -|d*] 
r N 2 
E |AB|’ =|AC| If E is the point of intersection of OC andAB, then 
= |AB| =[АС| OA = OE + EA = Ас + k AB 
OB = OE + EB = Àc + jAB 
* Ex. ji AABC. Using vectors 
Ex. 139 Let! be the iere : g : => 20A:c 22r:c 22 [Ac + КАВ). e =a? — b? + |с]? 
prove that for any point P a(PA)' + b(PB) +c¢(PC) А Gi 1 Bea Cu А 
ап -¢=2r-c=2{Ac + k,AB}-c=a* - b 
=a(IA)? + b(IB)? +c(IC)? (a +b + с)(1Р)? АВ}: c=a +19 


| = 2[Ас - KAB]: c 22 [Ас + k, AB AB-c= 
where a, b and c have usual meanings. Hence, AB : z "n rs ^ са leS Аве 
Sol. We have, ІР + IA = РА Р Кер l 


" 9 Ex. 141 Using vector method prove that 
e cos(A — B) = cos Acos B + sin Asin B. 


Sol. Let OX and OY be two lines perpendicular to each other and 
ZPOX = A, ZQOX = B. So that, Z РОО = А- B shown as, 


B D © у 
= ІРА}? = |Р + |IA[* + 2PI- IA 
al PAJ? = РЦ: + а|1А|* + 2Р1-(а1А) К) 
Similarly, | PB)? = БРЦ? + /|IBi* + 2PI-(PIB) (н) 
dPC|' » Pt}? + c|IC|* + 2PI (cC) 
On adding Eqs. (i), (ii) and (iii), we get 


P(r cos A, sin A) 


О(г, cos B, гв B) 
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Let i and j denote unit vectors along OX and OY so that, 
i-i=j-j=1landi-j=j-i=0 
Also, let ОР = гапа ОО =} 
-.P (rcos A. rsin A) and О (r соз В, nsin B) 
OP = (rcosA) i + (rsinA)j 
and OQ = (қ cos B) i + (nsinB)j 
By definition і 
ОР. OQ -|OPi [ОО cos Z РОО = nrcos(A — B) 
OP- OQ = rncos(A – B) 
Also, from Eq. (i) 
OP- OQ = т cosAcos B + т sinAsinB 
= т(соѕ А cos B + sin Asin B) 


0) 


(ü) 


(ш) 
From Eqs. (ii) and (iii), we get 

m cos(A — B) = т(соѕ А соз В + sin Asin B) 

—»cos(A — B) = cos A cos В + sin Asin В 


© Ex. 142 A circle is inscribed in an n-sided regular 
polygon A, A;..., A, having each side a unit for any arbi- 
trary point P on the circle, prove that 

ud a? (1 cos? n/n 

= (PA; y =n— ro TC TENE 

iei 4| sin" n/n 
Sol. Let the centre of the incircle be the reference point. 

Then, PA, = OA, – OP 


x] © A 
А Aisi A a2 A, 


PA,- PA, = (OA, – OP)-(OA, – OP) 
(PA; =(JOA,|)’ + (|OP|)? —20A,- OP 
Ўр)? = E(0AJY + (OP) -20A,-0P 
=nR? + nr? —20P- X OA, NO) 


= n(R? +) -2 OP-(0) 


a x а m T 
Now, R- arid = tees (п) 
Е? + г = T (cosc? Z + t) 
4 n n 
а? (1+ cos" n/n (ш) 
eS. a E t 
4 | sin?x/n 


.. From Eqs. (i) and (iii), we get 


* (1 cos? n/ 
> E pay nt (mmn ? 
i=l 4 sin’ n/n 


o Ex. 143 Ifa,b,c апаа are the position vector of the 
vertices of a cyclic quadrilateral ABCD, prove that 
axb+bxd+dxal |bxc+cexd+dxb| _ 

(b-a): (d-a) (b-c): (d-a) 
lax b+ bx d+ dxal 

(b—a)-(d—a) 

_ (a—d)x (b-a)_ |a—d||b—alsinA 
E (b-a)(d-a) |Ь—с|]4—с|созА 


Sol. Consider, 


-tanA -(i) 


. |bxc+exd+dxb]_ |(b- с)х (с d)| 
Again, = 


(b- c)- (d- c) (b- c)- (d— c) 
-.|b-dic-disinC _ c 
|b - c|[d — q cosc 
As cyclic quadrilateral 
A=180°-C 
=> tan A = tan(180? — C) 


=>  tanA- tanC- 0 
jax b+ bx d+ dxa| 


(b- a): (d-a) 


|bxc+exd+dxb| _ 


(b- c): (d- c) 


9 Ex. 144 In A ABC, points D, E andF are taken on the 
sides BC, CA and AB , respectively such that 


BD CE AF 

DC EA АВ | 
2 — 

Prove that, ADEF = "+! A ABC. 
(n +1)? 


Sol. Take A is the origin and let the position vectors of the points 
B and C be b and c, respectively. 


- The position vector of D, E and F are 
net+b c nb 
n+l n+l n+l 
NOOBS A SAA 
ntl —  n*1 


FD-AD-AF- 


nb-c 
n+l 


and EF = AF - АЕ = 


Now, vector area of AABC=(b X c) and vector area ofADEF 


=Ї(ЕрхЕЕ) 
2 
1 
“iar oe —n)b} 
1 
“Saar ee taba 
1 
arma perm 1)(b x c)] 
ge —n+1 
2(n + 1)? 
2 
7. Area of A DEF =Z TH] area of A ABC 
2(n + 1) 


9 Ex. 145 Let the area of a given А ABC be A Points 


Ai, B; and C, are the mid-points of the sides BC, CA and AB, 
respectively. Point Az is the mid-point of CA, lines C,A, and 
A A; meet the median BB, at E and D, respectively. If ^ is 
the area of the quadrilateral A;A;DE, using vectors prove 
A, 11 
that — =. 
A 56 
Sol. Let the position verctor of A, B and C be a. b and c. 
respectively. 
We have, 


Equation of the lines BB,, AA; and C,A, are 


r=b+7(£-b] 
2 


b 
r=2, =" and edt) 


2 
C (c) 
/ Ж 
B, А, 
У 
А (0) C, B (b) 
For the point D, we have 


3c+b 
b+2,(£-b) =: (=) 


b (: d -*2) + Eeh -3h2)=0 


6 4 

dy =-= 

ы Е Бан 
„е 
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` b A 
For the point E, we have b + A($ - b) + 2 e 
1 c 
bi] —-A, |+ = (А, —A3)=0 
m (i-a) $6. -a 
1 
=> м№=%=5 
_2b+e¢ 
4 
3c b-2b-c 2c-b 
Now, PAIS Ode т re 
pa, aot 3c+b Sbt+e 
025 7 14 


1 
Area of quadrilateral EA,A; D = S |EA, x DA,| 
=| (oe - b) x Gb + e) 
112 


= noc xb - bx el 
112 


11 1 11 
2d lex bl=—-= ex bl=— 
112 56 2 56 


ue 
Thus, required ratio is 


© Ex. 146 Let ABC be an acute angled triangle with 
centriod G and the internal bisectors of angles A, B and C 
meets BC,CA and AB in M, N and K respectively using 
vectors, prove that if G lies on one of the sides of A MNK, 
then one of the altitudes of ^ ABC equals the sum of other 
two. 

Sol. Let G be on MK. 


Let the position vectors of B and C with reference to origin A 


be b and c, respectively. 
^ ВС =a, CA =bandAB=c 
Now, BM c 
MC b 
А(а) 


Њ + сс 
b+c 


-. Position vector of M = 


Similarly, position vector of K = E: a 


a+b 
MK =PVof K -PVof M=? — bb * ce 
a+b b+c 


PV ofGs b € 


GK = PVof K - PVofG- ^b.  b* € 
a+b 3. 
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Since, G lies on MK, MK x GK =0 
bb bb ecc 2 bb btc er 
a+b b+c a+b Ju 


bb b+c bbxcc 


> - x 
a+b 3 a+c 
bb bbc b+c 
+ х =0 
a+b b+c 3 
= bxc) _ bc (c x b) + b(bxce), b(cxb) , 
3a+b) (b+c)(a+b) 3(b +c) 3 
CES CIN CTI 
[3(a+b) (b+c)(a+b) 3(b+c) 3(b+c) 
(cxb)=0 
b 
=> C: eA: ny, e =0 
3(a+b) (b+c)(a+b) 3b+c) 3(b+c) 
= b(b + c)-3bc— b(a + b) + c(a + b) 20 
= b? + be —3bc — ab — b? —ac + bc 
=> ac — ab + bc 
D. 1 
= —=-+—- 
b c a 
> 2.24,24 (where, A denotes area of A ABC) 
c a 
= Р, = Р, + Р. denotes the altitudes drawn through A, B and 
C, respectively. 
Aliter 


g-am + (1-а)К 
b*c о (ЬЬ + ос), (1-а) РЬ 


3 b+c a+b 
On comparing coefficients of b and c, we get 
1 ас 
3 b+c 
b+c 
> a= 
3c 
arid O5, BOONE AEA ы a; ww pt 
b+c a+b 3 
ca =ab + bc 
L.X а] 
=> c ai = 
b c a 


9 Ex. 147 Three poles of hei: ht x, x +y and x +z are 
posted at the vertices A, B and C of a triangular park of 
sides a, b and c , respectively. A plane sheet is mounted at the 
tops of the poles. If the plane of the sheet is inclined at an 
angle 0 to the horizontal plane, prove using vector 


2 
2 
У 


Sol. Let A’, B' and С” be the tops of the poles at A, В and C, 
respectively. Through A’ draw a AA’ B.C, congruent to 
A ABC and parallel to the horizontal plane of the park. Take 
A' B, as the X-axis and a line perpendicular to it as the Y-axis 
(in the plane of A A’ B,C,) and a line through A’ and perpen- 
dicular to the plane A’ B,C, as the Z-axis. 


А В, 

Ifi, jand k are the unit vectors along these axes, then 
A'B, =ci , Р 
A'C, = (bcos А)і + (bsinA)j 
A'B'-d-yk 
A' C' = (bcos A)i + (bsin A)j + zk 


Since, the planes A’ B’ C is inclined at an angle Ө to the plane 
A’ BC, angle between the normals to the planes is (л — Ө). 


Obviously, the unit vector normal to the plane A’ B,C, is k and 
the normal vector to A' B'C' is 


((bcosA) i + (bsin A) j + (z) k] х(сі + yk) 
=(ybsin A) i – (yb cos A — zc)j — (bcsin A)k 
соѕ(л – 0) = 
K(ybsin A)i — (урсоѕА — zc)j – (besin А)К}-К 
уіп? A + y*b? cos? A + г2с2 — 2yzbccos A + b'c^sin* A 


=> cos8 = gna 
$ oz 2yz 
q y, AtA 
c с 
2 2 
2 
[et - ca 
=tan@=1¢ b" be 
p sinA 


9 Ex. 148 Ifa, b апас are three vectors such thata x b ze, 
bxc-aandcxa =b, then prove that|a| = |b| = |с | 


Sol. Here, axb=c (given) 
> (ахЬ)-с=с-с 
= [abc] = [с]? (i) 
Also, bxc-a (given) 
(bxc)-a=a-a 
> [b ca] = [ај .. (ii) 
and сха=Ь 
> (cXa)-b=b-b (given) 
= [ca b] = |Ы? (given) 
Since, [a b c]- [b ca] = (ca b] .. (iii) 


^. From Eqs. (i), (ii) and (iii), we get 
lel? = [а] 4b]? = [e| =|а| - [b] 


ө Ex. 149 Ifa, b,c апаа are four coplanar points, then 
show that[a b c] -[b cd} [са 4) -[a b d] 
Sol. Since, a, b, c and d are coplanar points. 

We have, Ьа, с-а and d —a are coplanar. 

= [b -ac -ad -a]=0 

> ((b —a) x(c-a))-(d ~a)=0 

=> (bx c)-d -(bxc).a-(bxc).a-0 

—-(axc):d*(axc).a-0 
= [b c d] -(bca]-[ba d] -[acd]- 0 
> [a bc]=[bcd]+ [ab d]+ [ca d] 


© Ex. 150 Letü and be unit vectors. If w is a vector such 
that w +(w xu) =v, then prove that |(u x v) - wis and 


that the equality holds if and only ifu is perpendicular to v. 


Sol. м+(м хи) = у 
> wxu-v-w (i) 
=> (w Xu)? =v? + w? —2v-w 
> 2v-w=1+ w?—(uxw)* (ii) 


Also, taking dot product of Eq. (i) with v, we get 
МУ + (мхи): у= у-у 


= v(wxu)s1-w:v (і) (гуу = [у 21) 
Now, vi(wxu) «1-7 [ + w? -(uxw)!] 
5 А [using Eqs. (ii) and (iii)] 
-i_w' (ум) (70S cos?@ x 1) 
2 2 2 


(iv) 


= 50 -w° + w° sin’@) 


As we know, 0 < м2с0520 < w? 


1 > 1-92 соз10 1-2 
2 2 2 
1—w*cos’@ 1 
CL, AL cA а= (у) 
= 2 2 


From Eqs. (iv) and (v), we get|v-(w x u) Is 


л 
Equality holds only when cos^0 = 0 eas 
ie. ulw=0 > u-w=0 
м + (мхи) = у 
u-wtu-(wXu)=u-v 
0+0=u'v = u-v=0> ulv 


* Ex. 151 Prove that 
к ү RBXBxa)}a | R(ax(axB)B _ [Raf ox) 
[ех]? |x|? |«хВ|? 
Sol. о, В and о. x are three non-coplanar vectors. Any vector R 
can be represented as a linear combination of these vectors. 
=» R=ka + kf + k(a xB) 0) 
= В.а xp) = k(a хр) а xB) = (а xB)? 
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=> k, = Be xB) _ [кор] 


laxi? [ахі 
On taking dot product of Eq. (i) with a x (x xB) 
> R .& x(a xp) =k (a x(a xB)).B 
коа. Ba ~ (о.о)В).В = &[(®.В)* 20787] 
=- kla xB? 
_ - [R(a x(a х В))] 
$ 2 exp 
"m __ [R8 x(9xo))] 
Similarly, k= la xpi 
3 g--IROxQxa)]a _ [Rio x(a xB)1B 
ШИГ la xpi? 
‚Де хра xB) 
la xpr 
[RGxGxa))a , [R( x(axB)]B 
T Nt ахво axt 
_ (ва xp] (a xB) 
la xB]? 


* Ex. 152 Ifa, b апас represents the sides of tetrahedron 
and be an angle between a and b, ф be an angle between a 
andc, y be an angle between b andc, then prove that the 
volume of the tetrahedron is given by 

1  Ácos0 cos8 


со$Ө 1 cosy 
соѕф cosy 1 
Sol. OABC represent a tetrahedron, where 

OA = а,0В = b,OC = c relative toO 


25,2.2 


Volume of tetrahedron (v) = «[a-(bx )] 


а-а ab acc 
b'a b-b bee 


1 $. 1 
Also, v? = — [a (bx o)? => 

gg t ©] 36 
ca cb 


ec 


a^ abcos® accosó 


-lhbcos8 b? becos y 
ccosó bccosy с? 

1 cos0 сохф 

cosü 1 cosy 
cos cosy 1 


E ьа 
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9 Ex. 153 A pyramid | with vertex at the point P, whose 
position vector is 4i 4-2j - 24/3 К has a regular hexagonal 
base ABCDEF. Position vectors of points A and B are i and 
i+2j ГА respectively. Centre of the base has the position 
vector i + j + 3k. Altitude drawn from P on the base meets 
the diagonal AD at point C. Find all possible position vectors 
of G. It is given that volume of the pyramid is 643 cu units. 
Sol. Let the centre of base be (0). 

AB =2) = |AB| =2 


AOAB = 2.445 = V3 


P(4i--2j--2N2 К) 
E ' D 
F C 
A(i) B(i«2j) 


= Base are a = 64/3 sq unit. 
Let height of the pyramid be Л. 


> ph = 65 
=> h =3 units 


AP 23i + 2j + 2v3k 


=> [АРІ = J9-- 4+ 12 =5 units 


АР = 49 + 4+ 12 =5 units 


=> 

=> АС = 425 —9 = 4 units 
|AG| = 4 units 

Now, AQ and AO are collinear. 

E = ЛАО 

=> |AG] = || AO} 

=> 2% = 

= ІА = 

> AG =+(+)+ Jak) 

=> G=+2i+j+ 4/3) +1 


= - (i + 2j + 2V3k), -3i + 2j + 243 


9 Ex. 154 Leta, b and¢ be the non-coplanar unit vectors. 
The angle between b and€ be o, and angle between € and à 
be B and between à and b be y. If А(асоѕо,0), B(b cosp, 0) 

and C(€cos y, 0), then show that in AABC. 
làx(bxé&) |bx(éxà) |éx(àx b) 
sinA  sinB sinC 


n|á(b x é)| 
|E sina cos cos y f| 


bxé . _ ёха ~ | àxb 
where, T= ,Tlà 7 ——— and 3 = — 
TFT) Jexal] lâ x b| 
ol. We know from sine rule, 
AB | AC _ BC 
sinC sinB sinA 
=2R= (AB)(BC)(CA) Ai) 
XAABC) 


BC =|BC|| =|écosy — Б cosB| 
=|(a-b)é-(@-4)b| =|а x (b x &)] 
Similarly, AC =|AC|=|bx(éxa)| 
and AB =| AB| =|@ x(a х6) 


Also, AABC = Я BC х BA| 


- Slêcosy — b cosB) x (â cosa — b cos) 


-lye Xá)cosa cosy + (b x &) cosy cos 


ы 


+ (à x b) cosfi cosa] 


= зла cosp cosy + 1, sinBcosa cosy 
+ asin ycoso cosl| 
=  2AABC = |Zfisina cosf cosy 
Еч. (i) reduces to 
la x(b xê) _ 
snA 


[bx (@ ха)| _ 
sinB — — 
a x (É x ә) 

~ |Esina cos B cos y f| 


|€x (à x b)| 
sinC 


9 Ex. 155 Leta and b be given non-zero and non-collinear 
vectors, such thatc x a =b — c. Express c in terms of a, b and 
axb 


Sol. Let c = xa + xb + xax b) 
= ¢xXa=x,(bxa) — xa x (a xb) 
= x,(b xa) — x(a- b)a + xylal* b 
We have been given, cxa = b- с 
=> b- xa - xb - x(axb)- - x,(a xb)- xy(a: b)a + ху|а|Ъ 
= xy((a- b) - xi Ja + (1 — x; — xylal*)b + (x; – x3)(axb) 20 
Now,a, b anda x b are linearly independent. 
Hence, xj(a:b)- 


Xp 1 =x + јај, x; = x, 


‘b 
Xj23,2—— —Zzandx,2—9 9. 
NO +a ^ 1 + lal? 
a:b 
с= ———а + b + (ax b)] 
(1 + |а г) mE 


Product of Vectors Exercise 1: 
~ Single Correct Type Questions 


1. If a has magnitude 5 and points North-East and vector b 
has magnitude 5 and points North-West, then |a — b| is 
equal to 


(a) 25 (b) 5 
(c) 743 (9) 542 
2. Ша +Ъ|> [а – b| then the angle betweena and b is 
(a) acute (b) obtuse 
(c) 1/2 (d) x 


3. Ifa, b and care three vectors such that a = b + cand 


the angle between b and cis > then 


(a) a? =b? + с? (b) b? 2c? + а? 
(Qe =a? +b? (9) 2a? — b? = с? 
Note Here, а = |а |, b =| b |and c =|с| 
4. If the angle between the vectors a and b be Gand 
a-b = cosO, then the true statement is 
(а) а and bare equal vectors 
(b) a and bare like vectors 
(c) a and bare unlike vectors 
(d) a and bare unit vectors 
5. If the vector i + j + k makes angles о, В and y with 


vectors i, j and k respectively, then 


(aja =В y (ba -ysp 
(В = уға (da =В= Y 
6. (r-i)? +(r-j)* + (r-k)? is equal to 
(а) Зг? (b) r? 
(c) 0 (d) None of these 


7. Let aand b be two unit vectors inclined at an angle Ө, 
then sin(@/2) is equal to i д 
(91а - y 0) а+ bl 
(c)|a — Ы (d)|a + Ы 

8. Га = 4i + 6jand b -3j 4K, then the component ofa 
along b is 


18 ,4 A 18 a k 
(a) 10.5053) + 4k) (0) 2-6] + 4k) 
© 56) «4 — (6j + 4k) 


9. If vectora =21 -3j + 6k and vector b = -2i + 2j — К, 
Projection of vector a on vector b 
STOTEN ыы ЫЧ gate hl ed 
Projection of vector b on vector a 


3 7 
(а)5 ©); 
(с) 3 (d) 7 


then is equal to 


10. Ifa and b are two vectors, then (a x b)? is equal to 


a-b aʻa а-а a:b 
@ъ.ь b Оа b-b 
(c) ew (d) None of these 

b:a 


11. The moment of the force F acting at a point P, about the 
point C is 
(a) Fx CP 
(b) CP-F 
(c) a vector having the same direction as F 


(d) CPx F 
12. The moment of a force represented by F = i+2j+3k 
about the point 2i- j +kis equal to 
(a)5i-5j + 5k (b) 5i + 5j - 6k 
(c) -5i 5j + 5k (d) -5i —5] + 2k 
13. A force of magnitude 6 acts along the vector (9, 6 —2) 


and passes through a point A(4, — 1, – 7). Then moment 
of force about the point O (1, —3, 2) is 


(a) ei -3j) (b) < oi -75 + 36k) 
(с) 150 (21 —3j) (d) 6(501 — 75) + 36k) 

14. A force F 22i + j — k acts ata point A, whose position 
vector is 2i — ј. The moment of F about the origin is 
(a) i4 2j – 4 (b) 1-2) – 4k 
(с) i 2j + 4k (d) i -2j- 4k 

15. Ifa, b and care any three vectors and their inverse are 
a^!, b^! and c^! and [abe] #0, then [a^ !b^'c^'] will be 


(a) zero (b) one 
(c) non-zero ' (d) [abc] 


16. Ifa, b and care three non-coplanar vectors, that 
a:bxc Ф b-axc 


cxa:b caxb Mem 

(a) 0 (b) 2 

(c) -2 (d) None of these 
17. a x(b x c) is coplanar with 

(a) b and c (b) canda 

(c) a and b (d)a, band c 
18. Ifu =i x(a x i) +) x(a x j) - k x(a x К) then 

(a)u=0 

(b)u=i+j+k 

(c) u 22a 

(d)u =a 


19. Ifa 
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= i+2j-2k, b z2i- j-- k and c=i+3j-k, then 
a X(b x c)is equal to 

(a) 201 —3j + 7k 

(b) 20i —3j - 7k 

(с) 201 + 3j -7k 


(d) None of the above 

20. Ifa x (b x c) =0, then 
(a2)|a| 2| b]:| e| 21 (b) b|| c 
(c)a || b (d)b Le 

21. A vector whose modulus is /5 51 and makes the same 
angle with a „Нек Ь= zi -3k ы c= j, will 
be : 


(a)5i 5j - k 
(b)5i 4 j -5k 
(95i + j + 5k 
(d) + Gi - j – 5k) 


22. The horizontal force and the force inclined at an angle 


60* with the vertical, whose resultant is in vertical 
direction of P kg, are 
(a) P, 2P 

(c) 2P, РУЗ 


(b) P, P3 
(d) None of these 


23. Ifx+y+z=0,|x|=|y| =|z|=2and @ is angle between 


y and z, then the value of соѕес? Ө + cot? Ө is equal to 


(a) 4/3 (b) 5/3 
(с)1/3 (d) 1 


24. The value of x for which the angle between the vectors 


a--3i* xj kandb- xi 2x j+k is acute and the 
angle between b and X-axis lies between 7/2 and x 


satisfy 
(a) x »0 
(c) x >1 only 


(b) x <0 
(d) x « -10nly 


25. Ifa, b and care non-coplanar vectors and 


а= àa 4 [ib + v c, then A is equal to 


(a) Label (by [bed] 
[bac] [bea] 

(с) 184 ка 1041] 
[abc] [abc] 


26. If the vectors 3p + q, 5p —3q and 2p + q, 4p —2q are pairs 


of mutually perpendicular vectors, then sin(pq) is 


(a) J55 / 4 (b) 455 /8 
(c) 3/16 (d) 4247 / 16 


27. Letu zi*j,v-i-j and w i 4 2j - 3k. If ñ is a unit 


vector such that u- ñ 2 0and v-n =0, then | w- ñ | is 
equal to 


(a) 1 (d) 0 


(b) 2 (c) 3 


28. 


29. 


30. 


31. 


32. 


33. 


Given a parallelogram ABCD. If | AB | = a, [Ар | = band 
| AC| = с, then DB: AB has the value 
3a! + b? - с? 


(a) A 
2 e: 
a* + 3b -c 
(b) : 
a! - b? + Зс? 
(c) 5 
(d) None of the above 


For two particular vectors A and B, it is known that 

AxB- Bx A. What must be true about the two 

vectors? 

(a) Atleast one of the two vectors must be the zero vector 

(b) A xB = ВХА is true for any two vectors 

(c) One of the two vectors is a scalar multiple of the other 
vector 

(d) The two vectors must be perpendicular to each other 

For some non-zero vector V, if the sum of V and the 

vector obtained from V by rotating it by Z 20: equals to 

the vector obtained from V by rotating it by Za, then 

the value of œ, is 


x x 
2nn t — +— 
(а) 2nx A (b) nm 3 
2n 2n 
2nx + — nn + — 
(c) а (9) = 
In the isosceles AABC, | АВ | =| BC|—8 a point E 


divides AB internally in the ratio 1 : 3, then the cosine of 
the angle between CE and CA is (where, | CA | = 12) 


wf wi 
es -3V8 
(c) = (9) a 


Given an equilateral AABC with side length equal toa 
Let M and N be two points respectively, on the side AB 


and AC such that AN = KAC and AM= = If BN and 


SM are orthogonal, then the s of kis 
(a) OF = 


©) i 


: 7 


In a quadrilateral ABCD, AC is the bisector of the 
(AB, AD) which is, 15| AC| 23] AB|=5| AD | then 
cos(BA, CD) is equal to 
Ла 421 
(0-52 09-25 
B 2/7 
(c) F (d) EUM 


34. If the distance from the point P(1, 1, 1) to the line passing 


35. 


36. 


37. 


38. 


39 


through the points (0,6,8) and R(— 1, 4, 7) is expressed іп 
the form Jp / а, where p and q are co-prime, then the 


value of ( 


repro is equal to 
(a) 4950 (b) 5050 
(c) 5150 (d) None of these 
Given the vectors 
u=2i- j -k 
v=i -j + 2k 


w=i-k 
If the volume of the parallelopiped having — cu,v and cw 
as concurrent edges, is 8, then c is equal to 


(a) +2 (b)4 
(c) 8 (d) Cannot be determined 
The vector c is perpendicular to the vectors a = (2, —3, 1), 


b = (1, -2 3) and satisfies the condition 
c: (i*2j-7k) = 10. Then, the vector c is equal to 


(a) (7, 5, 1) (b) (-7, 75, - 1) 
(c) (1, 1, — 1) (d) None of these 
Leta=i+j, b=jt+tkande=aa + Bb. If the vectors, 


i- 2j ki 2j — K and c are coplanar, then Ж is 


equal to 

(а) 1 )2 

(c) 3 (d) -3 

A rigid body rotates about an axis through the origin 


with an angular velocity 10/3 rad/s. If € points in the 
direction of i + j + k, then the equation to the locus of 
the points having tangential speed 20 m/s is 

(a) x? + y?+2°-xy-yz—zx-1=0 

(b) x? + y? +z? –2ху – 2у2 -2zx - 1-0 

(c) x? + y? +2? - xy - yz -zx - 270 

(d) x^ + y? + z? —2xy -2yz -2zx -2- 0 

A rigid body rotates with constant angular velocity œ 
about the line whose vector equation is, 

r-A 2j + 2k). The speed of the particle at the instant 
it passes through the point with position vector 

(21 +3) + 5k) is equal to 
(a) o2 

(c) o / J2 

Consider AABC with A = (a), B = (b) and C = (c). If 

b.(a * c) = b:b *a:c|b-a|-3and|c- b | = 4, then the 
angle between the medians AM and BD is 


an- cos (zy)  (®т- eoe) 
z 1 afi 
(c) cos (x) (d) cos (= :) 


(b) 20 
(d) None of these 


41. 


42. 


43. 


44. 
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Given unit vectors m, n and p such that angle between 
m and n = Angle between p and (m хп) = =, then 
[npm]is equal to 

(а) 3/4 . (b) 3/4 

(c) 1/4 (d) None of these 

Ifa and bare unit vectors, then the vector defined as 
V = (а +b) x (a + b)is collinear to the vector 

(a)a * b (b)b-a 

(с) 2a - b (d)a + 2b 


If a and b are orthogonal unit vectors, then for any 
non-zero vector r, the vector (r x a) is equal to 

(a) [rà b] (à + b) 

(b) [r â Б]а + (r-á)(à x b) 

(c) [rà b] b + (г: Б) ха) 

(9) [r â b] b + (r-á)à x b) 

If vector i + 2j + 2k is rotated through an angle of 90*, so 
as to cross the positive direction of Y-axis, then the 


vector in the new position is 


45. 


46. 


47. 


2 ^ LE 2 ^ 4 a 
(9- 7g ie 45) - = () gi - 5j + Tk 


(04i -j-k (d) None of these 


10 different vectors are lying on a plane out of which 
four are parallel with respect to each other. Probability 
that three vectors chosen from them will satisfy the 
equation À,a + A ?b + А зс=0, where À,, A, and 

Аз #015 


6 4 
Сых е; ‚ (°C, x *c,) + SC. 
uA ады C 
(9х0) +06) a C6 + 1G) + (°C х *0) 
э, юс 
3 


Ifa is a unit vector and projection of x along a is 2 units 
and (a x x) + b = x, then x is equal to 


OHE -b+ (â x b)] 


® (24 - b + Gâ x b)] 


(c) [a + (à x b)] 
(d) None of the above 
If a.b and care any three non-zero vectors, then the 
component ofa x (b x c) perpendicular to b is 
(a x b) (c xa) b 
|b)? 
(a X c):(a x b) b 
DE 
(b x c). (b x a) b 
LE 
(a x b): (b x c) 
LE 


(a)a x(bx c) + 
(b)a x(bxc)* 
(c)a x (bx c) + 


(d)a x(b x c) + b 
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48. The position vector of a point Pis r= ait y * zk, where 54, The AABC is such that the mid-points of the sides 


wre Nandas i+ 2j E Pa» 20 then the ВС. CA, AB are (1, 0,0), (0, m, 0), (0, 0, n) respectively. Then, 
number of possible position of P is АВ ae +684. is equal to 

(a) 81 (b) 49 l° +m? +n? 

(c) 100 (d) 36 (a) 2 (b) 4 


(c) 8 (d) 16 


55. The angle between the lines whose direction cosines are 
given by 27 — т + 2n =Q Im + mn + nl = 015 


49. Let a b» 0anda =t ZI and = bi dj +e 
a [] 


then the maximum value of is 


+a z z 
B (7 UR 


(a) 1 (b) 2 
(с) 4 (d) 8 Qi (d) : 
50. Ifa, b and care any three vectors forming a linearly 


. A li ak le 8 both with X and Y-axes. A 
independent system, then V Өє R SO Une sioe qu angle Obati ES 


possible range of 0 is 


[ созӨ+ЬзїпӨ+ссохӨ,а Е + 0) (a) [a z) (b) [a d 
1 тл тл 
+ bsin( = + 0) + ссох Е + в), (©) [=z] (9) РЧ 
2n Р on 2n 57. Let a, b and c be the three vectors having magnitudes 1, 
z [ө 3 :J i bsin(o Е z) tee (o p z) equals 5 and 3 respectively such that the angle between a and b 
(a) [a b c] соз is Qanda X (a x b) = c, then tan is equal to 
S 9 
(b) [a b c] cos20 (a) 0 (b) : 
(c) [a b с] cos30 š : 
(d) None of the above (= (a) 
о adjacent sides of sram ABCD are given А : d ] 
91. Two adjacent sides of a parallelogram uu ali 58. The perpendicular distance of a corner of a unit cube 


by AB =2i+ 10j * 11k and AD =-i+2j+2k. The side 


| : from a diagonal not passing through it is 
AD is rotated by an acute angle о in the plane of = 


3 2 
parallelogram so that AD becomes AD’, If AD’ makes a (a) E (b) ; 
right angle with the side AB, then the cosine of angle o 3 1 
is given by (c) E (d) E 
8 v17 
@; es 59. If p, q are two non-collinear vectors such that 
1 1\5 (b-c) pX + (с ~ a)p (a — P)q = 0 where a he are 
©; (9 ки lengths of sides of a triangle, then the triangle is 
9 Б E angle, the e trina 
e f 2e (a) right angled (b) obtuse angled 
52. If in a AABC, BC = jel = ifi and AC = fel е 10, then (c) equilateral (4) right angled isosceles triangle 
the value of cos 2А + cos 2B + cos 2C must be 60. Leta e i pit kbes-icjrk esi-jtkand 
(a) -1 (b) 0 d = i + j- k, Then, the line of intersection of planes one 
(c) 2 (d) 2 determined by a, b and other determined by e, d is 
2 perpendicular to 
53. a, b, care three unit of vectors, a and b are (a) X-axis (b). axis T 
perpendicular to each other and vector c is equally (c) both X-axis and Y-axis — (4) both Wasis and Z-axis 
inclined to both a and b at an angle Ө. If 61. ^ parallelopiped is formed by planes drawn parallel to 
с=- па + + yla x b), where a, |3, y are constants , then coordinate axes through the points A = (12:3 and 
(a)a =B = ~cos0, y' = cos20 B = (985). The volume of that parallelopiped is equal to 
(b) а = = cos, y" = cos20 (in cuble units) 
2 (a) 192 (b) 48 
(c) = B = cos, y" = – сох20 o» (d) 96 


(dda =} = = cos0, y! = – cos20 


62. Let a, b and cbe three non-coplanar vectors and d be a 


63. 


ce 


64. 


65. 


66. 


67. 


non-zero vector, which is perpendicular to a +b + с 
Now, if d = (sin x) (a x b) + (cos y) (b x c) - (cx a) 
then minimum value of x? 4 y? is equal to 


2 л 
(a) л (b) ex 
д? 5д? 
өт e 


If a (a x b)  B(b x c) + ү(с xa) =0, then 
(a) a, b, c are coplanar if all оѓо, B, ү « 0 
(b) a, b, c are coplanar if any one a, B, y = 0 


(c) a, b c are non-coplanar for any o, f, ү 
(d) None of the above 


Let area of faces, 
AOAB = №, AOAC = № 3, AOBC = № з, ДАВС = №, 


andh,, h2, Аз, h4 be perpendicular height from 0 to face 
AABC, A to the face AOBC, Bto the face AOAC, C to the 
face AOAB, then the face 


1 1 1 1 
zA З айз + Asha + Aah 


(a) IAB АСОА]| (b) КАВ АС ОА] 


(c) ОА OBOCI| (d) None of these 


Given four vectors a, b, c and d. The vectors a, b, c are 
coplanar but not collinear pair by pair and the vector d 
is not coplanar with the vecotrs a, b and c. If it is known 
that the angle between a and b is equal to that between 
b and c, each being equal to 60*. The angle between d 
and a is à and between d and b is P. Then, the angle 
between the vectors d and c. 

(a) cos" (cosB — cosa) 

(b) sin" (cosB — cosa) 

(c) sin" (sinB — sina) 

(d) cos" (tanB — tana) 

The shortest distance between a diagonal of a unit cube 
and a diagonal of a face skew to it is 


1 1 
(a) > (b) Z 
+ @-- 
45 6 
Let V 22i + j + k and W=i+3k. If Uis a unit vector, - 
then the maximum value of the scalar triple product 


[U V W]is 
(a) -1 (b) V35 
(с) ¥59 (d) V60 


68. 


69. 


70. 


71. 


72. 


73. 
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The length of the edge of the regular tetrahedron ABCD 
is ‘a’. Points E and Fare taken on the edges AD and BD 
respectively such that 'E' divides DA and 'F' divides BD 
in the ratio 2: 1 each. Then, area of ACEF is 

a 


5a а 
its units 
i" Be e 1245 4 
2 


5а? 
9) —— its 
9 12/5 бы ыы 


а 5 
— sq units 
Opg“ 


If two adjacent sides of two rectangles are represented 
by the vectors p = 5а —3b, q = —a – 2b and 
r=- 4а — ;5 = —a + b respectively, then the angle 


1 1 
between the vectors x = zu r+s)andy= 2 c9 


Wr- eoe us] (b) eo) 
(© А (d n- e ( 5) 


Let a, b, c are three vectors along the adjacent edges of a 
tetrahedron, і |а| -] b| -] [2 2and a: b 2 b.c—- c:a = 2, 
then volume of tetrahedron is 


1 2 
a byes 
N OF 
45 2/2 
(c) 2 (d) "AU 
The angle 0 between two non-zero vectors a and b 


satisfies the relation 
cos @ — (a x i)-(b x i) + (a x j)-(b x j) - (a x k)-(b x К), 
then the least value of |а| + |Ы is equal to (where Ө # 90°) 


1 
(a) 2 (b) 2 
(c) 42 (d) 4 
If the angle between the vectors a = i+ (cos x)j + k and 


b = (sin? x — sin x)i- (cos x)j + (3 — 4sin x)k is obtuse 
т 
and xe (® then the exhaustive set of values of ‘x’ is 


equal to 


()xe(0.2) 
6 62 


лот xx 
©хє[®, 3 (a) xe (4.2) 


If position vectors of the points A, B and C area, b, c 


respectively and the points D and E divides line 
segments AC and AB in the ratio 2: 1 and 1:3, 
respectively. Then, point of intersection of BD and EC 
divides EC in the ratio 
(а) 2:1 

(c)1:2 


®хє[®,®) 


(b) 1:3 
(d)3:2 


128 Textbook of Vector & 3D Geometry 


Product of Vectors Exercise 2 : 
More than One Option Correct Type Questions 


74. 


75. 


76. 


78. 


79. 


80. 


81. 


If vectorsa and b are non-collinear, than M y b is 
(a) a unit vector a| |b] 
(b) in the plane ofa and b 

(c) equally inclined to a and b 

(d) perpendicular to axb 


Ifa x b(bxc)-(axb)xc then 

(а) (cx a)xbz0 (b) ex(axb)=0 

(c) bx(cxa)=0 (9) (cxa)xb=bx(cxa)=0 
Leta and b be two non-collinear unit vectors. If 
у =а —(a.b)bandv-—axb,then|v| is 

(а) |u| (b) |u| [и.а] 

(c) |u|-| u.b | (d)|u| + u.(a + b) 


. The scalars | and m such [a + mb = c, where a, b and c 


are give vectors, are equal to 


ax a 
_(©ха).®ха) - (exa) ха) ` 
(с) т = (bia)? (d) m em 


Let f be a unit vector satisfying f ха =b, where |a |= V3 
and |b|- V2. Then, 


(a) #=а+ах b) (b) F=Ha+axb) 


(c) ф=а-ах b) (d) Pei Cakaxb) 


a,, az, a3 € R- (0) anda, + a; cos2x + as sin? x=0 for 

all xe R, then А 

(a) vectorsa = аі + a,j + ask and b= 4i + 2j + kare 
perpendicular to each other 3 

(b) vectorsa = aii + а} + ak and b= -i  j + 2k are 
perpendicular to each other 

(c) if vectors a= aj + ajj* ask is of length V6 units, then 
one of the ordered triplet (а, а, a5) 7 (1, — L- 2) 

(d) if vectors 2a; + 3a2+ баз, then [а4ї + a,j + ask] is 246 


If a and b are two vectors and angles between them is 0, 
then 

(a) lax b[* (a: b* -lal*| bI" 

(b) |axb|=(a- b), if = 1/4 

(c) axbz(a: b) (where ñ is a normal unit vector), if 0 = 1/4 
(d) |ax b| (a+b) 20 

If unit vectors a and b are inclined at an angle 20 such 
that|a — b| « 1and0S 0 « = л, then Ө lies in the interval 
(a) [0,7 /6) (b) (5 1/6 n] 

(c) [1/6, 1/2) (d) (1/2, 51/6) 


82. 


83. 


85. 


86. 


87. 


88. 


b and c are non-collinear ifa x(b x c)+(a-b)b= 
(42x sin y) b +(x? —1)c and(c:c)a = с. Then, 
(a) x z1 (b) x 2-1 

(y =(4n+1) nel (у =@n+1) 7, ne 1 


If in triangle ABC, AB = Z- andAC- m. where 
Jul Ivi ju 

|u|#]v|, then 

(а) 1 + cos2A + cos 2B + cos2C = 0 

(b) sinA = cosC 

(c) projection of AC on BC is equal to BC 

(d) projection of AB on BC is equal to AB 


„ Ifa, b and c be three non-zero vectors satisfying the 


condition a x b = cand b х c =a, then which of the 
following always hold(s) good? 
(a) a, b and c are orthogonal in pairs. 


(b) [a b c] =| b 
(c) [a b c] 2| c|? 
(d)| b] =| e| 
Given the following information about the non-zero 
vectors A, B and C 
() (АхВ)хА=0 (ü) B-B=4 
(ii) A-B-—6 (iv) B.C-6 


Which one of the following holds good? 

(à AXB-0 (b) A-(BxC)-0 (c)A-A=8 (d)A-C--9 
Let a, b and c are non-zero vectors such that they are not 
orthogonal pairwise and such that V; =a x (b x c) and 
V; =(a x b) х c then which of the following hold(s) 
good? 

(a)a and b are orthogonal (b)a and c are collinear 

(c) band care orthogonal (d) b = А (a x c) when A is a scalar 
Given three vectors 

U -2i 3j - 6k, V =6i+ 2j + 3k and W -3i - 6j - 2k 
which of the following hold good for the vectors U, V and W? 
(a) U, V and W are linearly dependent 

(b) (Ux V)x W=0 

(c) U, Vand W forma triplet of mutually perpendicular vectors 
(d) (U x(V x W)=0 

Leta =2i-j+k, bs i 2j - kand c i j - 2k be 
three vectors. A vector in the plane of b and c whose 
projection on a is of magnitude : is 


(b) 2 3j + 3k 
(d) 21+ j + 5k 


(a) 2i + 3) -3k 
(c) - 2i - ] 4 5k 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


Three vectors a (|а| #0),.b and care such that 
axb-3ax c: Аво |а| -|b| - 1and| d ==. If the angle 


between b and c is 60°, then. 

(а) Ъ =3с+а (b) b=3c-a 

(c)a=6c + 2b (d)a 26c —2b 

Leta, b, c be non-zero vectors апа |а| 21andrisa 
non-zero vector such that г x a = b and r-c — 1, then 
(a)a.Lb (b) rib 

ы ы агы] S 
(c) r:a ET (d) [rab] = о 

Ifa and b are two unit vectors perpendicular to each 


other and c= Аа + Ab + А (а x b), then the following 
is (are) true 


(а) А, =a-e 
(b) А =|b xa 
(c) Аз = |(a x b) x e| 


(d) A, + àz + À4—-(a- b+axb)-c 

Given three non-coplanar vectors 

ОА =a, ОВ = b, ОС = c 

Let S be the centre of the sphere passing through the 

points, O, A, B, C if OS = x, then 

(а) x must be linear combination ofa, b,c 

(b) x must be linear combination of b x c, c xaanda x b 
2, 2, 

a*(b x c) + mers (a xb d [nl Bon ИЯТ 
[abc] 

(d)x=a+b+e 


(c)x= 


If a =i+j+kandb=i-j, then the vectors 

(a-i)i + (a-)j+(a-k)k,(b-i)i + (b- j)j + (b- J)k and 

i+ j-2k 

(a) are mutually perpendicular 

(b) are coplanar 

(c) form a parallelopiped of volume 6 units 

(d) form a parallelopiped of volume 3 units 

Ifa = á + у] +zk,b = yi +2) + xk c - zi л] + yk, then 

a x(b x c) is 

(a) parallel to (y -z)H-(z-x)*G- y)k 

(b) orthogonal to i+ j +k 

(c) orthogonal to (y + z) + (z + x)j +(x + y)k 

(d) parallel to i+ j +k 

Ifa, b, care three non-zero vectors, then which of the 

following statement (s) is/are true? 

(a) a x (b x c), b x(c x a),c x (a x b) form a right handed 
system 

(b) c, (a x b) x са x b form a right handed system 

(c)a-b+b-c+c-a<0,ifa+b+c=0 

(4) (axb)(bxc). 


-1,ifa+b+c=0 
(b x c)-(a x c) 


96. 


97. 


' 98. 


99. 
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Let the unit vectors a and b be perpendicular and unit 
vector c is inclined at angle о to a and b. If 

с= [a + mb + n(a x b), then 

(a)! 2 m (b) n? 21-21? 


_ 1+ cos2a 


(c) n? = —cos2a (d) m* = 


If a, b, care three non-zero vectors, then which of the 


following statement(s) is/are true? 

(a)a x (b x c) b x (c Xa). c x (a x b) form a right handed 
system 

(b) c, (a x b) x c,a x b form a right handed system 

(c)a-b+b-c+c-a<O0ifat+b+c=0 

(d) (a x b)-(b x c) - 
(b x c)-(a x c) 


-lifa+b+c=0 


Leta and b be two given perpendicular vectors, which 


are non-zero. A vector r satisfying the equation 
r x b =a, can be .............. 


(b TET pa- EXP 
_ахЪ (a xb) 
(с) [аЬ bP (d)|b|b — "qM 


If a and b are апу two vectors, then possible integers(s) 


in the range of —— — Hath berati 
‚ (92 (b) 3 
(с) 4 (d) 5 


100. If a is perpendicular to b and p is non-zero scalar such 


that pr + (r:.b)a- c then r 
(а) [ra c] = 0 

(b) p^r = pa —(c-a)b 

(c) p^r = pb — (a. b)c 

(d) p'r = pe - (b. сја 


101.1n а four-dimensional space where unit vectors along 


axes are i, jk and landa;,a;,a,,a, are four non-zero 


vectors such that no vector can be expressed as linear 
combination of others and 


(A – 1(a, -a2) + ща: *a5)- (аз a4 —2a;) 
2 tas * 6a, = 0, then 
uz 


(3 =+ 


(а) А 21 


(Qe 


102. A vector (d)i is equally inclined to three vectors 


a=i-j+k, b= 21+ јапіс= sj- - 2k. Let x, y, z be 
three vectors in the plane ofa, b; b, c; c, a respectively, 
then 
(a) x: d 214 
(с) zzd 20 
(d) г.а 20, where r = Ах + uy + 5z 


(b) y. d 23 
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103. 1f a, b, c are non-zero, non-collinear vectors such that a 
vctors such that a vector p = ab cos (2x — (a, c)) c and 
а q -ac cos (x -(a c)) then b + q is 
(a) parallel to a (b) perpendícular to a 
(c) coplanar with bande (d) coplanar with a and c 


104. Given three vevtors a, b, c such that they are non-zero , 
non-coplanar vectors, then which of the following are 
coplanar. 

(ajat+b, b+ect+a 
()a*b b-cc*a 


(ba-bb-*cc-*a 
(d)a* Б, Ь + с, с-а 
105, If r=i+ j+ A(i * j * AK) and r-(i * 2j - К) 2 3are the 
equations of a line and a plane respectively, then which 
of the following is incorrect? 
(a) line is perpendicular to the plane 
(b) line lies in the plane 
(c) line is parallel to the plane but does not lie in the plane 
(d) line cuts the plane obliquely 


106. If vectors a and b are two adjacent sides of a 
parallelogram, then the vector representing the altitude 
of the parallelogram which is perpendicular to a is 


bxa a-b 
(a) b+ D i MITT dd 
a X(b xa) 
ъа (9) laf 


107. Let a, b, c be three vectors such that each of them are 
non-collinear, a + b and b + care collinear with canda 
respectively and a + b + c = К. Then, (| k], | К) lies on 
(a) y* = 4ах (b) x! + уг - ax - by =0 
(с) x! -y*=1 (d)|x] + |y =1 

108. If a, b, саге non-coplanar unit vectors also b, саге 
non-collinear and 2a x (b x c) = b + c, then 
(a) angle between a and c is 60° 
(b) angle between b and c is 30* 


(c) angle between a and b is 120* 
(d) b is perpendicular to c 


109, Ifa = = (2i +3) +6k);b -:6i 4 2j - 3k); 


23 6 
7 i А 
А А А 6 2 = 
=cyitc,j+e,kand matrix A=|- =- — 
с=сї+с›)+сз 77 7 
Су с; Сз 
and AAT - I, then c 
? ^ r 
ign ы = (b) 76i -6j*2k) 


(2-31 +6}-2k) (a) 01 + 6) + 2k) 


=) Product of Vectors Exercise 3 : 


Statement | & II Type Questions 


» Directions (О. Nos. 110 to 121) Each of these questions 
contains two statements. 
Statement | (Assertion) and Statement II (Reason) 
Each of these questions also has four alternatives 
choices, only one of which is the correct answer. You 
have to select the correct choice, as given below. 
(a) Statement I is true, Statement II is true and Statement II is 
a correct explanation for Statement I. 
(b) Statement I is true, Statement II is true but Statement II is 
not a correct explanation for Statement I. 
(c) Statement I is true, Statement П is false. 
(d) Statement I is false, Statement II is true. 


110. Statement I A component of vector b = 4i + 2j +3k in 
the direction perpendicular to the direction of vector 
a-i* j +kisi- j. 
Statement II A component of vector in the direction 
= i+j+ kis 2i+2j+2k 


111. Statement I ai + a,j * ay k, bji + b,j + bk, and 
cji + с,) + csk are three mutually perpendicular 
unit vector, then aji * b,j * ci k.a;i *b;j * ck, 


and азі + b,j + csk, may be mutually perpendicular 
unit vectors. 


Statement II Value of determinant and its transpose 
are the same. 


112. Consider the vector a, b and c. 
Statement I a x b=(ixb).(b)i 
+(jx a). (bjx(kxa).b)k 
Statement II c-(i.c)i +(j. oj +(k. c) k 
113. Statement I Distance of point D(1, 0, — 1) from the plane 


В 8 
of points А(1,—2,0), В(3,1,2)апа C(-1,1, - 1) is ——. 
P ( ), B(3.1,2) ( ) JEN 


Statement II Volume of tetrahedron formed by the 
points A, B,C and D is al 


114, Statement I A =2i +3] + 6k, B= i+ j—2k and 
C= i+2j+ k, then| A x(A X(A хВ)). С|=243 
Statement II |A x(A x(A x B)).C|=]A |? [АВС] 


115. 


116. 


117. 


Statement I The number of vectors of unit length and 
perpendicular to both the vectors i + j and j j* К is zero. 


Statement II a and b are two non-zero and non-parallel 
vectors it is true thata xb is perpendicular to the plane 
containing a and b. 

Statement I (5,) : If A(x,, у), Kx2, уз), C(x3, уз) аге 


non-collinear points. Then, every point (x, y) in the 
plane of AABC, can be expressed in the form 
Е +1х; + тху ky ly; ту» 

k+l+m k+l+m | 


Statement П (S,) The condition for coplanarity of four 
points A(a), B(b), C(c), D(d) is that there exists scalars, 
I, m, n, p not all zeros such that 


la + mb + nc - pd=0 
wherel+m+n+p=0 
Ifa, b are non-zero vectors such that |a+b|=|a—2b], 
then 


Statement I Least value ofa-b + 


is 2V2 —1 
2 


Statement II The expression a -b + 


| 
when magnitude of b is 2 ыт) 


is least 


Ы +2 


118. Statement I Ifa =3i 


119. 


120. 


121. 
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-3j+k,b=-i+2j+kand 
с=і+ j 4 k and d - 2i -j then there exist real numbers 
о, B, y such that a = ob + Bc + yd 

Statement II a, b, c, d are four vectors in a 
3-dimensional space. If b, c, d are non-coplanar, then 
there exist real numbers о, f, ү such that 

a =b * Вс+ yd. 

Statement I Let a, b, c and d are position vector four 
points A, B, C and D and 3a — 2b + 5c — 6d = 0, then 
points A, B, C and D are coplanar. 

Statement II Three non-zero, linearly dependent 
coinitial vectors (PQ, PR and PS) are coplanar. 

Ifa =i+j—-k,b=2i+j—3kand r is a vector satisfying 
2r* rxa- b. 

Statement I r can be expressed in terms ofa, b and 
axb. 


Statement II r= 201 + 5j -~9k+ax b) 
Let a and ¢ be units vectors at an angle з with each 
other. If (a x (b x €))-(a x ё) =5 then 


Statement I [a b €] - 10 
because 
Statement II [x y z]=0, ifx=yory=zorx=z 


Product of Vectors Exercise 4 : 


Passage Based Questions 


Passage I 
(Q. Nos. 122-124) 


Consider three vectors p = i+ j+ k, q= 21+ 4j -k and 
r=i+ j +3k and let s be a unit vector, then ` 


122. 


123. 


124, 


p,q and rare 

(a) linearly dependent 

(b) can form the sides of a possible triangle 

(c) such that the vectors (q — r) is orthogonal to p 

(d) such that each one of these can be expressed as a linear 
combination of the other two 


If(pxq)xr=up+vq+wr, then(u+v+w)is 


equal to 
(a) 8 (b) 2 
(c) -2 (d) 4 


The magnitude of the vector 

(p-s)(q xr) * (q:s)(r x p) * (r-s)(pxq)is 
(a) 4 (b)8 

(c) 18 (d) 2 


а 


Passage II 
(Q. Nos. 125-127) 


Consider the three vectors p, qand r such that 


125. 


126. 


127. 


р=і+ j+kandq=i-j+k; pxr=q+cpand pr=2 


The value of [p q r]is 
(a) - E w- 

(c)0 (d) greater than 0 

If x is a vector such that [p q r] x =(p X q) X r, then x is 
(a) c(i - 2) + k) (b) a unit vector 

(c) indeterminate, as [p q г) (d) - (i - 2) + k)/2 


If y is a vector satisfying (1+ c) y = p X (q X r) then the 
vectors x, y and r 
(a) are collinear (b) are coplanar 


(c) represent the coterminus edges of a tetrahedron whose 
volume is c cu units 


(d) represent the coterminus edge of a paralloepiped whose 
volume is c cu units 
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Passage III 
(Q. Nos. 128-130) 
Let P and Q are two points on the curve 
y= logy; (x 05) log; 4x? – 4x1 
and P is also on the circle x? + y? = 10, О lies inside the given 
circle such that its abscissa is an integer. 


128. The coordinates of P are given by 


(a) (1, 2) (b) (2, 4) (c) (3, 1) (d) (3, 5) 
129. OP -OQ, O being the origin is 
(a) 40r 7 (b) 4 or 2 (c) 20г3 (d) 7 or 8 
130. Max (| РО |) is 
(a) 1 (b) 4 (c) 0 (d) 2 
Passage IV 


(Q. Nos. 131 to 134) 


If a, b, c are three given non-coplanar vectors and any arbitrary 
vector r is in space, where 


ra ba ca а-а ra ca 
A, =|r-b bb cb; Д. =ја:Ъ r-b cb 
гс be cc acre cc 
а-а ba r'a aa ba ca 
A;=|a-b bb r-bj; A= arb b-b cb 
ac be r-c ac cc cc 
131. The vector r is expressible in the form 
оне да+ be ee 
(b) x = 2h 2м Tm 
A A 
WT Ge 
(= ae b+ Pe 
132. The vector r is expressible as 
_ [rbc] [rca] b [rab] 
(r= р be] 2[аъс] [abe] 
_21:6с] 2[rcb],, 2[rab] 
d [abc] a [abc] + [abc] $ 
(c)r = 1 ([rbc]a +[rca]b + [rab] c) 
[abc] 
(d) None of the above 
133. If vector is expressible as r= xa + yb + g c then 
(a) a = ——{(a .a)(b x c) *(b. b)(e xa) + (c. c) (a xb)] 
[abc] 
(b)a = (а.а) x c) +(b .a)(c xa)« (а. а) (a x b)] 
[abc] 


(c) a =(a .a)(b x c) +(а. b)(c x a) + (c.a) (a x b) 
(d) None of the above 


a b c 
134. The value of|a.p b.p c.p|is 
a.q b.q c.q 
(a)(p x 9) [а Xbbxcexa] 
(b) 2(p x q) [ax bbxcexa] 
(с) 4(p X q)[ax bbxcexa] 


(d) (p x q) (а xb b x c c xa]l 


Passage V 
(Q. Nos. 135-136) 


Let g(x)= |А Br +24+9)dt and f(x) be a decreasing 


function, V x 2 Osuch that AB = f(x ji + g(x)j and 

AC= g(x)i + foy are the two smallest sides of a AABC 
whose circumcentre lies outside the triangle, V x> Q 

135. Which of the following is true (for x > 0) ? 


(a) f(x) > 0, g(x) «0 
(b) f(x) « 0, g(x) « 0 
(c) f(x) > 0, g(x) > 0 
(d) f(x) < 0,g(x) > 0 


n /(хув(х) 
lim lim (= (Za -t? JJ is equal to 
0 xo 


(a) 0 
(c) e 


136. 
(b) 1 


(d) does not exist 


Passage VI 
(Q. Nos 137-139) 
Let x, y, z be the vector , such that |х| = | | 2 |z| 42 and 
x, y,z make angles of 60? with each other also, 
xX(yx2)-a 
y X(zxx)=b and xx y=c then 
137. The value of x is 
(a) (a + b) x c (а + b) 
(b)(a + b) - (a + b) xc 


(c) sla + b)x c - (a + b)) 
(d) None of the above 
138. The value of y is 
(a) е + b) + (a b) x c] (b 2[(a + b) + (a + b) x c] 
(c) 4[(a + b)+ (a + b) x e]. (d) None of these 
The value of z is 
(a) Ži -a)x e + (a 4 b)] 


139. 


(b) J((b =a) + (a + b) x c] 


(c) (b ^ a) X c + (a + b) 
(d) None of the above 
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Passage VII 141. 1 +2cos@ is equal to 
(Q. Nos. 140-142) p 
a, b, care non-zero unit vectors inclined pairwise with the (a) 1 (b) 2 [a b c] 
same angle Ө. p, q, rare non-zero scalars satisfying (с) 0 (d) None of these 
axb+bxc= ра +gb + rc Now, answer the following 


142. |(p + 4) cos 8 + r| is equal to 
(а) (1 + cos6),/1 —2cos 0 
140. Volume of parallelopiped with edges a, b and c is equal 


to (b) ENT + 2с050| 


questions. 


(a) p + (q + r)cos8 (b) (p + q + r)cos8 (c) (1 – ѕіпӨ)|4/1 + 2cos8 | 
(c) 2p — (r + q)cos8 (d) None of these (d) None of the above 


Product of Vectors Exercise 5 : 
.. Matching Type Questions 


133 


143. Given two vectorsa =i+2j+2k andb=i+j+2k. 145. Match the statement of Column I with values of 
Match the Column I with Column II and mark the Column II. 
correct option from the codes given below. Col I c Re 
Column Column II A. Let O be an interior point of AABC such p. 0 


that OA + 20B + 30C = 0, then the 


A. A vector coplanar with a P — 3i+ 3j +4k ratio of the area of AABC to the area of 
and b AAOC, with O as the origin 
B. A vector which is q. 2i-2j* 3k B. A-B=A-C=0,B-C=3/2 q. X 
perpendicular to both a A-A=B-B=C-C=1,[ABC]= 2 
and b = C. Ifa, b cand dare non-zero vectors such г. 2 
C. A vector which is equally т. i+j that no three of them are in the same 
inclined to a and b plane and no two are orthogonal, then 
D. A vector which forms a s. i- je 5k the value of the scalar 
triangle with a and b (bx c) (a x d) * (cx a) (bx d),. 
T————— ——RÉÓ Áo (a x b): (d x c) 
arallelepiped formed by vectors a x b, b x c E = 
144. Volume af P elspipe Ы y 146. Match the statement of Column I with values of 
and сха is 36 sq units. Column II. 
NENNEN... see... ColumnI Column II 
A. Volume of parallelopiped formed by р. sq units A. |а|= |= 2, х=а+ by-a- b р. 4 
ane NE Oe т з=. If|x x у= 2 {A - (а- by)", then 
B. Volume of tetrahedron formed by q. 1259 ліз value of À is 
vectors a, band cis - B. Тһе non-zero value of À for which q. 42 
C. Volume of parallelopiped formed by r. 6 sq units i+j+k 


: chibi Бае каз angle between Ai + j + k and 
vectors a , 


PEE coi sll has Be besa Li шы A а ras 
D. Volume of parallelopiped formed by s. 1 sq units i+Aj+kis з 
vectors a — b, b- cand c- a is x 


134 


147. 
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||  . — Column! 

C. The non-zero value of k for which ther, 

lines ke —4 yt 72+ 10 = 0 

= 4х + 3y-2z c Запі 

х-Зу+ 4+0=0) = х у+2+ 1 

А are coplanar is 

D. |а| = |b =1 and |c[« 2, then »& 7 
maximum value of 


| a - 2b? + |b- 2c? + |e- 2af is 


Column II 
10 


E. 


Match the statement of Column 1 with values of 

Column II. 

T m Column I Y n Column It : 

А. Leta, b, cbe the three vectors such р. 5 х 
thata-(b+ c) = bi (e а) = с. (а + b) 2 


= () and |а|= 1, |b] = 4, |c| = 8, then 
— |a + b+ clis equal to 


B, Way, ay, 8y are vectors reciprocalta q 9 
the non-coplanar vectors by, by, Dy 
then [my ау ay ff by by by fis 
equal to 
С, ABCD ina quadrilateral with ИЛ =й, r & 
AD = band AC = 2a + ЗЬ, Mf its arca 
isu, times the ares of the 
parallelogram with AB, AD an its 
adjacent sides, then d. is equal to 
D, Ма = хах + y(bxey+z(exa) s 1 


! 
and (n b c] = М then 


х+у+т= К(а+ + c): d, wherc 
R = adjacent sides, then & is equal to 


Product of Vectors Exercise 6 : 


148. 


149. 


150. 


151. 


Integer Type Questions 


Let а, v and ware three unit vectors, the angle between 
ú and Y is twice that of the angle between à and w and 
Y and w, then [ú V w]is equal. to 

If a, b and care three vectors such that [a b c] = 1, then 
find the value of [a +b b + сс+а]+ [a X bbxccxa] 
+ [a +(b x c) b x (cxa)ex(ax b)]. 

If a, b and C are the three unit vectors and o, D and ү are 
scalars such that € = 04 + Bb + (4 x b). If is given that 
á-b =0and ё makes equal angle with both a and b, then 
evaluate o? +B? +ү?. 


The three vectors i + ij + Капа k + i taken two at a time 
form three planes. If V be the volume of the tetrahedron 
having adjacent sides as the three unit vectors drawn per- 
pendicular to those three planes, then find the value of 


9V3V. 


152, Let ¢ be a unit vector coplanar with a = j-j+2k and 


b =2i – j + k such that € is perpendicular to a. If P be 


the projection of € along b, where P = m then find k. 


153. Let a, b and care three vectors having magnitudes 1, 2 


and 3, respectively satisfy the relation [a b c]=6. If d is a 
unit vector coplanar with b and c such that b-d=1, then 
evaluate | (a x c): d |^ +|(a x c) x d |. 


154. Let A(2i +3) + 5k), K-i + 3j + 2k) and C(Ai +5) + uk) 
are vertices of a triangle and its median through A is 
equally inclined to the positive directions of the axes. 
The value of 2X — |! is equal to 

155. If V is the volume of the parallelopiped having three 
coterminous edges as a, b and care the volume of the 
parallelopiped having three coterminous edges as 
& =(a-a)a + (a: b)b +(a-c)c, 

B =(b-a)a t (b: b)b +(b-c)cand 
y -(c:a)a + (c: b)b +(c-c)cis V^, then A = 

156. If a, b are vectors perpendicular to each other and 
|a| = 2|b| 23 c xa = b, then the least value of 2| c — a| is 

157. If M and N are the mid-point of the diagonals AC and 


BD, respectively of a quadrilateral ABCD, then 
AB + AD + СВ + CD = КММ, where К =....... 


158. Ifa x bz cbxcza,cxa = b. If vectors a, b and c are 


forming a right handed system, then the volume of 
tetrahedron formed by vectors За — 2b + 2c, — a – 2c and 
2a —3b + 4cis 


159. Leta and c be unit vectors inclined at $ with each other. 


If (a x (b x c))-(a x c) 25 then -[abc]-1 = 
160. Volume of parallelopiped formed by vectorsa x b, b x c 


and c X a is 36 sq units, then the volume of the 
parallelopiped formed by the vectors. 


161. Ifa and B are two perpendicular unit vectors such that 
х= D — (ох x); then the value of 4| x |? is. 

162. The volume of the tetrahedron whose vertices are the 
points with position vectors і + ј+ k, 


-i - 3j * 7k, i 2j - 7k and 3i — 4j + Ak is 22, then the 
digit at unit place of À is. 


Product of Vectors Exercise 7 : 


Subjective Type Questions - 


164. Prove Cauchy-Schwartz inequality (a . b)? < la|? |b]? 


165. Two points P and Q are given in the rectangular 
cartesian coordinates in the curve у =2**?, such that 
OP. i =—1andOQ.-i =2, where i is a unit vector along 
the X-axis. Find the magnitude of OQ — 4OP. 

166. O is the origin and A is a fixed point on the circle of 
radius a with centre O. The vector OA is denoted by a. A 
variable point P lie on the tangent at A and OP = г. 
Show that а. r =a’. Hence, if P(x, y) and A(x,, y;) 
deduce the equation of tangent at A to this circle. 

167. If ais real constant and A, B and C are variable angles 
and уа? – 4 (ап А +аќапВ+ үа? + 4 tan С = ба, then 
find the least value of tan? A + tan? В + tan? C. | 


168. Given, the angles A, Band C of AABC. Find соз ZBAM, 
where M is mid-point of BC. 


169. Find the perpendicular distance of A (1, 4, – 2) from the 
segment BC, where B (2, 1, —2) and C (0, — 5, 1). 
170. Given angles, A, Band C of A ABC. Let M be the 


mid-point of segment AB and let D be the foot of the 


bi f ZC. Find the ratio of raor and 
А Бада сасын 
isector o. Area of A ABC 


also cos ф = cos ZDCM. 


171. In the AABC a point P is taken on the side AB such that 
AP: BP=1:2and a point Q is taken on the side BC such 
that CQ: ВО = 2:1. If R be the point of intersection of 
lines AQ and CP, using vector find the area of A ABC, if 
it is known that area of AABC is one unit. 


172. If one diagonal of a quadrilateral bisects the other, then 
it also bisects the quadrilateral. 
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163. Volume of a tetrahedron whose coterminous edges are 
a, b and cis 3 and volume of a parallelopiped whose 
coterminous edges area + b - c, — b, b – cis V. Then, 
units digit of V is. 


173. Two forces F, = (2,3) and F, = (4, 1) are 
specified relative to a general cartesian form. Their 
points of application are respectively, A — (1, 1) and 
B = (2, 4). Find the coordinates of the resultant and the 
equation of the straight line / containing it. 

174. A non-zero vector a is parallel to the line of intersection 
of the plane determined by the vectors, i, i +j and the 


plane determined by the vectors i-j andi+k., Find the 
angle between a and i-2j +2k 


175. The vector i+2j+2k turns through a right angle while 
passing through the positive X-axis on the way. Find the 
vector in its new position. 

176. Let ü and Y are unit vectors and w is a vector such that 
ч ху +ї = wand w X 0 = Ӯ, then find the value of 
[аў w]. 

177. A, B andC are three vectors given by 2i + k, i +j +k 
and 4i — 3j 47k Then, find R, which satisfies the 
relation Rx B= CxBand R- A =0. 

178. If x-a =0,x-b =1, [xa b]=1anda-b #0, then find x in 
terms ofa and b. 


179. Let x, y and z be unit vectors such that X+ y*z-a, 


Xx(yxz)- bx) x27 cat= ia f= T and 


ыл 


[а | 2 2. Find X, y and z in terms ofa, b and с. 
180. Let a, b and c be three mutually perpendicular vectors of 

equal magnitude. If the vector x satisfies the equation. 

a x {(x—b) xa} +b x {(x—¢)x b} + ex {(x-a)xc}=0 

then find x. 


181. Given vectors CB =a, CA = band CO = x, where O is 


the centre of circle circumscribed about A ABC, then 
find vector x. 
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Product of Vectors Exercise 8 : 
= Questions Asked in Previous Years’ Exam 


(i) JEE Advanced & IIT-JEE 


182. Let O be the origin and let POR be an arbitrary triangle. 
The point S is such that 
ОР.ОО + OR: OS= OR: OP + OQ. OS 
= 0Q-OR + OP- OS 


Then the triangle РОК has S as its 

[Single Correct Type, 2017 Adv.] 
(a) centroid (b) orthocentre 
(c) incentre (d) circumcentre 


Passage 
(Q. Nos. 183-184) 
Let O be the origin and OX, OY, OZ be three unit vectors in the 
directions of the sides, OR, RP, PQ respectively of a APOR. 
[Passage Type Question, 2017 Adv.] 


183. If the triangle РОК varies, then the minimum value of 
cos (P + О) + cos (О + R) + cos(R + P)is 


3 3 5 5 
(а) = (b) > (с) з (4) = 
184.|OX x OY|= 
(a) sin (P + О) (b) sin (P + R) 
(c) sin (Q + R) (d) sin 2R 


185.Let a, b and c be three unit vectors such that 
КА (b + c). If b is not parallel to c, then the 


ax(bxc)- PY 

angle between a and bis [Single Correct Type, 2016 Adv.] 
Зл x 2r 5л 

(а) và (b) 2 (c) 3 (d) з 


186. Let a, b and c be three non-zero vectors such that no two 
1 3 
of them are collinear and (a хЬ)хе= [ll cela. If Bis 


the angle between vectors b and c then a value of sin Ө 


is [Single Correct Type, 2015 Adv.] 
242 -2 2 -243 
(a) E (b) a (c) z (d) = a 


187. If a, b and care unit vectors satisfying 
|a - b|* «| b с? +|с-а |? =9, then | 2a 5b + 5c| is 


equal to [Subjective Type Question, 2012] 
188. The vector(s) which is/are coplanar with vectors 

i+ j +2k and i+2j+k, are perpendicular to the vector 

i+ j +k is/are [More than One Option Correct Type, 2011] 

(а) j-k (b) -1+) 

() i-j (d) -j+k 


189. Leta =i+j+k,b=i-j+kandc=i-—j—kbe three 
vectors. A vector v in the plane of a and b, whose 
с 
jecti cis —, is given b 
PRINS Уз s [Single Correct Type, 2011 Adv.] 
(b -3i -3j - k 


(a) î-3j+3k б 
(d) i+3j-3k 


(с) 31-j+3k 
190. Two adjacent sides of a parallelogram ABCD are given 

by AB = 2i+10j+11k and AD =- i+2j+ 2k. The side 

AD is rotated by an acute angle о in the plane of the 


parallelogram so that AD becomes AD’. If AD’ makes a 


right angle with the side AB, then the cosine of the angle 
ais given by [Single Correct Type, 2010 Adv.] 


8 4 
(a) S (b) = 
1 4-5 
(с) 9 (d) а 


191.Let Р, О, Rand S be the points on the plane with position 

vectors —2i — j 4i, 3i +3) and —3ї+ 2j, respectively. The 
quadrilateral PORS must be a 

[Single Correct Type, IITJEE 2010] 
(a) parallelogram, which is neither a rhombus nor a rectangle 
(b) square - 
(c) rectangle, but not a square 
(d) rhombus, but not a square 


^ 


i-2j 


45 


192.1f a and b are vectors in space given by a = and 


ya 2i+ j+3k 
14 
(2a +b)-[(a x b) x (a —2b)]is [Integer Type Question, 2010] 
193.1£ a,b, cand d are the unit vectors such that 
(axb) (exd)=1anda-e=—, then 


, then the value of 


[More than One Option Correct Type, 2009] 


(a) a,b, c are non-coplanar 
(b) a, b, d are non-coplanar 
(c) b, d are non-parallel 
(d) a, d are parallel and b, c are parallel 
194. The edges of a parallelopiped are of unit length and are 
parallel to non-coplanar unit vector à, b, € such that 


a-b=b-¢=@-a =>. Then, the volume of the 


parallelopiped is [Single Correct Type, IIT-JEE 2008] 


(а) — cu unit (b) Б cu unit 
New - 
5 
(c) = cu unit (d) F cu unit 


195. Let two non-collinear unit vectors å and b. form an 
acute angle. A point P moves, so that at any time t the 
position vector OP (where, O is the origin) is given by 
а cost + b sin t. When Pis farthest from origin O, let M 
be the length of OP and її be the unit vector along OP. 


Then, f [Single Correct Type, IIT-JEE 2008] 
a+b N 

(a) a = — and M =(1 + à- b)? 
ja+b] 

а= aoe" and M=(1 + à- b)? 

(c) a= TET and M =(1 + 2а. b)? 


(d) à == and M 2 Q + 2à b)? 
là -b| 


196. Let the vectors PQ, QR, RS, ST, TU and UP represent 
the sides of a regular hexagon. 
Statement I PQx (RS + ST) 0. because 
Statement П POxRS = 0and PQ х ST 0 
[Single Correct Type, 2007, 3M] 
(a) Statement I is true, Statement II is true and Statement II is 
a correct explanation for Statement I. 


(b) Statement I is true, Statement II is true but Statement II is 
not a correct explanation for Statement I. 


(c) Statement I is true, Statement II is false. 
(d) Statement 1 is false, Statement II is true. 


197. The number of distinct real values of À, for which the 
vectors — -AMiejek i-a 2j+kandi+j— A? kare 


coplanar, is [Single Correct Type, IIT-JEE 2007] 
(a) 0 (b) 1 
(0242 (d) 3 


198. Let a, b, cbe unit vectors such that a + b + с = 0. Which 


one of the following is correct? 
[Single Correct Type, IIT-JEE 2007] 


(а)ахЬ = Ъхс= сха = 0 
(ъ)ахЬ = Ъхс= сха #0 
(c) ЪхЬ = Ъхс=ахс= 0 
(d) axb, bxc, сха are mutually perpendicular 
199. Let A be vector parallel to line of intersection of 
planes P, and P; through origin. P, is parallel to the 


vectors 2j j* 3k and 4j - —3k and P, is parallel to j- k and 
3i +3) j, then the angle between vector А and 2i j -2k 


is [More than One Option Correct Type, 2006, 5M] 
л n 
Д b) — 

(a) > (b) Я 
л эл 

(с) С (4) A 
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200. Leta =i+2j+k,b=i-j+k,c=i +j- К.А vector 
coplanar to a and b has a projection along c of 


1 t 
magnitude —— , then the vector is 
43 
[Single Correct Type, IIT-JEE 2006] 
(b) 4i j - 4k 
(d) None of these 


(a) 4i - j * 4k 
(02i 4 k 


201. 1f a, b, c are three non-zero, non-coplanar vectors and 


, b- 
WR TE =b+— a, 
lal lal 
с.а 05 M ca. c: b, 
€, 7 , pw Mis 
TS aW ee 
c-a a-b, 
€, =с-——а- R6 b es =а- а, 
lal? jbo lal 


Then, which of the following is a set of mutually 
orthogonal vectors? ^ [Single Correct Type, IIT-JEE 2005] 
(а) la. bi, c] (b) (a, b,, c2] 
(c) {a,b3,a3} (d) (a,b; c] 

202. The unit vector which is orthogonal to the vector 
3i +2) +66 and is coplanar with the vectors 2i+ j +k 


and i-j+kis [Single Correct Type, IIT-JEE 2004] 


2i-6j+k 2i -3j 
WIR OUS 

3j-k 4i *3j-3k 
(с) A шее 


203. The value of a, so that the volume of parallelopiped 
formed byi i+ aj +k, j +ak and ai + К become 


minimum, is [Single Correct Type, IIT-JEE 2003] 
(a) -3 (b) 3 
(01/43 (d) 3 

204.1fa (1 + j+k),a-b=1anda x b - j— kc, then b is equal 
to [Single Correct Type, IIT-JEE 2003] 
(aji-j+k (b)2}-k 
(o) i (d) 2i 


205.1t V =2ї+ j- k and W=i+3k. IfU is a unit vector, then 
the maximum value of the scalar triple product [U V W] 


is [Single Correct Type, IIT-JEE 2002] 
(a) -1 (b) V10 + V6 
(с) v59 (d) /60 


206. Ifa and b, are two unit vectors such that a 42b and 
5a — 4b, are perpendicular to each other, then the angle 
between a and b is [Single Correct Type, 2002, 1M] 
(a) 45* (b) 60* 


em) ^ e) 
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(ii) JEE Main & AIEEE 


207. Let a =2i + j - 2k, b=i + jand c be a vector such that 
[c-a|-3|(a x b)x c| 23and the angle between c and 


a x b is 30°. Then, a -cis equal to [JEE Main 2017] 
25 
(a) a (b) 2 
(95 (a+ 
8 
208. If [a x bb x cc xa] =A [a b c]’, then A is equal to 

(a) 0 (b) 1 [JEE Main 2014] 
(c) 2 (d) 3 


209. Let a and b be two unit vectors. If the vectors c =a + 2b 
and d —5a — 4a are perpendicular to each other, then the 


angle between a and b is [AIEEE 2012] 
x x 

(a) x (b) = 
x x 

(c) x (d) 4 


210. Let ABCD be a parallelogram such that AB = q, AD = p 


and ZBAD be an acute angle. If r is the vector that 
coincides with the altitude directed from the vertex B to 


the side AD, then ris given by [AIEEE 2012] 
за ЕФ D (ва) 
(а) г "com (b r=-q+ d P 
=q – Pg d =-3 Xp-a) 
(c) r=q [®: )» (9) г are 
i 251 1,5 G^ ut 
„Ма = —— (3i + k) and b = – (2i +3j — 6k), then the 
211.1fa an )an = j } 
value of (2—b)-[(a x b) x (a +2b)] is [AIEEE 2011] 
(а) -3 (b) 5 
(03 (d) -5 


212. The vectors a and b are not perpendicular and c and d 
are two vectors satisfying b x c= b x d anda - b =0. 
Then, the vector d is equal to [AIEEE 2011] 


ө (25) e» (Ex). 


a-b 

ө-(2)ь шъ-[ е) 

213.1f the vectors pi + j +k, î+q j + Капа i+ j+rk 
(Where, p * q +r #1) are coplanar, then the value of 
раг -(p*q-r)is [AIEEE 2011] 
(a) -2 (b) 2 
(c) 0 (d) -1 

214.Leta = j -k anda - i- j - К. Then, the vector 
b satisfying a x b + c =Oanda-b =3 is [AIEEE 2010] 
(a) -i+j-2k (b) 21) +26 
(с) 1-3-2 (d) 1+3 -2k 


215.1f the vectors a = i-j +2k, b=2i+4j+k and 
c=Ai +j+uk are mutually orthogonal, then (A, p) is 
equal to [AIEEE 2010] 
(a) (- 3.2) (b) (2, - 3) 
(c) (- 2.3) (d) (3, - 2) 

216. If u, v and w are non-coplanar vectors and р, q are real 
numbers, then the equality [3u pv pw]— [pv w qu] 
- [2w qv qu] = 0 holds for [AIEEE 2009] 


(a) exactly two values of(p, q) 

(b) more than two but not all values of (p, q) 
(c) all values of (p, q) 

(d) exactly one value of (p, q) 


217. The vector a = ой +2) + Dk lies in the plane of the 
vectors b =i + j andc- j + k and bisects the angle 
between b and c. Then, which one of the following gives 


possible values of & and B? [AIEEE 2008] 
(a) а =1, В =1 (b) a =2,В=2 
(с) «=1,В=2 (d a=2,B=1 


218. If u and v are unit vectors andis the acute angle between 
them, then 2u x 3v is a unit vector for [AIEEE 2007] 
(a) exactly two values of 8 
(b) more than two values of 8 
(c) no value of 8 
(d) exactly one value of 8 

219.Leta =i+ j+ k,b =i-j+2k and c= xi (x —2)j — К. 
the vector c lies in the plane of a and b, then x equal to 
(a) 0 (b) 1 [AIEEE 2007] 
(с) -4 (d) -2 

220.1f (a x b) x c=a x (b x c), where a, b and care any three 
vectors such that a -b #0, b-c #0, then a and care 


(a) inclined at an angle of T between them 
(b) perpendicular 6 
(c) parallel 


(d) inclined at an angle of T between them 


[AIEEE 2006] 


221. The value of a, for which the points, A, B, C with 
position vectors 2i ~j+ ki -3j -5kandai - 3j +k 
respectively are the vertices of a right angled triangle 


with C= 4 are [AIEEE 2006] 
(a) -2 and -1 (b) -2and 1 
(c) 2 and -1 (d) 2 and 1 


222. The distance between the line 
r -2i-2j 3k + Аі — ј+ 4k) and the plane 
r-(i 5j К) =51 


10 
(a) cu 


[AIEEE 2005] 
10 10 
(d) > 


3 
(b) oh (c) MA 


223. For any vector a, the value of 
(a xi)? +(ax j)? (a x k}? is equal to 
(a) 4а? (b) 2a? 
(с) a? (d) 3a? 

224. If a, b, с аге non-coplanar vectors and A is a real number, 
then [А (a+b) A'b Ac]-[a b«cb]for [AIEEE 2005] 


(a) exactly two values of A 
(b) exactly three values of À 
(c) no value of A 

(d) exactly one value of A 


225.Leta - i - K, b =x  j4 (1 — x) k and 


с=уі + хј +(1+ x - y)k. Then, (a b c] depends on 
[AIEEE 2005] 


[AIEEE 2005] 


(a) Neither x nor y 
(b) Both x and y 
(c) Only x 
(d) Only y 

226. Let u, v, w be such that | и |2 1,| v[ 7 2,| w | -3 If the 
projection v along u is equal to that of w along u and 
v, w are perpendicular to each other, then ju-v+w| 


equal to [AIEEE 2004] 
(a) 2 Ы) 47 
(c) V14 (d) 14 


227. Let a, b and c be non-zero vectors such that 


(a xb) x c= zlbllela.If0is an acute angle between the 


vectors b and c, then sin Ө is equal to [AIEEE 2004] 
2 
e (b) № 
2 ave 
(c) 3 (d) 3 
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228. A particle is acted upon by constant forces 4i - j-3k 
and3i+ j -k which displace it from a point i+ 2j+3k 
to the point 5i+4j+ k. The work done in standard units 


by the forces is given by [AIEEE 2004] 
(a) 40 units (b) 30 units 
(c) 25 units (d) 15 units 


229. If u, v and w are three non-coplanar vectors, then 
(u* v- w):[(u— v) x(v - w)] equal to [AIEEE 2003] 
(a) 0 (b) u:v xw 
(с) u-wxv (d) 3u-vxw 

230.a, b, c are three vectors, such that a * b - c 2 Qa |- 1, 
|b[22,] e| 2 3 then a: b * b: c c:a is equal to 
(a) 0 (b) -7 [AIEEE 2003) 
(c) 7 (d) 1 

231. A tetrahedron has vertices at O(0, 0, 0), A(1, 2, 1), B(2, 1,3) 
and C(-1, 1, 2). Then, the angle between the faces 


OAB and ABC will be [AIEEE 2003] 
(а) cos! (3) (b) соз”! (2) 
(c) 30° (d) 90° 


232. Let u =i+j,v =i-jand w=i+2j4+3k. [fn is a unit 
vector such that u-n =Oand v:n =Q then| w:n|is 


equal to [AIEEE 2003] 
(a) 0 (b) ! 
(c) 2 (d) 3 


233. Given, two vectors are i-j and і+2) the unit vector 
coplanar with the two vectors and perpendicular to 
first is [AIEEE 2002) 


(a) zi +) (b) zel +) 


(c) + Б +) (4) None of these 
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Solutions “20°: 


Moment = OAxF-2—|3 2 -9 
9 6 -2 
1. Since,a Lb = a-b=0 6 150 
|a - b|* 2 (a - b) =a? + b? -2a.b 225 + 25 да -15j)=7, @ -3j 
E -b|-2542 ^ ^ è 
а -1=5у2 14. Force (Е) = 21 + ) – k and its position vector = 21 — j We 
2, |a * b|»]a- b| know that the position vector of a force about origin 
On squaring both sides, we get (Ja R= D EP sorge do шеге, moment 
a? +b? + 2a-b » a? + b? —2a.b of the force about origin k^ 
= 4a-b>0 = cos0 >0 tx fTaataat 
Hence, 0 « 90? (acute) —IKF- 2-1 0]|-2i-42]* 4k 
г ә] 
3. Given that, а = b + c and angle between b and c is =. 
А 2 Brac 2 15 a= bX€ Q1, 96 4. сха 
о, " - y * E + 2b-c 7 3 [abc] [abc]' [abc] 
= a“ =b" + с^ +2|b|]c|cos— 
E а? = +с2+0 2 = [a b" суе OX) (сха), ахы) 
[abc] \ [abc] [abc] 
а? = 2 + с? 
e ir yet NER UT 
ie, а= + с [abc] [abc] [abc] 
4. Obviously, a and b are unit vectors. 46, $ bxc, biaxe [abe] , [bac] 
5, Angle between i + ) + k and i is equal to exa-b cab Teab] [eibi 
@+3+ 0-1 _ [abc] [abc] _ 
соз”! Joo ALIA = а= o) [cab] [cab] 
TESTE TIT з 


17. b x cis а vector perpendicular to b, c. Therefore, а x(b x c) isa 


" А ? к | {. ЕЕ 
Similarly, angle between i + j + Капа jis vector again in plane of b, c. 


= cos! ES d between i + j+ kand kis 18. Let a=xityj+zk 
45 : AME docs Я 
n u =i X(a хі) + j x(a x 1) + k x(a x k) 
ўж (=) =@-Па-а-1)+(-}а—а-}) 
Непсе, а=В=ү САОНА 
E > ^ ч 
6. Let т=ї+у+4 > г-ї=х,г-)=у,г-К=1 19 4 ty A ЭК ЧИР. 
=> (сїў? (o (kx y! +2 =? .ax(bxc)-ax|2 N 1 |=a x(—2i + 3j + 7k) 
1 -—L 
7. |a - b | 2 i? + 1? - 2-17 соз = [21 – cos8) тт 
1 
- Ji хуй sin =2sin® = sin? =le =| 1 : -2|-20i -3j + 7k 
2 2 2 2 =201—-3)+7К 
-2 3 7 
8. The component of vector a along bis 
(a-byb 1564. ak) 20. a x(bxc)=0 
[bjf 25 > a||(b xc) orbxe=0 
9 Raide oo a:b _lal_7 іе, Ъ| сога =0 
|Ъ|/ lal Ib] 3 21. Let the required vector beat = dii  d;j + dsk 
10. (xw es -a-b =, e where, dy + d? + dj =51 (given) E 
"wm, 9" Now, each of the given vectors a, b and c is a unit vectors. 
11. Torque = r x For CPx F Ga iR gb d.e 
ij k Іа ај |diib| 1911 
12. rxF=|2 -1 1|--5i -5j +5 or d-a=d-b=d-c 
12 3 | d | = v51 cancels out and|a |=| b| 2| e[ 5 1 


1 
Hence, (d, - 2d; + 2ds) = "x 4d, + Od, —34,) = d; 
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= d, —5d; + 24, =0 where, a? + a2 + а? =1 

and 4d, + 5d, + 3d, = 0 u-n=0 > a+a,=0 

On solving, we get d odo s (say) Also, Уй =0 => q-a =0 

aM ab Hence, а =a,=0 

Putting d,, d; and d, in Eq. (i), we getA=+1 4 ау=1 or -1 

Hence, the required vectors are + 6i-j- 5k) М ñ=k or -k 
22. Let OA = Hi, CB-- RiandOB=-Pi+ P) ` |w- â|=3 

28. To find(a - b) -a Dib) Clc) 
" ie, Jal! -a.b 0) 
(Bi Pi Now, a+b=c 
= Jal? +| bl? *2a-b | d? (И) Ari; B(a) 


On substituting the value ofa - b from Eq. (ii) in Eq. (i), we get 


bd a? -lq -a -b?) 
| OB| - JP? + P? = [р + 3p? =2Р 2 
За? + b? - c? 
23.x+y+z=0 5 x=-(y +z) => — = 


Ix =(y + z)-(y + z) 


$a pi td 29. AxB=-AxB С В 
= Ге ју [2] +2y-z АЙ 
> IxP=ly  * Iz 2] y || 2| cose either A-0 " 
=> 4=44+4+2x2x2cos0 or B=0 
=i or A and Bare collinear 
=> cos0 =— = 0-120? ое 
2 30. Given, V+V,=V, a i 
2. cosec^120? + cot?120° Also, V. V, =20 
-(%) +( 4.1.3 (М)? = (У, – V and У.У, =a 
z B N з з '3 Also, IVI=| Vi |=| V:|=A (say) 
2.542. 532 
24. For acute anglea-b > 0 Hence, X TN 2X cosa 
ie, —-3x 2x! 41» 0 > соза = = 
=> (х-1)(2х-1)>0 | е 
For obtuse angle between b and X-axisb.i «0 => х<0 31. Given, — |b|-|b- c|-8 and [е[=12 0) 
25. Since, d = Ла + ub + ve 
а:(Ьхс) = Аа - (a x c) + ub -(b хс) + ус (b x с) 
= А [a b c] 
[dbc] [bcd] 
=> = = 
[abc] [bca] 
26. (зр + 4) (5р – 39) =0 
ог 15р? – 39° - 4p. q і) 
(2р + 9) (4р —2q) =0 ог 8p? = 29° 
=> q’ = 4р? .. (ii) 
з b i 
Now, cosg = —P-3 c-(e-4) due 
Iplial C080 —À— 17 4. .. (ii) 
in Ea. (i b b 
On substituting 4° = 4p? in Eq. (i), we get | el e-?| 12 «s 
3p! - 4p: 
T & pra 2 From Eq. (i), | b| 8| ¢ | =12 
P i v55 2 2 
cos @ = —. —— =- sin Ө = — ` |b- e| =| b| 
4 |pl2|p| 8 8 


` = |b| +|c]’-2b-c=|b}? 
27. à - ai + aj + ask, 
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> b-c=72 і) Р 
2 2 
and Eee IE be 
4 116] 2 b d 
=144+4—36=112 
e- P|-2455 (iv) 
Я 0, 6,8 R(-1, 4, 7) 
From Eqs. (ii), (iii) and (iv) Q(0, 6, 8) a R(-1, 4,7) 
cosg = 144-10 _ 347 |a x b|? =a” b? ~(a- b)? =(6) (75) 
12x447 8 —(—1 + 10 + 7)? = 450 — 256 = 194 
32. BN. CM =0 |a x b | = 194 
бев: (5-е) о de [os pr 
3 6 3 
Es aa rig pra=i00 
$2 К. 2 (p (p.01). 100 89 = 4950 
1 
E UID 2 -1 -1 
Ski. k=! B (b) Се) 35. V=- [uvw]=-|1 -1 2 
6 6 5 1 0 -1 
33. Given, 15| АС | -3| ABI 25| AD| Dd) bis =- [21 - 0) - 11) + (-2-1)] 
Let ripis =-c*[2-1-3]=8 
pls ^ 2c 28 = с=20г-2 
BA: CD V3 36. Let c = Ma x b) 
Now, cos (BA: CD)  —————— " x 
[вА [срј ^8) origin Bib) Hence, А(а x b) (i + 2) - 7k) = 10 
__b-(d-c) à Bund 4 
| b||d-e| Alt -2 3 |=10 
Now, numerator of Eq. (i), we get 12 -7 
b- c-b: d =|b]| e] cos 2 -| b] | d | cos = = A =-1=>¢=-(axb) 
к | а=2Ї-3)+ЙйапдЬ=й—-2)+3Й 
=(5A)(A) + SAGA) > i j k 
25A 15M ig? 2 -3 1 2(-942) -(5)) *(7 44 3) 
= Ы 1-2 3 
Denominator of Eq. (i) => (-7,-5,-1) 
ine еа r 37. V =î-2)+ k 
PRL SRR Oe I OE А Vz =31 +2) - k 
=9 + M -209 (3A) 5 Vj =c=aa+ beat) «gs К) 
2101? -333 27 sol +a p) pk = e 
|d- с| = У7А Since, Vj, Vy, V, are coplanar, 
Denominator of Eq. (i) $ ; Si \ 
= (5A) (7A) = 5/72 Now|3 2  -I1|s0 using ӘС (СЕС) we get 
a «+ p 
1047 2 
con (BA CR) m тер 1-4 1 
3 A j i 3 0 =1]} 0, hence 4 (4 +a) «0 
^az-i-2J- 
ww uw h 
b=i-s}-7k > TELET 


axb| 
lajs PŽP: jal edi аф „ЖЕ 


D 
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39. 


40. 
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Р k, 
= а. 
w=|o|â=10+ j+ k) 
Now, v-2oxrz-10(ij- k)x(xi yj zk) 
where r is the position vector of the point whose locus is to be 
determined. 


Hence, v 210 [(2 - y)i -(z - xj +(у — x)k] 


| v| 2104(x - у)? + (y - z) +z - x)? 
Hence, 2(x? + y? +22 – xy – yz - zx) 24 
= x? + y? +z? - xy – уг-2х-2=0 
which is the equation of a cylinder. 


._it+j+k М 
a=- "ы ;o = 2 («2j + 2k) 
t3 
v=oxr=2 i3 2 22 i -j- f) 
3 3 
2.3 5 
|v| » 2418 2 o2 
b-at+b-c=b-b+a-c 
У, 
А 
D 
aj 
Biriga Cal * 
or Ь (а – Ь) – с-(а – Б) =0 
ог (Ь- с) {а – b)-0 
=> ВС апі AB аге perpendicular. 
Now, find angle between AM and BD. 
where, AM = 2i - 3j, 
Hi ^ 
pp = +3) 
Seng C AMCBD. =e 
|AM||BD| 5413 
=> Еа 
5413 
: „ж _. OE OE E 
[npm] = sin cos ф 7 sin = cose =s ts 
V=(axb)xa+(axb)xb 


= b-(a-b)a +(a- b)b —a=(b —a) +(b —a) (а: b) 
V =(b-a)(1+a-b)=A(b-—a) 
Since, a and b are perpendicular, hence a, b anda x b are 
non-coplanar. Hence, any vector say (r x a) can be expressed 


as 
e rxa= ха + yb + z(a x b) mo) 
dot with а 0=х+0+0 > x-0 

dot withb [rab]=0+y+0 = y=[rab] 

dot with r 0 = ха: г+ yr: b z[rab] 


44, 


45. 


46. 


47. 


0= [га] (г: Ь) + 21га] = z=-(r:b) 
rx a-[rab]b - (г : b) (ax b) 
гха -[rab]b *(r: b) (bx a) 
Since, i + 2) + 2k is rotated so as to cross Y-axis, the vector in 
new position. Let the required vector be xi + yj + zk 


Hence, 


NO 
wali) 


where, x! y! +z’ 29 
x+2y+2z=0 
5%. ў. х2 
апі їз 2 2) = @x=—z=0 
010 
On solving Eqs. (i), (ii) and (iii), we get 
2 


-4 
реа 


...(iii) 


х= 

Required vector, is2214 J5] 4k 
7. Rei Р Es 
А s MS GE. 


Set A Set B 
(Parallel) (Non-parallel) 
4 6 
ways 
(i) 3 from В > °C, 
(ii) 2 from B, 1 from A — *C, x °C, 
(ш) 3 from А 10, 
Total number of ways 
= °C, + (с, x ‘C)+ *с, 
МЕ) = Cis + *С, + (*С, x °C) 


= 


апа n(S) = "C, 
5С, + 4G, + (°C, x +) 
=> P(E) = = 215 
тос, 
(axx)+b=x 


=> ax(@xx)+(@xb)=axx 
(a-x)a-(@-4)x+(@xb)=x-b 


Projection of x along â is 2 units 


> Bx) d => a-x=2 
lâ] 

So, x - [23 - bx b) 

We know, a x (bx c) = (a: c) b - (a- b) с 


Component ofa x (b x c) along b is 
fe : c)b =i s vel -blb= (е c)(b- b) - (a: b) (b: c) b 
lb] |b]? 
So, component ofa x (b x c) perpendicular to b is 


«xoxo (есь), 


єх хө (зоо 20-9), 


|b]? 
(axb) (bxc), 


=ах(Ьхс)+ 
|b]? 
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48. га =20 5 x + 2у +: = 20у: EN 54, The mid-points of sides ave D (1, 0 0) К, 0 т), 
The number of non-negative integral solution are hc! 
7 a 9 ie. » ВСЕ d ы 
бс, зс, С, =81 БЕ“ = 4 тън) 
b 42 S TEMO 
Pet зл ABER BCT HEM Ly 
a b Pam ant 
as эмы: 
x ( 10 T 
5 +a-B = 
50. The system of vectors is coplanar. 
* Their sum is zero. 55. Eliminating m 
51. p р C Ultan #0 
ДЕ oc - с er (al +n) ean) 0 
se "TES EMEN LO 
A 8 er |2-28 ama-n 
С АВ:АЮ S$ The dir's 1, -2 =2and = = A The lines are perpendicular, 
 JAB|AD 9 56. cos 8 + cos? 0 e eo y =! 
AS a > eos! Y = - cos 
- — cos » +a = — by hypothesis f 
- = SSA USIU = vefs] 
A J 8 4 3 
os sna =- 
9 2 57. ax(aXb) =e alla Ы =le] 
5. — ЧИК ү. Yt x S)sint 3 
Y & 9 iin S aiv tuni wd 
sint = = gives tant = => 
52 BA + AC = BC edi 4 
EN BA - BC - AC 58. From the figure the vector equation of OP isr = Ad o) LY] 
= E ШКУ Де. (& + £) > OM = projection of OC on OP 
ld 19 id Ud if -oc-op- 
e f e f A 
Now, BA-BC =|—+—||—-—]=0 "T : 
(s «J (5 “| Now, СМ? eo - ОМ? «1-1 „2 
3 3 
> ZB=90 2 
> cos 2B=-1 ^ Mel, 


and cos2A + cos2C —-2cos(A + C)cos(A - C) =0 
(гА+С=90') 
= cos2A + cos2B + cos2C =-1 
53. We have, c-a = c-b = соѕ0,а:Ь = 0 


Now, с=аз + Bb + Y (a x b) 
Taking the dot product of both sides with a, we get 
с-а =a = cos8 tla 21, ab 2 0) 


Similarly, В = cose 
Now, taking the dot product with a x b, we get 
(ca b] - vla xb? =y 


59. p x чур, ч are non-coplanar vectors 


Now, [ca b]? =[a b с]? => b-csQe-as0,a-b0 
а-а a-b a-c 1 0  cosü => aabec 
z|ba bb bcj=| 0 1 соз => Ais equilateral. 
ca ab cc| |cos® cosd 1 60. (a x b) x (È x d) = [abd] - [a b eld 
21 - cos!0 + cos0(-cos0) *4c- 4d 


Thus, a=ß= cos8, y? = — со520. «-sl perpendicular to Y-axis, Zaxis 
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62. 


8 


64. 


65. 
66. 


67. 


68. 
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Translating the axes through A(1, 2, 3). 
A changes to (0, 0, 0) B changes to (8, 6, 2). 
л. Coterminous edges are of lengths 8, 6, 2. 
Volume of parallelopiped = 8-6-2 = 96 cu units 
a, b, c are non-coplanar = [a, b, c] # 1 Alsoa Xx b. bx c cxa 
are non-coplanar given 

d =sinx (a x b) + cosy (b x c) + 2(c x a) 
Taking dot product with a + b + c, we get 

O 2 sinx[a b c] + cosy[a b c] + 2[a b c] 
=> sinx* cosy +2=0 
> sinx + cosy = -2 


n 
= х= (4п -1)—,у =(21-1)л,п ez 


2 


2 › -n : 
for least value of x^ + yl х=——,у=к and least value is T 


We have, a(a x b) + М хс) + We xa) =0 
Taking dot product with с. we have 

ala b c] + B[b c c] + сас] 2 0 
ie. G[abc] + 0+0=0 

со[а b c] = 0 

Similarly, taking dot product with b and c, we have 

Y [abe] = 0, B [abe] = 0 
Now, even if one ofa, D, y # 0, then we have [abc] = 0 
= a, b, c are coplanar. 


Dh - hs + shah + DM = 4 area the tetrahedron 
OABC. 


Ө = cos" (cos — cosa) 


Equation of OO' => : 


x=! y z 
tion of AB: —— ===- 
Equa! 23 to 


wherea =0,b=i+j+k,c=id=-i+j 
Shortest данга lE CRETA PRE 


|b x d| У 


= (0)г=с+ sd, 


vxwz3i -5j- k 

Maximum value of [uvw] = | |v x w| 21:35 = 4/35 

[al =|b] = |с 

|b -a|-|b с=с -а|=а 
a-b=b-c=c-a = AB. AC- CA. CB- BA: BC 


2. 0 
=a" cos— 
3 


(EF)? 22 spp a 
т “В В 
7 5а 

|CF| =|СЕ| -4 and |CM| - 22 

where ‘m’ is middle point of EF. 
D (origin) 
E 
a € 
Bb 


Area of ACEF = SIEF ICMI 


NETS ЗЕ. m за? squnits 
2/45 6 123 
69. p.q = 0andr.s- 0 
= (5a - 3b):(-a – 2b) = 0 
6b? —7a-b — 5a? = 0 
=> (74a – b)-(-a + b) 20 
Да? —b? —3a-b=0 


Now, хер +445) 
x = уба ~3b~4a—b-a+b) 


x=-b,y=i(r +8) = (-5а)=-а 


Angle between x and y i.e cos0 = fy tb 
Ixlly| lal [bi 
From Eqs. (i) and (ii), we get 


25 
м (2 48 and |b|- s lab 


lal |b|= 


70. Volume of tetrahedron = cla b c] 


а-а а: а.с) |4 2 2 
Now,[abc]*=|b-a b-b b-cl=|2 4 2 
са cb се| |2 2 4 
= 4(12) + 2(-4) + 2 (-4) 
Volume 1 x 42 = 2 


71. Given, cos0 =(a x i) (b x i) + (a + Ĵĵ (b x j) 


*(axk)(bxk) і 


Consider, (a x i)-(b x 1) = (а x i)b i] = ((a x i) x b)-i 


((a-b)i) — (1: b)a)i = (a-b) (i-1) - (1-5) (ai) 
=a-b—a,b, 
Similarly, (a xj)-(b xj) 2a-b -a;b; 
and (axk)(bxk)- a.b — aj, 
«From Eq. (i), we get 
со50 —3a. b —(a,b, + azb; +а;Ь,) 
=3a:b-—a-b 


a'b 1 
=2a-b = |a||b| 2— 
аы lal | b] 2 
Now, use AM 2 GM on |а| Ы 
lal + |b : 
BALAAM) э a+b 
=> jal + |b] 2 V2 
72. a. b«o 
= (sin! x ~ sinx) — cos? x +3 — 4sinx <0 
=> 2sin x ~5sinx +2<0 
=> (sin x — 2) (2sinx —1) < 0 
os 
(-)ve 
> sinx >— = xe(E.7) 
6 2 


3a+b 
4 


Positive vector of point E = 


А +2с 
Position vector of point D = o 


Let point F divides EC in A : 1 and BD inp : 1, 


ь+ Ва + 2c) fo SUED 
then EE. ei SAE, VY 
н +1 A+1 


[b+ e e2o]o «0 (ae Sj en 


Comparing the coefficient ofa b and c. 


E ЩА +1) _ 3u +1) 
3 4 
> Kot fach 
4 


2+1) +1) 


On solving, we get А = 5 


14. Obon 23 
Pla] [bi 


hence perpendicular to ax b. It is also equally inclined to a and 


b as it is along the angle bisector. 


v2 


x 


—— is a vector in the plane ofa and b and 
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a x(bxc)=(ax b)xc 
or (a-c)b-—(a-b) c=(a-c)b-(c-b)a 
or (a-b)c—(c-b)a=0 


or b x(cx a)=0 
or (cxa)xb=0 
or bx(cxa)-(cxa)xb-0 
Let angle between a and b be 8 
v-axb-|a||b|sin8 ñ 
(a x b) v 
= si pu =1,| b| =1, n = ——— = —— 
| v| =sin®, | b| n la Xb] =) 


u =a —-(a-b) b= a – cos0 b 
(-a-b=]a || Ъ | cos0 = cos8) 
u-u-[u 2 =1 + соѕ20 – 2с050 = іп? 
[и [=ѕілӨ . 
u-a =а:а = -cos ĝa- b —1- соѕ20 = ѕіп?Ө 
u:b —-a:b-—cos0 b-b = cos0 – соѕ9 = 0 
u- (a + b) = (а —cos0 Ь): (а + b) 
= 1 + соѕ0 — cos^0 ~ cos 
21-— cos?0 = sin^8 
Here, (la + mb) x b= cx b 
=> lax b=cxb 
= (ax b)! =(cx b)-(ax b) 
| = (X b): (ax b) 


=> 
(ax b)? 
Similarly, m = (6X 83) (bx a) 
(bx а)? 


.aX(rxa)-axb 


3r-(a:r)az ax b 


Also, [rxa|-|b| 
=> sin? =? 
3 
or (1 - cos?) - 2 
3 
1 2 
or iat > ar=+1 
e 
=> 3rta=axb 
1 
or =-(ахЪ+а) 
å, + a; cos2x + аззіпёх= 0, V xe R 
ог (a, + аз) + sin x(a, - 2а,) = 0 
> а + a, = 0 anda, — 2a; = 0 
Lu „ау, 
-1 1 2 
=> а!  2-X,a,21,a, 22A 
ахЪ= [а| |Ы sinQ à 
ог [ax Ы = ја| |Ы ѕіпӨ 
ог sinü = Дажы, sli) 
la] x |b| 
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a-b =]a||b| cose 
=> cos0 = la-bl (н) 
lal|bl 
From Eqs. (i) and (ii), 
ѕіп20 + соѕ20 =1 
= lax b |? + (a-b)? = |а|?|Ъ|? 
10 = л/4, thensin = cos0 = 1 /4/2. Therefore, 
Јајы ШШ 
ax b| = — = anda- b = —— 
ais i ч v2 
lax b| =a-b 
TO b|. 
ax b = ајы sing a = 1811 
|a||b] sin6 a Y n 
=(a-b)a 
We have, |a— b|? = |а|? + |b]? — 2(a- b) 
or |a- Ы = |а|? + |b|? — 2|a||b| cos20 
ог |a- b|? =2 – соѕ20 ( |a] =|b] = 1) 
= 45іп20 ог |a- b | - 2|sin6] 
Now, la-b|«1 
E 2|sin0| «1 or |ѕіпӨ| <; 
=> 8€ [0, 1/6) or0 e(57/6, x) 


a X(bx c) + (a: b) b 

=(4 -2x —siny) b + (x^ -1)c 
or (a-c)b-(a-b)e+(a-b)b — 

- (4 -2x -siny) b + (x^ — 1) c 
Now, (c:c)a-c. 


Therefore, (c c) (a^ c) = (c: c) ora. c —1 
1-a-b24-2x —siny, х? -1- —(a: b) 


=> 
or 1=4-2x-siny+x’-1 
or siny 2x!-2x42-(x-1) +1 


л 
But, siny <1 = x=1,siny=1 > у=Чл+1)у тет 


AB+ BC- AC 
Zu ub wes Ж 


ful |v} [ul Ivi 
лввс- (5-1) (5+ z) 
Jul Ivl} Uul Ivi 


-(ü-$).(à4 9) 21-120 
ZB =90° 


=> 

= 1 + cos 2А + cos2B + cos2C = 0 

Clearly, a: c = 0 and b:c = 0. Also,a-b=0 
axb=c 

dot with Ь=Ь.с=0 

Similarly, Ьхс=а 

dot with Ь=а.Ь=0 

dot with c—a:c-0 

= a-b=b-c=c-a=0 

Again lalibl-lel 


LILILIEI 


85. 


86. 


87. 


88 


a c 

37 dene 
Je] [al 

m la|-| e| and | b] =1 

= ax b:c-Ja||blI el -lal^ 2| cl 


(children will assume a— i; b=jand c= k but in this case all 
the four will be correct which will be wrong). 


Given, | A||B| cos ® =—6;| B| 22 (given) 


B-C =| B|| C| cos ó =6 


and (Ax B)xA=0 

(A-A)B - (B. A)JA 2 0 

(A-A) 2-6A ..(i) 

г. A and Bare collinear and Ө between А and B is л. 
=> AxB-0 
=> (a) is correct. 
> A-(Bx C) =(Ax B)-C=0 
= (b) is correct. 
Also, A-B--6and|B|-2 


[А |1 В| cosz =—6| A|-(2)=6 
= |A|23 > A-A=9 
=> (c) is not correct. 
Again, A-C =? 
dot with C in the Eq. (i) 
9(B-C)=-6A-C 
9(6)=-6(A-C) > A-C=-9 
=> (d) is correct. 
М = У, 
ах(Ьх с) =(ахЪ) хс 
(а.с) b -(a- b) с = (а: c) b - (Ь.с)а 
i (a-b)c =(b-c)a А 
трае collinear or b is perpendicular to both а 
and c 


=> b=A (axc) 
It may be observed that 
23 -6 
(UVW]=|6 2 3 |=343 +0 
3 -6 -2 


= U, V and W are non-coplanar, hence linearly independent 
Further Ux V= W and Vx W-U 

They form a right handed triplet of mutually perpendicular 
vectors and of course! 

= (Ux V)x W 20 and U x(Vx W) 

Let the required vector be d = xi + yj + zk. For this to be 
coplanar wih band c, we must have 


xyz 
1 2 -1/=0 
11 -2 
> х(-4+1) + y(-1 + 2)+2z(1-2)=0 
-3x+y-z=0 
The projection of d on a is EE 
a 


So, Ё у + 2| 
= 2x-yz-2t2 
The choices (a) and (c) satisfy the Eqs. (i) and (ii). 
aX(b-3c)-0 
=> b-3c=)a 
= |b -3q =|al 
11 
=> Атру =>A+1 
b-3c=ta 


. (axc)-(r xa) = (a x c)- b 
(a) is proved if we take dot product of both sides with a. 
(b) If we take dot product with b, we get 
Мә =Ъ:с 
= Option (b) is not true. 
(c) If we take dot product of both sides witha x b, we get 
[c b a] =A,[a x b]? 
=> À; = [a b c] or c-(a x b) 
= Option (c) is wrong. 
(d) is correct since A, + Az + Аз = c:a + b-c+ (ab c]. 
(a) Since, a, b, c, are non-coplanar, option (a) is true. 
Since, b x c, c X a, a X b are also non-coplanar. 
(b) is also correct. 
Since, x = A(b x c) + u(c x a) + v(a x b) 


We have, A = CET (on taking dot product with a) 


[a b c] 
р and v have similar values. 
Also, |x| =|a — x| 
a 
=> a:x =—, etc. 
2 


= Option (с) is correct. 
If (c) is correct (d) is ruled out. 
a =(a-i)i + (a-j)j+@-k)k =a =(1, 1,1) 
B =(b-i)i + (b-j)j + ®-ЮЁ =b =(1, -1, 0) 
1760.1 -2) 
En a-Pp=B-y=y-a=0 
=a, В, y are mutually perpendicular œ, By-6 
=a, В, y form a parallelopiped of volume 6 units. 
a x (b x c) = (a - c)b – (a - b)c 
= (xz + yx yz) QÂ + + Ж) 
- (xy + yz + zx) (Â + xj + yk) 
=(xz + yx + yz) ((y - z)i * (z - x)j +(x -y)k) 
Clearly, perpendicular to i + J + fc and also to 
(y+ z)it (z+ x)j+(x+ у)К as dot products are zeros. 
Clearly, parallel to (y — z)H(z-x)*(x- y)k 
А эах(Ьхе) + bx(cxa) + cx(axb)-O 
= Vectors are coplanar, so do not form RHS 
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B — (a x b) x ca х, = 0 in that order form RHS 


=> c,(a x b) х са x b also form RHS as they are in same cyclic 
order. 


C—a-b-c-20 = (a+b+c)’=0 


=> a? +b? + с2 =-2a-b+b-c+ c-a) 
Hence, a-b+b-c+c-a<0 
D> a+b+e=0 
=> axb-bxc-cxa 
Using this we get result. 


96. a.b = 0,с:а = c-b = cosa 


Take dot products with a, b and c, respectively. 
l=mn +l + т =1 
1 + cos2a 
2 
A- a x(b x c) + b(c xa) + c(a x b) - 0 
= Vectors are coplanar, so do not form RHS 
B> (a x b) x c a х h cin that order form RHS 


=c (а x b) x c,a x b also form RHS as they are in same 
cyclic order 


Co a+b+c=0 
=> (ab c)-0 
=> a? +b? + c? =-2a-b+ b-c+ c-a) 
Hence, a: b + b-c+c-a<0 
D>a+b+c=0 
=> axb=bxc=cxa 
Using this we get result. 


n? = – соз 20, m^ = 


. Since a, b, a x b are non-coplanar, 


r=xa+ yb + z(a x b), rxb=a 
xa Xb+ z(a x b)xb=a 

x(a x b) + z(b-a)b — (b. b)a =a 
x(a x b) –а(1 + |b|?z) = 0 

zb. 

|f" 

ês г-же X b), where y is any scalar. 


u UU 


х=0,2=- 


. Let angle between a and b be 0. 


We have, la| =|b|=1 


Now, |a + b| =2cos¢ and la — b| x 


Consider, F0 = 6 es?) * 423) 
2 2 2 


F(8) =3cos2 + ал90 є [0, л] 
F(8) = S FN. * m) 
2 2 
Now, F(80)-0 


=> uas 
2 3 
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Clearly, 


F(0 = п) = 4 
e Range = [3, 5] 
Hence, possible integer(s) in the range of F(9) in 
[0, x ] are 3 viz, 3, 4 and 5. 


100. Let r = xa + yb + z(a x b) with b 


r-b=0+ у|Ы? 
a(r- b) = y(b)’a 
= c - pr - уа 
2 
се зей, 
Р p 
[= ас] =0 
Now, pret cb 
p 
b-c 
yib? =— 
p 


=le- (b-c)a 
Р p 


101. (à – 1) (а, —az) + ца; + a3) + Waz + a, -2a2) + az + ba, = 0 
ie. (А – 1)а, * (12 A4 +p -2y)az + (u + Y * 1)а; 
+(у+ ӧ)а, =0 
Since, a}, a7, a3, a, are linearly independent 
X-1=0,1-A+p—-2y=Op+A+1=0 


y¥+5=0 
ie. А =1р =2yp + y+1=0,y+5=0 
2 1 1 
i = =--,y=--,6=- 
ie. A=1p "i ^ 3 


102. Since (a b c] = 0 
а,Ь and c are complanar vectors 
Further since d is equally inclined to a, b and c 
.4-а=4-Ь=4=с=0 
^edirz0 
103. p = abcos(2n — Ө)с, where Ө is the angle between a and b and 


9 = accos(x — ф)Ь where ф is the angle between a and b now 
р + 9 = (abcos8)c — ассоѕфЬ = (a: b)c – (a: c)b =a x (c x b) 
= BandC 


104. Verify v, + v; = уу in order to quickly answer 


105. Since, (2i + j + 4k)-(i 2) - к) 2 0 
and (i4) (2j -K), 14223 


=> Line lies in the plane 


106. 0р = —7— 


ора А 
(a: b)a 
jal? 
_ (a-a)b – (a: b)a La X(bxa) 
= TN lal? 


= DB-b-OD-b- 


107.a + b = Ac b + c = ра 
а-с= А -pla 
а(1+р) = e(1 + A) 
buta and c are non-collinear >t =- 1, А =—1 
atb+c=0=k =|k|=0 
= (k, k) = (0, 0) all the given curves pass through (0, 0) 


108. (a - c)b - (a: b)c = ае) ая з) =о 


1 1 
= a-c=—anda-c=—— 
2 2 


. 109, ААТ = I =a ‚Ь ‚с are orthogonal unit vectors 


^ 
1 Xa 1 
c-axb-— |2 3 6|--(3i 6j - 2k) 
6 2 -3 


=> c= 261 - 6j + 2k) 


110. Component of vector b = 4i + 2j + 3k in the direction of 
а=і+)+ т orsi * 3j + 3k. Then, component in the 
alla 
direction perpendicular to the direction ofa =i + jt kis 
b-31+3j}+3k=i-j 
111. Le the three given unit vector be â, b and ё. Since, they are 
mutually perpendicular, а. (b x c) = 1. 


Therefore, |b, b, 


Hence, ai + 6) + ck. aji + bi) + ck and aji + by} + суй may 
be mutually perpendicular, 


112. Statement П is true (see properties of dot product) 
Also, (i x b): b = Î-(a x b) 
= axbcz(i.(axb)i-(j.(axb)j-(f-(axb)k 
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113. AD= 2j = k, BD=- 2i s yu 3k and ^ AB, AC und AD are lincarly de vendent, hence b 
F y 
CD= 2i -j statement II, the statement [is true, 


120. = xa + yb + z(a x b) 


Volume of tetrahedron = liap BD ср] 
j 121. (â x (b x ё): (â x ё) = (â )[báé] «5 


1 j 8 = [báé] = 10 = [Abe] = —10. 
=-|-2 -1 -3|=- 
| 2r el] 3 Solutions (Q.Nos. 122-124) 
1 122. (i + 3) – 4f) (i) e f)8 143-4250 
Also, area of the triangle ABC = -|AB x AC| a 
2 X 
|i Y jode 
=> 23 2 sijoi -2j + 12i= E Since,[qp.r]=|2 4 -! 
-2 3 =] 2 y 4 3 
8 1 z(124 1)-1(6 1) + 1(274)213-7 72-74 
Then. g^ X (Distance of D from base ABC) => (a) (b) (d) are wrong. 
x (Area of triangle ABC) 123. (px r)x r-(p:r) а-(а-г)р 
Distance of D from base ABC = 16 / 4/229 => u=-(q:r)=-(2+4-3)=-3 
sp r= = dw=0 
114. Ax(A- B) A-(A- ^ у= р:г=1+1+3 =5ап 
) MEAT EDT Hence, u=-3,v=5w=0 > utvtw-2 
= (es (A:B)A - (A A) A xa) =-|А Авс] 124. p,q and rare non-coplanar, therefore 
— А 
zcro qxr, rx p and рх q are also non-coplanar 
Now, |A|? 2 4 4 9 + 36 = 49 Hence, з= Ка хг) + w(r x p) + n(p xq) 
23 6 B TERT, igs LL PNE sr 
[ABC]=|1 1 -2|-2(14 4)-10 -12) + 1(-6 -6) [ра] [par] [par] 
1 2: 4 Непсе, $[р q г] = (s: p) (9х r)+(s-q) 
=10+6-12=7=10+9-12=7 (rx p) +(s-r)(p xq) 


ls: p)(q хг) + (s-q)(r x p) + (s-r)(p xq) 


|- IA |? [A B C]| = 49 x 7 2343 
7|s[par]| 2 [pa r](as|s | 7 1) 


115.52 * La and b 111 
50 : 2 4 -1|-(241)-1(6*1)1(2-4)213-7-2-4 
.. There are two such vectors i3 

dk РРА Ay Иа ! 
k+l+m k+l+m k+l+m Solutions (Q.Nos. 125-127) 


=> Point lies in the plane of A ABC. 125. Given, p=it+j+kjq=i-j+k 


117. a? + b? + 2a -b =a? + 4b? – 4a -b = 6abcos0 = 3Ь° pXr=q+tcp and p.r-2 


p X(pxr)2pxq(q-* cp) and р:(рхг) =р:(9 + cp) 


1 
= аЬ=26 ^ (pir)p-(p:p)r2 pxq co 
QE cA 9 oo | 0=p-a + e (p-a) 
GE=> +37 > И+з “ ый Ж 0) 
2 pe ...(ii) 
= dz pE лааз P’P 
з bt +2 But р-р =|р|= р? =3 .. (iii) 
Filet hus 555i p'p=1-1+1=1 (фу) 
2/2 ij k 
= b = 202-1) = /2tann/8 pxq=|1 1 1|=2Ї-2К NO 
118, Both the statements are true and statement II is the not 1-1 1 
correct explanation of statement I. Because b, c,d in Using Eqs. (iii), (iv) in Eq. (i) and Eq. (ii), we get 
statement I are coplanar. Mos cuba asd 1 
r= - =-- i 
119. за – 2b + 5c - 6d =(2a – 2b) P need (vi) 


+ (-5a + 5c) + (ба — 6d) = -2AB + 5AC - 6AD = 0 ^ re! i 2) + 2k-2i + 2k) 
3 
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r= 20 + 2k) „дуну 
1.4. 
Now, [pqr]=]1 -1 1 -($-3)-(2) 4) 
o X 4| ке Oo "Ash Ys 
pS 
E EE.) 3 
[par]--2 3. .. (viii) 


126.[pqr]x=(pxq)xr => 5х =(р-т) 9 –(9-т)р 


3 2 T. cx A) x del 
x-2--.C(3q-p)-- (3i -33 =) тш ГЫ 
8 3 q-p) ,9! 3)*3k-i1-j- k) 


(q:r= 2, verify yourself) 


--iei-4j * 2k) 
х=-20-2)+ k) 
127. Asc = -ifrom Eq. (vi) 
(: -i y -(p:r) a -(p: q) v 
25 =29 -(1)r [As p: q =1 from Eq. (iv)] 


9 fig lik Be té) 3 (6i -8j + k) 
-l|2i -2j42k-.7j--k|-- — — —- 
у AG 3 3! 3 2 3 


y -3i - 4j k 


D aret 
2 2| 1i( 16 2) 1 
J E —4 1]|-2-|-—--|-1(4)--(2 
Е FE (s 2)-10-20) 
3. 4$ 


— x, y, r are the coterminous edges of a tetrahedron whose 
volume is |с|. 


Solutions (Q.Nos. 128-130) 
128. y = logs (s - 2) + log; (2x – 1) 


T 


But, x» = 16 - ;) + log;(2x – 1) 


у =1 
Р = (3, 1) 


129. ОР =3і +) 

9 =(1,1) ог(2, 1) 
OQ = * j and 21+ j 
ОР.00 =3+1=4 and 6+1=7 
130. PQ= 0Q- ОР =-2i or i 

|PQ| 22 or 1 


Solutions (Q.Nos. 131-134) 
131. Since, a, b, c are non-coplanar vectors, then 
[abc]#0 = [abc]! «0 
а-а ba ca 
> [abc] =|a-b b-b c-b/#0 
arc b-c cc 
Since, any vector r in space can be expressed as a linear 
combination of three non-coplanar vectors. 
So, let r=la + тЬ + nc ..(i) 
taking dot product by a, b, c successively, we get 
r:a-la:a* mb:a nca 
r:b-la:b * mb:b nc b 
r-c=la-c+ mb-c+ne-c 
Now, eliminating l, m and n from above 4 relations, we get 
r a b c 


-. (ii) 
(iii) 


.. (iv) 


ra aca ba сај 
rb a-b b-b cb|. 
rc ас bee cc 


Now, expanding along first row, we get 
r ($) + + (2): 
A A 4 
132. Since, a, b, c are three non-coplanar vectors, then 
On three exists scalars x,y,z, such that 
г= ха + уЬ zc (i) 


Taking dot product by b x c, c x a anda x b successively, 
we get 


r-(b x c) 2 (xa + yb + zc)-(b x c) = x[a b c] 
г-(сха) = y[bca] 
г-(ахЬ) -z[ca b] 
Ес] Ir e a] . [rab] 
fU Rd his ера 
On substituting the values of x,y,z in Eq. (i), we get 
Е; [rb c] [rc a] [ra b] 
: аја рь ы) 
1 
[a b c] 


133. We know that, 
[ax b bxc exa] =[a b c]? 
Clearly, [ax b bx cexa] # 0([a b c] 0} 
= ax b bxc cx а аге non-coplanar. , 
We also know that any vector in space can be expressed as a 
linear combination of any three non-coplanar vectors, so let. 
a zl(b x c) + m(c xa) + n(a x b) „(À 
On taking dot product on both sides by a, b, c successively, 
we get 


or r= 


([r b сја + [rc a] b + [rab] c] 


aʻa = 1 [abc] 
a:bem[cab] 
c:a = п [са] 
aca 

[a b c]' 


а.с 
[ab c] 


"* labe] an 


On substituting these values in Eq. (i), we get 
aca a-b a-c 
аъ] (bx е) + abe d (cxa)4 [nme (ax b) 
1 


[a b c] 


or a= {a-a (bx c) + a: b(cxa) + a-c(axb)) 


134. Let а= аі + а) + ask, b = bi + b,j + bk, 
c=qitej+ ok, p=pit pj pk, 
and q = qii + qj + qk, 
a b c 
Then|a:p b-p с.р 
a-q b-q cq 
bi-bjebk aî+aj+ok 
ар + азр. + аур, Ыр + bp + bp, ср + Cop2 + суру 
aq + ад; +4393 biqi + 6.4 + biga Cq + €292 + C393 


ai + aj + ask 


j k а а; ay 
B P pp b су 
Ф Gz Чз||су © су 
=(p x q) [abc] 
= V[abc]'(p x q) 
= [a x bb x ce xa] (p x q) 
Solutions (Q.Nos. 135-136) 
135. р(х) 33x! +2x+0>0,V x 20 
=> g(x) is an T ing function. 


Ll 
= 


If circumcentre lies outside, then triangle is obtuse angle 
triangle and angle containing the given sides is obtuse angle. 


Therefore, 
(GO + 8093) (691 + /(х))) « 0 
> f(x): g(x) <0 (i) 
> g(x) T forx 2 0 
> g(x) > g(0)Vx > 0, Also, g(0) = 0 
= g(x) > OWx > 0, (i) =» f(x) <0 
л f(x) « 0and g(x) >0Ух>0 
136.1£ x — oo then g(x) «o and f(x) is some negative number, 
then 
fogla) 


m 


lim lim] со 5 - 2) =0 
1-90 хее 4—— 
Ge uem 


Р 
Solutions (Q.Nos. 137 to 139) 


We have |x| = |у| = |2] = 2 and x, y, z make angle of 60° with 
each other. 


1 
x-y =|х||у|со560° = У). gi 


y-z=lyllzjcos60° = А (2) -1 
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and x-2=|x\|2\c0s60° = JA o1) =1 


x:x =|x|? 22 

у-у =|у| 22 and z:z = |2? 22 
Now, x X (y х z) =a and y x (z x x) = b (given) 
=> (x-z) y - (x: y)z =a and (y - x)z – (y : z)x = b 


> y-z=aandz-x=b 
=> y-x-a*b 
Thus, we have 
y-z-a (i) 
z-x-b (и) 
y-x=atb (ш) 
Now, xxy-c (given) 
=> x x(x ху) = х x c (taking cross-product with x) 
= (x-y)x x —(x-x)y =x xc 
> x-2y-2xXc (iv) 
Again, xxy=c 
= y x(x X y) 2 y X c (taking cross product with y) 
> (y:y)x -(y:x)y »y xe 
=> 2х-у=ухс ...{iv) 


On subtracting Eqs. (iv) and (v), we get 

x-y =(y Xe) -(x xc) 
> x xy =(y —x)xe 
=> x+y=(a+b)xc (мі) 
Adding Eqs. (iii) and (vi), we get 

2y =(a+b)+(at+b)xay = [a +b)  b)xe 
Substituting the value of y in Eq. (iii) in Eq. (i), we get 
- [a+ b) (a * b)x c] -(a +b) 


= х= [a + b)x c- (a + b)] 
=ila+b)+(a+b)xe]-a 


= a) (a + b) x c] 


137. (а) 138, (a) 139. (b) 
Solutions (Q.Nos. 140 to 142) 


Taking dot products with a, b, c respectively with given 
equation 


[abc] = p + (q + r)cos6 0) 
0=(р + г) соѕ9 +q .. (ii) 
[abc] = (p + q)cos0 +r .. (iii) 
1 cos0 cos8 
Also, [abc]? = |cos0 1 cos 


cos0 со$Ө 1 
—2cos?8 —3cos’O + 1 =(1 — cos0)? (1 + 2cos0) 


v=|[abc]| =|1 – cos@||,/1 + 2cosÓ| 
= asin? i + 2cos0| 
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From Eqs. (i) and (iii) p = r; substituting in Eq. (ii), we get Jp P P| 
q . _|axb+bxetexal_| 2 2 3|р| _ 
2pcos8+q=0 = —--2cos0-0 ло JS Se oa TEE S 
p lex ај |р! |р! 
140. ау) 141. (с) 142. (b) A T. 
143. (A) We know that 3 vectors are coplanar, if xa + yb + zc 2 0 А S. Mog xa А i 45 
Clearly, —3 i + 3j + 4k and î+ j are two vectors lie in the (B[ABC]'-|B.A В.В B-C/=/0 2 
plane (a + b anda – b). CA СВ CC 0 3 1 
(B) a x bis a vector which perpendicular to both a and b. 2 
К. 11-2) 
axbzr-1 2 2|=1(4-2)–3(-2+ 4) + k(-1- 4) ood 
-2 1 2 [ABC] == 
=21 -2}+3k bu du 
(C) c is a vector which V EX inclined to a and b (C) (bx c) (ах d) = wa eid 
, с-а = с: 


Similarly, compute others which gives (i). 


EINE 2. 
(D) a, b and c are from the triangle 146. (A) x-y =[al’ - |b|? =0 
= AB+ BC= AC x is perpendicular to y. 
£ Ix x y? 21xi*] yl" 


F М. lla" + [b]? + 2a -bJ) (а + [b]? — 2a - b} 
A B 


1 

= РЕ . 2- —(a- 2 

144. Given, [ax b bx c cx a] 236 764— 4{a-b) dis (a vi 
[abc]=6 А 


Clearly i - j + 5k satisfies the condition. 


=16 
= Volume of tetrahedron from by vectors " 
= NES 1 
a, band cis _[аЪ с]] =1 2+2,Й2+2 2 
{a+ bb+cc+ a]=2[abc]=12 22A +1) 233 +2 
a— b, b— c and c— a are coplanar 24h = 0h <00r4 
= [a-bb-ce-a]=0 Л = 4 is non-zero value. 


(C) If the lines are coplanar, all the 4 planes will have a 


ax b+ bx c4 cxal| А 
common point. 


AreaofAABC _ 2 


WA Area of AAOC lax c| Solving 4x + 3y -2z +3 = 0 
2 х-3у + 42+6=0 
Now, a+2b+3c=0 х-у+2+1=0 
Cross with b, a хЬ+3схЬ=0 s ON: МОРЕ 
=> ax b=3(b xc) getx= 37 = a 
Cross with a, 2a x b + 3a X c = 0 Substituting in kx — 4y + 7z + 16-0 
E axb= (exa) We getk 27 
: (D) E =ја - 2b + |b — 2¢]? + |c – 2а}? 
Mi zc =5(la + [bf |d*) - [a-b + b-c + c-a] 
Let (cxa)=p -5.6— 4[a: b + b-c+ c:a] 
axbz?P ; bxe=P Sabethes im 
2 
A (a) Also, ja+b+cf20 
6+2[a-b+b-ct+e-al20 
+02), 
4 
12430- E20 
B (b) C (c) 422E 


E242 


147. (A) a-b+a-c=b-c+b-a=0 


=>b-c=a-c=-a-b=-— 


= |a * b- e| = Ja? + b? + с? -2(a. b) =9 
(B) [a b c} write in terms of (a, az a; bjb;b,) 
[aer] «ръка сха axb 0: 78 
[abc] [abc] [abe] | [abc] 


= [abc] [def] - 1 
(с) a = — àKABCD) 


ar(parallelogram) T 
zla x(a + 3b) + 1а + 3b) x b E 
la x b| 72 
(D) x= 4-с d.a d:b 


[abc] " "a b.c) ^ ^ [abe] 
x4y4za dt bs c) 
[abc] 


=> R= 


148. Let the angle between u and v is0 and w and u is8 


2 


e 2 
> © = 
++ + 


1 cos20 cos0 
= | cos28 1 cos8|- 0 
cos0  cos0 1 


149. 2[a b c] + [abc]? + 022x141? 73 
150.4-ё= Б-ё = cos0 
‚ё=аа + Bb + y(à b) 


Taking dot product witha both sides cos@ = a 
Taking dot product with b both sides cos0 = В 
Taking dot product with c both sides ^ 
1=acosa + Bcos0 + y [ab ё] 
1 0 соб 
But [abe] =| o 1  cos8 
| cos@ cos0 1 


-1 -2cos^8 


So, 1 = cos^0 + соз? + y J1 — 2cos^8 
= y= 1 -2со5°@ 
Soa? +P? + ү =1 


151. The three adjacent sides of tetrahedron is given by 
(i+})xG+h) _б+йуй+ї) ded) 
(@ + 3) xG+ Jor 1G + К) x (ie + Df [e+ D xd DI 
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№ ' 82 ° 4 
WES EF Р 
v=x- її = "3k 
-1 1 1 
So, 9/3V =2 


152.Let ё= xa + yb, where x and y are scalars. 
=> é=x(i-j+2k)+ у(21-)+ k) 
ё=(х+2у)+ j(-x—y) + kx + y) 


=> 
But, é-a=0 
x 
6x+5y=0 = ум 
So, ён 790 274 Sk 
5 5 5 
£g oF 2 
We have, 4% +x 16x a4 2225 
25 66 
м. Sf ты 3+ +i) 
é=+——|—i+-j + - К 
(5 g^ "5 
"Р т] 
=|ê b= 
Ре 
Ѕо, Уп é => k=6 
p 
143. Let the angle between a and b їз © anda x b and c is f. 
l[a b е] =6 
= sinacosB=1 = sina 21, cosB =1 
=> а =90°,B = 0° 


= a, b and c are mutually perpendicular. 
Again, [b c d] =0 


4 0 1 
> 0 9 c:d|-0 
1 ed 1 
> с.4-+3У5 
2 
We have, a:b-0 
1 0 0 
laxce-d*2|o 9 Ms 
0 345 1 
2 
TNCS 
4 4 
fax c) x d = (а: d) с - (c: da" 
av3 | 27 
= | —— д =e 
2 4 


So, lax edi +a xo) x di! =? е9 


155 
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154. P v. otp-^-!i +4j+ neti 


DRofAD=4—4 2-8 
2, 2 
x $ ПИ: р: 
But directions of AD should be —,—,—. 
B 43' V3 
ES A-4 isR-t 
2 2 
А (2i--3j--5k) 
8 c 
(i 3j 2k) (Ai+5j+pk) 
А =6 р =10 
| 2A—p=2 
155. v = [abc] 
а-а а:Ь ac 
[aB y]= |b-a b-b Ь-с|[аЬс] 
ca cb cc 
= [abc] [abe] [abe] = v? 
^ 4=3 
156. c xa =b —|c xa] =|Ы 
= |ellalsind =3, 
[d= 5 le— al? =19 +18 — 20-0 
=|c|? + 4 - 2,c[a| cose 
- a + 4-2-—2_.2-c0s0 
4sin?^8 2sin8 
= 4-4 2cosec’® —6со10 
2 
=2+(2co1o-2) 
4 2 
9 
-ај?> 2 
le-a* 27 
3 
- 2- 
=> |c — al = 
=> Aca] 23 


-. Min. of 2|¢ —a| =3 
157. In AABD,N is the mid-point of BD. 


: АВ + AD =2AN (i) 
In ACBD,N is the mid-point of BD. 
: св + Ср -2CN (ü) 


Adding Eqs. (i) and (ii), we have 
AB + AD + CB + CD- ҲАМ + CN) 
In A ANC, M is the mid-point of AC 
aj AN + CN =2MN 
From Eq. (iii), we get 
AB + AD + CB + CD =2 (2MN) = 4MN 


.. (iii) 


A B 


158.|a| =|b| =|c| = t; [abc] 21 


Volume of the tetrahedron =: 


3 -2 2 
- -1 0 -2|[abc]|22 
2 -3 4 


159. [a x (b x c)]-(a x c) =5 
= [(a:c)b -(a-b)c]-(a x c) =5 = (a-c)[bac]=5 
> [abc] = –10 
> -[abc] -1=+10-1=9 


а-а a-b acc 
160.|b.a b-b b-c|=[abc]? = [a xb b x c c xa]? =36 
ca cb cc 


so x &k2à x B-& x(& x x) 
=a xf -(&-x)& «|a x 
> B-x-oaxf-x or 2x -B- a. x B 


axl? =|." + Ja x B? 28-66 x B) =2 


= 


= 
> =; = qx? =2 
-2 4 6 
162.1 1 -8 |=22 = A=133 
6 
2 -5 А-1 
(1,1, 1) 
(-1,-3, 7) (3, -4, a) 


163." [abc] =3 = [abc] =18 
V-[a*b-ca-bb-c] 
=(a + b - с): (a - b) x (b - c) =a-(b x c) = [abc] = 18 

164. Let Ө be the angle between vectors a and b. Then, 

a: b = |а||ЫсоѕӨ 

=> (a-b)? = [al*| b|* cos*8 

Now, cos^8 $1 = |a|*|b|?cos?@ < |а| |Ы? 

: (a-b)? < ајы? 


165. Let Р(х, yi) and Om Уз) be the two points on y =2**? 
ОР. i = Projection of OP on the X-axis 
= x= -1 


(v OP .i =-1) 
Also, (xi, уу) lies on y = 


=2* +2 

y -29** => y= 
А, ОО.ї = Projection of OQ on X-axis. 
=> x, =2 (given OQ. i =2) 
As (x2, уз) lies on y 22* *? 


у=2%*?; y, =16 


Thus, ОР = хі + уј= =-і+ 2j 
and 00 = xj * yj -2i + 16) 
=> 00- 40Р =6і +8} 


= |00 - 40Р | = (36 + 64 =10 
166. Let A(x, у) іп XY-plane. 
г ОА=а=хї+ у) ` 
OP=r=xi+yj 
72 Point P lies on the tangent to.the circle. 


A (х,у) 


Р(х, у) 


-.OA is perpendicular to AP. 

= ОА ·.АР =0 >a- (r-a)=0 
ie. i a:r-a-:a-0 

or a:r-a:a 

=> а:г=а? 

> (хі + i) (xi + yj) =a" 

> xx, + уу, =a" 


which is the equation of the tangent to the circle at the 
point A. i 


167. The given relation can be rewritten as, 
iie ey (tan Ai + tanBj + tanCk) =6a 
(a? — 4) + a? + (a? + 4) 
M roe AN (a.b = |a||b|cos0) 
“Ба. tan? A + tan? B + tan'C . cos® =6a 


> tan? A + tan" B + tan^C = 12sec”0 Ai) 
Also, 12sec^0 > 12 (~ sec*0 2 1) ...(ii) 
From Eqs. (i) and (ii), tan? A + tan? B + tan^C 212 
/. Least value of tan? A + tan? В  tan^C =12 
168. Here, M is the mid-point of BC. 
AM = АВ + АВ + AC) (using AB + BC = AC) 


AB || (AB + AC) 
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A 
£ 
B M c 
Let angle BAM = $ 
2 B 
созф = AB: (ABA AC) _ | AB)? + AB- AC 


|ABI|AB+ AC| - c Je? + c! +2becosA 


c? + c-bcosA c + bcosA 


ee + b? + 2bccosA 7 Je + с? +2bcosA 


sinC + sin В sin A 


үп? B + sin?C + 2sinB sinCcosA 


169. Let p = BA and q = BC 
Now, required perpendicular distance 
= AM - (BA)sin8 
=|p| sind 40) 
Consider ,|q x p| = |9 [| p| sinG 
On dividing by |q| 


19 x pl А ii 
———- =|р |sin8 ER 
lal = 
А(1,4,-2) 
Р 
Z) а 
80.7.2) ^M а 0-51) 
From Eqs. (i) and (ii), required perpendicular distance 
- lax pl (iii) 
lai „(iii 
where, q-BC-OC-OB--2i-6j +3 
P -AB-OA-OB--i43j 
la| 2 44369 =7 іу) 
i jk 
and qxp-|-2 -6 3|=-91-3}-12k 
el wu 


lq x p| = 81 9 + 144 73426 (v) 
From Eqs. (iii), (iv) and (v), we get 
3/26 


Perpendicular distance = 


170. Here, AM = MD and CDis angle bisector of ZC. 


cp = 2b * ba 
atb 
and cm =8tb 


2 
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Where,a = CB andb- СА 
Consequently, 


Area of A CDM = scp х CM) 


1 (ab + ba) x (a+ b) 

2 1(a + b) 

_ ab xa) + a(b x b) + b (a xa) + b(a x b) 
Фа + b) 

_ (b-a)(a xb) 

"(a +B) 


(using a xa = b x b= 0 and b xa = —a x b) 


__b-a (=) 
2(a+b)\ 2 
b-a 
= ‘Area of A AB 
weno OE ABS] 
_Area of ACDM _ (а) _ sinA-sinB 


"Area of AABC 2(a+b) 2(sinA + sinB) 
Also, CD || (ab + ba) and CM || (a + b) 
] (ab + ba)-(a b) 
jab + ba | |a + b| 
a| bj? + Нај + |a] |b] (a + b) cosC 


far? + 2a!b? соѕСуа? + b^ + 2abcosCA 


[Where, |a| = a and |5 = b] 
(a + b) cos(C / 2) 


= үа? + b? + 2abcosC 


E (sin A + sin В) cos(C/2) 


cosh = 


sin? A + sin? B + 2sinA sinBcosC 


171. Let A (0), B(b), C (c), P(p), Q(q). R(r) 


We have, p = И S 
C(c) 
Q 
21 
2—86) 
Ao) ` 
2b+e 
and Q= aae 
Equation of the line AQ, r = „(2+ J 


Equation of the line CP, r = c + x -e} 


Ris the point of intersection of AQ and CP. 
= For point К, we have 


(28) (5- ) 
3 3 

2X 
=> 


5 z= E (comparing coefficients of b and c) 


and — 21-24 


On solving, we get 
М 23/7,3, 2617 


=> R => (2b + c) 
Now, RB=b-7-(2b+ o= 
RC =c- 1 (2b + c) = 20) 
7 7 


[RB x RC | = Gb - c) x (6c — 2b) 


= 1 Gob x c 2e x b) = 25 (p x c) 
49 49 


28 


> [RB x RC| == |b xe] 2 [(area of A АВС) :2] 


(~ area of A BRC = 1) 
1 j 49 49 
= Areaof A ARCS IRR x RC|-— (Area of A BRC)- T 


Area of AABC = = sq units. 


172. Let OABC be a given quadrilateral such that its diagonal OB 


bisects the diagonal AC let OA =a, OB = b, OC = c. 


Since, the mid-point ate of AC lies on OB, there exits a 
scalar t such that, 
Area of AABC = 23 € =th > a+c=2tb 


On multiplying both sides with b, we have 
(а + c) Xb-2tbxb 


=> axb+cxb=0 

> axb-bxc 

= lja xb| e !bxel 
2 2 


= Area of A OAB = Area of AOBC 
Hence, the diagonal OB bisects the quadrilateral. 


173. The coordinates of the resulting force F = F + Р, = (6 4] i.e.. 


resultant F are 6 and 4, Now, let M (a, y) be a arbitrary point of 
1. Then, the moment of the resultant about point M is equal to 
zero. 


This moment is equal to sum of the moments MA x F, and 
MB x F, of component forces (the cross product of vectors is 
distributive.) 
Since, МА -(1— x, 1 — y), МВ = (2 - x, 4 — у}, if follows that 
(MA x R) (i + j) =3(1 — x) -2(1-y) 
=1-3х + 2у 
(MB x F,)-(i + j)=(2- х) –4(4-у) 
=-14-x+ 4y 
Hence, the equation of straight line l is 
(1 -3x + 2y) + (C14 x + 4y)=0 
> —4x + 6у -13=0 
= 4х —6y +13=0 


174. Leta 2 xi +yĵj+zk 


Now, a, i and i+] are coplanar anda, i-jandi+ kare 
coplanar. 


= [aii-jl-Oand[(ai -ji- k]-0 
ху? x y'z 

=> |1 0 0|=0апіј1 -1 0/=0 
y 59 Pom 


z=Oand-x-y+z=0 


> z=Oandx+y=0 
=> y=-x 
E d ^ 
a=xi-xj 
i-j 
о» a2— 
№ 
Let the angle between a and і —2j +2 be 6. 
i-2j+2k 
MR Ci: 
lî+2j+2k| 


6-5 0-2)+20) 


J2 jl+444 
.ü-9d-2i«2k) 12 1 
x 42-3 эз V2 


ө= 5 
4 


175. In the new position, let the vector be xi + yj + zk Since, it is 


perpendicular to the given vector. 
(a+ yj+zk)-(i+2j + 2k) =0 

> x+2y+2z=0 Ai) 
The magnitude is the new position which also remains the 
same. 

= х®+у%*+:%=1+4+4=9 (ii) 
The given vector, the vector in new position and the X-axis are 
coplanar. , 


1 0 0 
> 1 2 2|=0 
xyz 
> y =z and x = -4у (using x + 2y + 22 = 0) 
Hence, x5 y! +22 29 
=> ley? 4 y! y! =9 


176. 


177. 


178. 
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RR ee у 
я dis E 
=> х=+242 
It is given that the vector passes through the positive X-axis. 
1 
= d у=0- = =2 
=> x =2V2 an y X 


F xo ee ae > 
Hence, required vector is | 2 Ri- 4 E. k |. 


(à. à)v -(v- à) - à 


(using ü- à = 1 and ü хб = 0, since unit vectors) 


> #-(#:0)0 = % 
ES (à-$)à 20 > ü-$-0 
Now, [à v w] 
Em ü-(vx w) [€ x(à x ê+ à)] 
(given w=0 x V+ Ш) 
= ü-[9 x(à x v) - vxà] 
= à-[(v-v)à -(v-à) v - vx à] 
[~ à- $ =0 from Eq. (i)] 
=> [ef (@- à) - à-(vx à) 
> | [a]? — o (7 [à v w] = 0) 
(219 2]v| = 1) 
> (a v w]= 
We have, 
RxB=CxBandR-A=0 
=> A X(R xB) = Ax(C x B) 
=> (A-B)R - (A- R)B - (A-B)C - (A- C)B i) 
where, A=2i+kB=i+jtk 
and € - 4i -3j 7k 


A-B=2+1=3,A-C=8+7=15 
Hence, Eq. (i) reduces to 
3R -0-B=3C - 15B 
or R 2 C -5B- (4i -3j + 7k) -i+ j-- k) 
R --i-8j +26 


Since, a, b and a x b are non-coplanar vectors. 

Let x -À-yb- Yaxb) PANI 
х-а = Ла:а + рЬ:а + yaxb)-b 

=> 0 x Ma[* +pa-b .. (ii) 


Again from Eq. (i), 
x-b=Aa-b+pb-b+ Y(axb)- b 


1= Ла: Ь+ ЩЫ? .. (iii) 
From Eq. (i) 
x-(a xb) =Aa-(ax b) + pb-(a x b) + үа x b) 
[x a b] = Маа Ы) + u[b a b)+ (a x by 
17 үа x b)? (iv) 


. 2 
From Eq. (ii), (а-Ь) = - Mal! = =. 
i 


160 Textbook of Vector & 3D Geometry 


From Eq. (iii), 
12 Aa: b - ible 
a-b 
2 2 2 
a (e Чај en 
a-b 
= E a-b 
(a-b)? —a’b? Р 
179. X-y-£-a (i) 
a-X+a-yta-Z=a-a=hl = 4 
SNE i " ж 
ar gee 2=4 = а:2 = — .. (ii) 
From Eq. (i), ӯ) атайт 
= TIT з=: 
PA e E EE 
> 1-X +2 pisi 
= tjrita (ш) 
From Eq. (i), ў(ф+ў+)=ў-а= 
г rm ‹ 
+1+ =- 
xy y: і 
Б. хола A d 5 
Xx yy igi .. (iv) 
From Eq. (i), (&+ў +2)’ =a) 
э EKG PHS B+AR- yy i-ii))-la[ 
34X£y4$-292-R)-4 v) 
From Eqs. (iii), (iv) and (v), we get 
7-2=0% i--Li $-i 
Now, Xxx(yxz)-b 
(&-2)¥ -(&-3)2-b 
1 3 3 
—--—y--z=b m 
Fe (vi) 
Again, (&xy)xz-c 
K i 
(x.2)y-(y.Z2xX-26 = 175 
y = —4с [from Eq. (vi)] 
4 
5 =4le-b 
2 е ) 
From Eq. (i), X-a-y-z 
# = Lace 4b+8e) 
# = Oa 4b+8e) 
re 24 
ӯе-46:8 = (eb) 
180. неге, 


ах {(x —b) xa} + bx((x-c) x b} + ex((x -a)xc] 20 


(аа) (x -b)—{a-(x — b)) a + (b: b) (x - c) 


—{b- (x — c)) b+ (c: c) (x —a) – {с-(х - а)} с=0 
=> A*(x-b)-(a:x-0)a-* А? (x - с) – (b:x - 0} b 
+? (x -a)-(c-x – 0)} =с=0 
(usinga-b = b:c = c-a = Oand |a| =|b] =|c| = 2.) 
=> АҢх-Ь+х-с+х-а} 
={(a-x)a +(b-x)b+(c-x) c} 
Let x =aa+Pb+ yc 
(x is linear combination ofa, b and c) 
E a-x=Ga-a = a-x-aA*? 
b-x = ВА? 
cx = ү? 
From Eq. (i), A? (3x — (a + b + c)) (a: x) 
a+(b-x)b +(c-x)c 
and from Eq. (iii) 
а.х = А? a, b-x=AB с-х =A 
Above equation reduces to 
Л? (3x — (a + b + с)} = Ааа + ЪВ + cy) 


=> Зх -(a- b^ c) 

=> 2х=а+Ь+с 
a+b+c 

= Кта 


181. Here, ОС = x, CA =b, CB =a 
OA =(b-x)and OB =a- х 


Now, OA? = ОВ? = ОС? 
x! -(a- x)! -(b- х)? 
x:x -(a - x)-(a - x) - (b - x)(b - x) 


=> 
> х`х =a-a-—2a-x+x-x=b-b-2b-x+x-x 
2 2 


a-x =" andb-x wt 

2 2 

Now, if we take x = Aa + рЬ, then from Eq. (i) 
2 
Ja! +p-acb == 


2 
and hab ub? == 


Оп solving Eqs. (ii) and (iii), 
_ ab! - b! (a.b) 
© 2(a°b?) - (a-b)? 
ab? — a'(a. b) 
2(a*b*) – (a-b)? 
la?'b!-b'(a.b) | 1a?b'-aXa.b) 


X m——— ———— a*-——————.b 


2(ab!)-(a.b) 2(a^b!)-(a.b) 


and uz 


182. OP. 0Q+ OR-OS= OR- OP + OQ-OS 
= ONOQ-OR)- OS(OR - 0Q)=0 


= (OP - OSXOQ - OR) = 0 
> SP-RQ=0 
Similarly SR-PQ=0 and SQ-PR=0 
^. Sis orthocentre. 


183. соңР + Q) + cos(Q + К) + cos(R + Р) 
=—(cosR + cosP + cosQ) 


Max. of cas P + cosQ + cosR = 


Min. of cos(P + Q) + cos(Q + R) + cos(R + P) is 


2 
2 


184. sinR =sin(P + Q) 
185. Given, |a|=|b |=} 21 


and #хфхә Gea 
TUTO РЕР: в 
Now, considera x 8x) оду 
Б. 
= @-ab-@- TELET 
On comparing, we get 
5 5 
à. b--S 6а бое =- Z 
- E с1а] 
=> exe (к) вет 
6 6 
186. Given (а x b) xe - [Ы lela 
= -ex( xb)" еа 
= (еа + (e-3) b [Ы еа 


НЕЕ 


Since, а and b are not collinear. 
eb F|blle| =0 and c-a =0 


»* lel] bl cos + [b] el e 0 

- ып (oso +) =0 

> cos +120 

> cord -1 ; sino „ЁЁ 


187. Ifa, b.c аге any three vectors 
Then, |a* bs q!20 
= a [!*]b | e|c | +2(а- b+ Ь-с+с-а)>0 


СЫ eO. e| #0) 
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^oabeberca22 (a '«]b eel) 


Given, [a- b |? *|b-c |? +]c-a |2=9 


161 


=a [' +b] -2a- b-|b [c [/ -2b- c|c | |a |? -2e-a 29 


=> 6-2(a-b+b-c+c-a)=9 


З 
> abebcrca--- 


Also, acbib.csea27 (a Fb P cp) 


„-3 
2 
From Eqs. (i) and (ii), |a+b+e]=0 
as ab bec ca is minimum when [a + b+ c |=0 
=> а+Ь+с=0 
Ra+5b+Se|=|2a+5(b+ с) | =|2а-5а|=3 
188. Leta=i+j+2k, be ie 2] k 
ande=i+j+k 
` A vector coplanar toa and b and perpendicular to c 
=A(axb)xe =A (а: c) v - (b: c)a] 
=à {(@+1+4) Å 2j k)-Q 224 1) (i 2k} 
=A{oi+12j +6k-6i -6j - 12k) 
=A{oj—-6k}= 6А {j -k} 


For, А =: = Option (a) is correct. 


and for A = – : = Option (d) is correct, 


189. Letv =a + Ab 
v2(122)i(1-2)j 09A) К 


Projection of von с = 5 


> LL IM 1 
le] МЗ 
РА 0*3)-0-3)-0*23) _ 1 
з з 
> 1+A-1+A-1-A=1 
= A-1=1 
= =2 
M v=3 i-j+sk 
190. AB=21+10j4+ 11k 


AD =-1+2}+2k 


Angle '0' between AB and AD is 
AB: AD 
cos(8) = 
кар. [AD] 


(-Ja]=|b|=|¢|=1] 
(i) 


(№) 
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_|-2+20+22)_8 : XU 194. The volume of the parallelopiped with coterminous edges as 
"Fase |79 49, á, b, cis given by [4 be] 2 á-(bx€) 
2, 


Since, 0+0 =90° 
cos(a) = costo” -ё)= sin) = ER 


1 1 
191. mpo ==, msg = e mpo = -3, Msp ——3 


S(-3,2) R(3,3) | Wa Y 
Xx 
а-а à-b a-é| | 1 i12 1/2 
PC2,-1) омо). Now,[abej-|b.à b-b b-@)=|1/2 1 1/2 
=> Parallelogram, but neither e CN RS ue we nj 
PR — SQ nor PR L SQ. ex ЗЕЕ 
<. So, it is a parallelogram, which is neither a rhombus nor a 4) 2\2 4) 214- 27 2 
rectangle. da Thus, the required volume of the parallelopiped 
192. From the given information, it is clear thata 772) = 5 unit 
= [al=1,|b|=1,a-b=0 195. Given, OP =â cost + b sint 


А b)-[(a x b) х(а –2Ь = Е. : 
— „сары ys ч m b?-a-2(b-a)-b] = | OP| = (4-4) cos? t + (b-b) sin? t + 24-b sint cost 


= [2a  b]-[b +2a]= 4a? +b? = | OP| =Й + à- bsin 2t 


=4-14+1=5 [asa-b =0] s OP. xd n di D atsinziu3 29. t=" 
193. Let angle betweena and b be6,, c and d be 8z andax b and 4 
л кы ae 
bxd be8. At fa OP UR b) 
Since, (ax b)-(cxd) 21 -»sin0,-sin0;-cos8 = 1 МЖ 
=> Ө, =90°, 8, =90°, 8 = 0° Unit vector along OP «( E ox - 
4) |a+b| 


= a Lb, с1а, (axb)||(cx d) 


So, axb-k(cxd) andaxb -k(cx d) 196. Since, PQ is not parallel to TR. 


= (ахЬ)-с = k(cx d): c and (a хЬ)-4 = k(c xd).d T S 
=  [abc]-0 and [abd]-0 
= a, b, canda, b, d are coplanar vectors, so U ә 
options (a) and (b) are incorrect. 

Let b || d =>b=td 
As (axb) (cxd)=1 = (axb)-(exb) =+1 P Q 
= [axb cb]-t1 = [cbaxb]=+1 7 TR is resultant of RS and ST vectors. 
э e[bx(axb)-£1! = c[a-(ba)b]-£1 = РО x(RS + ST) #0. 

sii [^ a-b=0] But for Statement П, we have PQ x RS =0 
+ са дә i. ae which is not possible as PQ not parallel to RS. 
bud (91 — Lad b Hence, Statement I is true and Statement П is false. 
option (c) is corr х à 
Let option (d) is correct. 197. Since, given vectors are coplanar 

1 
= 'd=ża and c-tb -А 1 1 
9 а 1 =}? 1 |=0 

As  (axb)(cxd) =1 60° ; 
= (ахЬ)(Ьха)=®1 1 1 -Ñ 
Which is a contradiction, so option (d) is d c > М -32?-2=0 


incorrect. = (1+¥)Q?-2)=0 >A = +4 
Alternatively options (c) and (d) may be observed from the 
above figure. 


198. Since, a, b, c are unit vectors anda tbt e = O then 
a, кке represent an equilateral triangle, 
ахь н bxewexav 0, 
199. 1 Let vector ЛО be parallel to line of Intersection of planes Д 
and P through origin, 
Normal to plane fy is 
ny = (2) + 3h) x (4) - 340] = - 18i 


Normal to plane p, is 
n; =(} - k) x ab +2) = af =a) аб 
So, OA is parallel to t (n, Xn) 54 ] - 54k 
х Angle between 54 (J = k) and (21 + ] 2f) is 
54 + 108 1 
созд в + | ——, | оф 
НАЕ E 4) * 
$4 5 35 
4' 4 
Hence, (b) and (d) are correct answers, 
200. Let vector r be coplanar to a and b, 
А r=a+th 
> rz( 2) fk) (( 7) f) 
=(1+)йЁ+(@-)) +(+ ok 


The projection of r on c= X . 


— Lia 1 
lel 45 
[ras«0)s«1:9-0-1:0*0|. 1 
3 3 
= (2-th=+t1 = t=1 or 3 
When, t = 1, we have r 221 + J+ 2k 
When, t =3, we have r = 4i -J + 4k 


b. 
201. Since, b, = my R- —ra, b, = b+ a 
[ај lal 
c cb а cb, 
d ome 8, 63 S14 
РТН ЛИР" ae 
с-а c-b, с.а 
=с-—а-——°Ь,, =a-—; a 
me iT 


which showsa-b,= 0 =a -c = b; -c3 
So, (a, b,, c2} are mutually orthogonal vectors. 


202. As we know that, a vector coplanar to a,b and orthogonal to c 


eee 


*. A vector coplanar to(2i + } + k), (E - )+ К) and orthogonal 


rer yen 
=A [Ql + ) 4 kxd -)- K)) xQl +2) + 6k)) 
=A [Ql -) - 3) x G1 + 2) + ok)) = А (21) - ® 
(21)-7Ё) 
Jay +0) 
(33 - f) 
+ 
10 


.. Unit vector = + 


[given] 


203, 


204 


205. 


206. 


207. 


208. 
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We know that, volume of parallelopiped мове edgen are a,b,c 


= [аре]. 
laual 


^ [abe]e|0 1 
a 0 1! 

Let. Ја) ma! ^a 

e» f'(u) e 3a! =i +» f" (a) ba 


For maximum or minimum, put f'(a)» 0 


ajl ваа 


1 
ILE de which shows f(a) Is minimum at a » XA and 
1 
imum ат = =e, 
maximum at c JA 


We know that, n X (a X Б) (а * b)a (ага) 


(Le) + fox Q - fo«d ра fo - (V3)! b 


E -2 e) T) e fab = 3b seal 
^ bel 
Given, Vel t)-k and. Wal + 3k 


[UVW]=U [2f +  — fo) x (E 3h)] 
=U (31-7) - В) 0191-7) - й|соз0 
Which is maximum, If angle between U апазі ~ 7) ~ kiso 


and maximum value 
=|зЇ - 7) - |o /59 


Since, (n4-2b):(5a —4a) 0 
=> 5|a|?-+-6a-b—8|b|*=0 
= 60: b 23 [7|a| 2] b| 1] 
=> соё = = = 0260? 
We have, a = 21 + ] - 2k 
=> |а|=/їй+ї+4 =3 
and ъ= +) ы угт 
Now, [c-7a|232|c-a|* a9 
> (с-а): (с-а) =9 
> [2-а [2-2с:а =9 4%) 
Again, |axb|xc|23 
= Jax b|| c|sin30°=3 =| ¢|= 
la xb| 

ij k 
But ахЬ=/2 1 -2|=21-2) + 

Д «1..0 


к 6 
^ tere (il) 
From Eqs. (i) and (il), we get 

(2)? + (3)? -2c:a 29 2 449-2¢.n 29 = €:a 22 
Use the formulae, ax(bx c) «(a: c)b-(a* Ь) с, 

[n b c] = [b ca] = [ca b] 

and [aa b] = [а b b] e[acc]s0 
Purther, simplify it and get the result. 
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Now, [a x bbx c exa] ; 211. a= Gi e) and b=2@i+3j-6k) 
=aXb-((b xc) x(c xa)) 
=axb-((k x cxa)) (Here, k = b x c] 2 (2a — b)- ((a x b) x (a + 2b)} - я 
=ахЬ:[(К:а) c - (k:c)a] ko {Ө ae e ) x2b) 
= (ax b): ((b x c-a) c - (b x c c)a) =(2a -b):(a:a) b -( i sicat 
7 (a x b)-([bca]c) - 0 [~ [b x c: c] = 0] INT 
-axb.c[bca]-[abc][bca] Ma ip ie Liu A Noe AR 
= [abc]? t-[abe] = [bca] МОРЯ" s = = = 
Hence, [ax bb xcexa]=A [abc]? =-(4|al?-4a-b+|bl’)=- {4-04 1}=-5 
2 _ 2 : 
F [ibe] =A fibe] 212. Given, a-b#0,a-d=0 (i) 
= à =1 and bxe=bxd 
209. Given that, ‘ = Ъх(с- 4) =0 
(i) a and b are unit vectors, ^ b || (c - d) 
ie.|a|-|b| 21 => c-—d=Ab 
(ii) c =a + 2bandd =5а – 4b = d-c-Àb (ш) 
(iii) c and d are perpendicular to each other. Taking dot pura with a, T к 
iecd=0 а.да =а.с- Аа: 
To find Angle between a and b. m 0=a-c—A(a-b) 
Now, c-d=0 = (a+2b)-(6a-4b)=0 Ө =i ... (iii) 
= 5a-a—4a-b+10b-a—8b-b=0 =: 
=> 6a-b=3 ^ йык 2 
(a: b) 
2, abl 213. Given. a = pl e J kc b - e d e kandc si ja rícare 
x coplanar and p +q #r #1. 
So, the angle between a and bis =. Since, a, b and c are coplanar. 
. ә [аъ с] = 0 
210. Given, pill 
(i) A parallelogram ABCD such that AB = q and AD = p. 25, 1 q 1-0 
(ii) The altitude from vertex B to side AD coincides with a tod s 
vector r. 
To find The vector r in terms of p and q. = si Wi igh tig ele 
Let E be the foot of perpendicular from B to side AD. % pr = RAE =0 
ovis cS, 9р ^ - r)=- 
AE = Projection of vector q on p =q ps 2M. We have, axb+c=0 
D C => ax(axb)+axc=0 
=> (a-b)a-(a-a)b+axc=0 
> За-2ъ+ахс= 0 
р > 2b=3a+axc 
=> 2b -3j-3k-2i -j -k- -21 4 2j - 4k 


A г B А Ь=-1+3-2 
АЕ = Vector along AE of length AE 215. Since, the given vectors are mutually orthogonal, therefore 
ab-2-442-0 
- js АЕ - (1:2) p= 2-2)? ac -2Ài-1420 20 (i) 
À Р Б апі Ъс= 2А + 4+ = 0 (ii) 
Now, applying triangles law in AABE, we get On solving Eqs. (i) and (ii), we get 
AB+ BE= AE p =2апіл =-3 
= qt r PIP => г=(9:Р)Р _g Hence, (А.н) 2 (73,2) 
|р! LI 216. Since, [3u pv pw]-[pv w qu] —[2w qv qu] = 0 
= r=-q+ (12)? <. 3p [u- (v x w)] - pq [v: (w x u)] 
P’P -24° [w -(vx u)] = 0 


217. 


218. 


219. 


220. 


221. 
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= (3р? –ра+ 242) [u (vx w)] =0 = {(a-2)i-2}}-{(a-1)i + 6k} =0 
But [uv w]« 0 E (a -2)(a -1) 2 0 
= 3p* — pq + 2q° - 0 А a-1 and а=2 
$5 p=q=0 222. Line is parallel to plane as 
Given that, b= i+ jand c=j+ k. (i-j+4h)-(i+5j+ k)=1-5+4=0 
The equation of bisector of b and cis General point on the line is 
но (E Lek (A +2,-A —2, 4А +3). 
va v2 For A = 0, a point on this line is (2, -2, 3) and distance from 
=e ene) NS r-(i+5j+k)=5 or x+Sy+z=Sis 
: ё e 2+5(-2)+3-5 .|-10| 10 
Since, vector a ст in plane of b and c. t E TIE  |a43| 3⁄3 
a-b-puc 
X ^ а E ^ ^) 
э 2) ркц) k) паанада. 
7 Then, ахі=-а,К+аз ) 
On equating B Ca AR of i both sides, we get axj-ak-a,i 
= => A= V2 axk=-a,jtaji 
On putting A = V2 in Eq. (i), we get д ахі + (а х 3) + (а х К) 
r=i+2j+k =а}+аф+аЁ+а}+аЁ[+а 
Since, the given vector a represents the same bisector equation =2(aj +a} +a3)=2a" 
f. 


Jib es Ma, +b) Aa, b) May + by) 


Since, (2u x 3v) is a unit vector. хь x» Mb 
2 5 
=> |2u x3v| 21 X 
= élu || vil sin Ө|=1 " м Aes 
P 1 a а а; 
@=- ~u = =1 
zd bee 6 Clams =|b +a b+c bo 
Since, Ө is an acute angle, then there is exactly one value of 0 b, b, b, 
for which (2u x 3v) is a unit vector. Dy id: 7; а а à 
Since, given vectors v, b and c are coplanar. => Mlb b b|--|b M be 
D. 4d а € су Q © Cy 
1 -1 2|=0 xi M =-1 
x x-2 -1 | So, no real value of À exists. 
= 1(1-2(x-2) -1(-1 -2x) + 1(x -2* AR A 225. Given, vectors are 
= 1-2х+4+1+2х+2х-2= Е NEP е 
E E xe quc а=і- К, b=x1+j+(i-x)k 


апі c=yit xj+(1+x-y)k 


Since, (ax b)x c=ax(bx с) f f , 
2 (acc) b- (b.c) a =(a-c) b- (a.b) c A 
se (b-c)a =(a-b)c [abe]=|x 1  1-x 
(a-b) y x 1+х-у 
=> a= c 
(b.c) Applying C, — C, + С, we get 
Hence, a is parallel to c. 10 0 
Since, position vectors of A, B, C are2i — ) + k, i — 3j – 5k and =|х 1 1 |=1+x)-x=1 
ai -3j4 k, respectively. y x 1+х 
Now, АС =(ai-3}+k)-@i-j+k) Thus, [a b c] depends upon neither x nor y. 
=(a - 2)i -2) 226. Since, [u|21,|v| 22, |w| 2 3 


d — BC-(di -3]« k)-(0 -3) -5k) 
an ( J The projection of v along u = + 


=(a-1)i+6k |u| 
Since, the AABC is right angled at C, then and the projection of w al =" 
AC ee projection of w along u Ju] 


224. Given that, [Аа +b) 2b Ac]-[a b+c b] 
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227. 


228. 


Textbook of Vector & 3D Geometry 


According to given condition, 


vu wu 
lu] ful 
= vu=wu 


EU 


Since, v, w are perpendicular to each other. 


. vw=0 (ii) 
Now, [а-у wl? =[ul? + |v? + |w]? 

—2u:v -2 v:w -2u-w 
=> |u-v+w|’=1+4+9-2u-v+2vu 


[from Eqs. (i) and (ii)] 


=> [u-v-w[ 214449 
=> ju-v+w|=Ji4 
Given that, ; Ibllela =(ax b) xe 
We know that, 
(ax b) x c=(a-c) b—(b-c)a 
= Ill cla =(a-c) b-(b-c)a 
On comparing the coefficients of a and b, we get 


z PII c|=-b- сапда: c - 0 


Š Iblle|- -Iblle] cos 


=> iie ad. =i sein? 0 => 
3 9 
=> 2025 
P 
ecc |- ososž] 


Total force, F =(4å+ĵ-3k)+68î 4 j — Kk) 
F=71+2j-4k 

The particle is displaced from A(i+2j+ 3k) to B(5i +4) +k). 
Now, displacement, , Р 

АВ=(51+43+ )-(1+2)+3 = 41+2)-2 к 
-. Work done = Е: AB 4 

=(71+2j-4k)-(4i+2j-2k) 
=28 + 4 + 8= 40 units 


229. (u+v- м): (иу) x(v- w)] 


230. 


=(u+v—w): [ux vc uxw У xv* vxw] 

= u:(uxv)- u (ux w)+ u-(vx w)* v:(ux v) 

-v:(ux w)+ v:(vx w)- w-(ux v) -w (uxw) — w (v xw) 
= uv xw -v-uxw -w-uxv ([a, a b] = 0} 
= uv Xw-w-uxy-w-uXv- u:vxw 


Given that, |а|= 1|b| 2 2, c| 73 . 


апа a+b+c=0 

Now, (a+b+c)? = ај? + |b]? + [|+ 2(а:6+Ы:с+ са) 
E 0215 +27 + 32+ 2(a- bt b:c- cia) 

=> 2(a-b*b:c*c:a) = – 14 

= а:Ъ+Ь:с+с:а = –7 


231. Vector perpendicular to face ОАВ is n;. 
Y 


(C1. 1, 2) 


T ij k 
-OAxOB-| 2 1/=5i-j-3k 
T QD 
Vector perpendicular to face ABC is n; 
(4 
=АВХАС=|1 -1 2|-i-5j-3k 
-2 -1 1 


Since, angle between faces is equal to the angle between their 
normals. 


* cos VER- Bas 5X1 + (-1) x(-5) + (-3) x (-3) 
[milina] f5? + (-1)? + (-3)* Ji* + (-5} + C3 
Stops _ 19 _\{19 

"ids cs ntn 


232. Given that, u=i+j, v=i-j,w=i+2j+3 k, 


233 


u:n-0 and v-n=0 


^ uxv 
Le. n= 
их v| 
ij k 
Now, uxv=|1 1 0|-0i-0j-2k--2k 
1 =1 0 
Wae |w-ux v| Шы. an 
ху — |-2ke 
[^w (ux w) =(i 2j + 3k) - (-2R) = - 6] 
Hence, |w:n|23 
Given two vectors lie in XY-plane. So, a vector coplanar with 
them is a=xityj 
Since, a L(i-}) 
> (xi+yj)-i-j)=0 
> x-y=0 
> x=y 
а= і+х) 
апі 4ај= үх + x? = ху? 


«s, Required unit vector 
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Session 1 


Introduction, Position Vector of a Point in Space, Shifting 
of Origin, Distance Formula, Section Formula,Direction 
Cosines and Direction Ratios of a Vector, Projection of the 
Line Segment Joining Two Points on a Given Line 


Introduction 


Let OY and OZ be two perpendicular lines which intersect 
at O and let a third straight line OX be perpendicular to 
the plane in which they lie. The three mutually 
perpendicular lines form a set of coordinate axis. They 
determine three mutually perpendicular planes called 
coordinate planes. 


Signs of Coordinates of a Point in Various Octants 


Octant/ " , Я "v2 "2 "v 
Goordinatés OXYZ OX'YZ OXY'Z OXYZ OX'YZ OX'YZ' OXY'Z' OX'Y'Z 


x * - * * - = + = 
y + + - + - * - - 
z * * * - * - - - 
Note 
Any point on X-axis = (x, 0,0) 
Remarks тайга (0,40) 
1. The axes to coordinate form a right handed set (in the figure) Z-axis = (0, 0, z) 


i.e. a right handed screw, driven from O to X would rotate in the 
sense from OY to OZ. » Ji panray 
2. [ДЬ еы Care the orthogonal projections of P on the olanesti 
„Т and Z- A А AT ELS 
3. Points L M and N are (х, 0, 2), (х, y. 0), (0, y. 2) and A Band C z^ ОР = yx +y +z 
are (x, 0,0), (0, y, 0), (0, 0, z), respectively. 


XY-plane =(x, y, 0) 


| Example 1. Planes are drawn parallel to the coordinate 
planes through the points (1,2, 3) and (3, — 4, — 5). Find 


he lengths of the edges of the parallelopiped so formed. 
or of a Point t 

Position Vect Sol. Let P = (1, 2 3), Q = (3.—4,-5) through which planes аге 

in Space drawn parallel to the coordinate planes shown as, 


Z 


Let i, i k be unit vector (called base vector) along OX, OY 
and OZ, respectively. 
Let P(x, y, z) be a point in space, let the position of P be r. 
Then, r= ОР= ОМ+ MP 
= (ОА + AM)+ МР = OA + OB+ OC 
г=хі+у) +2 


ут 


Thus, the position vector of a point P is, xi * yj *zk. X 


^. PE = Distance between parallel planes ABCP and FQDE, 
i.e. (along Z-axis) 

=|-5-3|=8 
PA = Distance between parallel planes ABQF and PCDE, 
ie. (along X-axis) 

2|3-1|22 
PC = Distance between parallel planes BCDQ and APEF, 
ie. (along Y-axis) 

=|-4-2]=6 
“^. Lengths of edges of the parallelopiped are 2, 6, 8. 


Shifting of Origin 
Shifting the origin to another point without changing the 
directions of the axes is called the translation of axes. 


Let the origin O(0, 0, 0) be shifted to another point 
O'(x’, y', z') without changing the direction of axes. Let 
the new coordinate frame be О” X’Y’Z’. Let Р(х, у, 2) bea 
point with respect to the coordinate frame OXYZ. Then, 
coordinate of point P with respect to new coordinate 
frame O’ X'Y'Z' is (x1, y,, z;), where x, =x — x^, 

yı =y - yz -z-z' 

z 


*P (x,y, 2) 


O'i, yj, 21) 


| Example 2. If the origin is shifted (1,2, — 3) without 
changing the directions of the axis, then find the new 
coordinates of the point (0,4, 5) with respect to new 
frame. 
Sol. In the new frame x’ = x — xy Y’ = y — y» Z’ = 2 – 21, where 
(xy, ур, zı) is shifted origin. 
> x =0-1=-1, 
y =4-2=2,2'=5+3=8 
Hence, the coordinates of the point with respect to the new 
coordinates frame are (— 1, 2, 8). 


Distance Formula 


The distance between the points P(x,, y, z;) and 
Q(x5, y2, 22) is given by 


PQ 24(x; – x1)? +(у; - у) +0: -zY 
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Proof. Let O be the origin and let P(x;,y1,2;) грі 
Q(x2, yz, 22) be two given points. 
2 


gere 


The, OP=x,i+y,j+zik 
0Q=x,i+y2j+z2k 
Now, PQ= Position vector of Q — Position vector of P 
= 0Q- OP 
=(x,i+y2j+z2k)-(x,i+y2j+z,k) 
= (x; — x, + (у: – yj + (z2 – z,)k 
PQ=|PQ| 
= Ve: х) #02 XY He Y 
Hence, PQ- (x; — х)* +02 у) 6 — 
| Example 3. Find the distance between the points 
P(— 2,4,1) and Q(12, — 5). 
Sol. We have, PQ = Ja +20 +02 ay 5—1) 
PQ- [s 5-27 +6)? 
=з + 4436 
= 4/49 =7 


| Example 4. Prove by using distance formula that the 
points P(1,2, 3), Q(— 1, — 1, — 1) and R(3, 5, 7) are collinear. 
Sol. We have, 


= 449+ 16 2429 
QR =з 1 +641) +(7 17 
= 16 + 36 + 64 
= V116 2 2429 
and PR =4(3 —1)? «(5 -2)! «(7 -3y 
=з +9 +16 - 28 


QR =ОР + PR 
Therefore, the given points are collinear. 


Since, 
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Section Formula 


1. Section Formula for Internal Division 


Let P and Q be two points whose position vectors are r, 

and r, respectively. Let R be a point on PQ dividing it in 

the ratio m:n Then, the position vector of R is given by 
_ mr, + m 


mtn 


T- 
. 
1 
' 
' 
' 
Ц 
n 
i 
Ц 
' 
D 
' 
' 
Ц 
' 
1 


[9] 


Proof. Let О be the origin. Then, ОР = r;, OQ- r, and 
OR-r 


=> nPR=mRQ 
=> r(OR - OP) 2m(OQ- OR) 
=> r(r— r,)-m(r; —r) 
= (m+n)r =mr, + nr, 
_ mr, tnr, 
25 Pis AE И. 
mt+n 


Corollary 
Mid-point formula Let P and Q be two points whose 
position vectors are given by r, and r, respectively. Then, 
the position vector of the mid-point R of PQ is given by, 
г ^r 
r=——. 
2 


2. Section Formula for External Division 
Let P and О be the points whose position vectors are г, 
and г; respectively. Let R be a point on PQ dividing it 
externally in the ratio m : n. Then, the position vector of R 
is given by, 
mr; — nr, 

m-n 
Proof. Let О be the origin. Then, OP= r,, OQ- г, and 
OR=r 


r= 


Now, 


? nPR=mQR 
n(OR- OP)=m(OR- 00) 
n(r- г ) -mí(r- rz) 


(m — n)r = тг, – nr, 


mr, — nr, 
r=| ———- 
m-n 


уу] 


Corollary 1. If R(x, у, 2) is a point dividing the join of 
P(x4, 1,21) and Q(x;, y2,Zz) in the ratio m:n. 

mx +nx, — my,*ny, __ mz, +nz, 
"Ree 75 omen s 


Then, x = 


m+n m+n 


Corollary 2. The coordinates of the mid-point of the joint 
of P(x1, y, zi) and Q(x, у;,2;) are 
Xi tX? Yity2 zi +22 

= + 2 


Corollary 3. The coordinates of a point R which divides 


the join of P(x,, y,,z;) and Q(x;, уз, z2) externally in the 
ratio m:nare 


mx; —nx; 
= 
m-n 


my; – пу! 


mz; —nz, 
m-n ' 


m-n 
Corollary 4. The coordinate of centroid of triangle with 
vertices (x1, y1, 21), (X2. 2,22), (хз, Уз,23) is 
(^ +X2+X3 Yı +yz +уз 21 +22 =) 
3 ; 3 j 3 
Corollary 5. Centroid of tetrahedron with vertices 
(xi yis zi (X25 ya za) (хз, Уз, 23), (x4, y 24) is 
Xi tX)tXaà tX. yatyo tyas ty 
4 ; 4 i 
ae. 


1 Example 5. Find the ratio in which 2x + 3y + 52 =1 
divides the line joining the points (1, 0, — 3) and 
(1,— 5,7). 


Sol. Let 2x + 3y + 52 = 1 divides (1,0, — 3) and (1, — 5,7) in the 
ratio of k : 1 at point P. 


Then, p (E35, c6 06-3 
k+1k+1 k+1 
2х + 3у +5z=1 


k+1 — 5k 7k -3 
=> 2| ——|-3|—— = 
(=) EE) : 


> 26+ 2 – 158 + 35k-15=k+1 


| which must satisfy 


= 2ik= 18 kei 


Eid + Зу + 52 = 1, divides (1, 0, — 3) and (1, — 5, 7) in the ratio 
of2:3. 


| Example 6. if A(3,2, — 4), B(5,4, — 6) and C(9,8, — 10) 


are three collinear points, then find the ratio in which 
point C divides AB. 


Sol. Let C divide AB in the ratio А : 1. Then, 


C (2an, 29-2) оа —10) 


+1 A1 А+1 
Comparing, 5%, +3 29A + 9 or 4A =—6 
91-723. 
2 


Also, from 4А + 2 =8A + 8 апа — 64, — 4 = — 10А — 10, we get 
the same value of A. 


-. C divides AB in the ratio 3 : 2 externally. 


| Example 7. Show that the plane ax +by +cz+d=0 


divides the line joining (ху, y1, z1) and (x2, y2, zz) in 
ax, + gy + cz +d 


the ratio of | — ox, * by, 2 +d А 


Sol. Let the plane ax + by + cz + d = 0 divides the line joining 
(Xy yy 21) and (xz, уз, Z2) in the ratio k : 1 as shown in 


figure. 
desas x iv 
к, d 2) (ко, Yo. 22) 
ax+by+cz+d = 0 
А Кх, + ху Куг tX kz; + 21 
„<“. Coordinates of (Ern, ave "P UERÁ. +1 


must satisfy ax + by + cz + d =0 


À kx; ox ky; + Xi (+8) аео 
d (вн) po | kei 


=> alkx, + ху) t Куг + yı) + ekz; + z,)+ d(k + 1)=0 
=>  Kax, + Буз + с22 +d) +(ax, + by, + cz, +d)=0 
(ax, + by, + cz + d) 


= d (ax; + Бу; + сї; + d) 
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Remark 


Students are advised to learn above result as a formula i.e. 
ах + by + cz + d =0 divides join of (x. y;, z;) and (х, уз. Z5) in 
fatio ors (ax, + by, + cz + d) 


(ax? + Буз + CZ + d) 


| Example 8. Find the ratio in which the join of (2,1,5), 
(3,4, 3) is divided by the plane 2x +2y —2z —1=0. 

Sol. Using above result, 

{(2 (2) +2 (1) –2(5) — 1} 

{2 (3) + 2(4) –2(3) –1) 

_ {6-11} _-5 

[4-7 7 


=2x + 2y —2z — 1 = 0 divides (2,1, 5) and (3, 4, 5) externally in 
ratio of 5:7. 


Required ratio = 


Direction Cosines and 
Direction Ratios of a Vector 


1. Direction Cosines (DC's) 


If o, B and y are the angles which a vector OP makes with 
the positive directions of the coordinate axes OX, OY and 
OZ respectively. Then cos æ, cos [8 and cos y are known as 
direction cosines of OP and are generally denoted by 
letters l, m and n, respectively. 


z 


Thus, | = cos 0; m =cos B ; n = cos y. The angles о, B and y 
are known as direction angles and they satisfy the 
condition 0 <a, B, y <7. 


It can be seen form the figure 


x 
cos Q = — 


OP 
Similarly, 
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2] x x 


Where, OP is the modulus of positive vector of P. 


Clearly, ОР =] x? +у? +2? 
So, I? +m? +n? =соѕ? a +cos? fi-- cos? ү 
x? +y’ +z? х? +у? +2? 
7 ОР? xt yee? 
Р +m? +n? — cos? a cos? B cos? ү 21 
“If OP=r=xi+yjt+zk 
Then, P-liemjenk 


By definition it follows that the direction cosine of the 
axis x are cos 0°, cos 90°, cos 90°, i.e. (1, 0, 0). 

Similarly, direction cosine of the axes Y and Z are (0, 1,0) 
and (0, 0, 1), respectively. 


2. Direction Ratios (DR's) 


Let l, m and n be the direction cosines of a vector r and a, b 
and c be three numbers such that a, b and c are 
proportional to l, m and n 


i E mom 
ie. 2 p 
or (l,m, n) = (ka, kb, kc) 


= (a, b, c) are direction ratios. 


«o. Er =) are direction cosines of a vector r, then 
уз ' з V3 
its direction ratios are (1, — 1, 1) or (- 1,1, — 1) or(2, — 2,2) or 
(А, — À, A)... etc. 
It is evident from the above definition that to obtain 
direction ratios of a vector from its direction cosines, we 
just multiply them by a common number. 
"That shows there can be infinitely many direction ratios 
for a given vector but the direction cosines are unique". 
To obtain direction cosines from direction ratios. 
Let a, b and c be direction ratios of a vector r having 
direction cosines l, m and n. Then, 

[= Ла, т= АЬ, п= Ас 

P +m? +n? =1 


= a! X +2 e cM =1 


(by definition) 


Azt 
(= 
уа? +b? +e? 


т = В, 


a! +b? + с? 


So, 


1 
ya? +b? +c? 
a 
b 
c 


п=®-——===== 
ya? +b? +c 
For example, let the direction ratios of a point be (3, 1, — 2). 
— Direction cosines are 


3 1 —2 
s +12 +(-2)? ' 3 +12 4+(-2)? J5 +12 +(—2)? | f 
-[ d. -А) | 
v14’ Ji V14 
3. Angle between Two Vectors in Terms of 


Direction Cosines and Direction Ratios 


Let a and b be two given vectors with direction cosines l}, 
т\, n; and /,,т,, n; respectively. Then, 
a-l im; j * nj kand b=l,i+m,j+nok 
a-b 
-.cos 8 “Талы , where Ө be the angle between a and b. 
РА созе = itm) + mf EH ei +m) + nak| 
|Litm,j+nk||Li+m,j+nk| 


Ll, 4 mam; + пп, 


> cos 0 == 

үр +m? +n? NI +m? +n 
> соѕӨ = 11, +mym, tnn; [7 +m? +n? =1] 
Also, sin?0-1-cos^0 


=(If mini) +m +2) 
— (ll; +mym, + тп,)? 
= sin’ Ө = (туп; -m;n )° * (nil = nl + (lym, = т)? 
(түп; – тәп)? * (nil; - n;l )? 


=> sin@=+ 
* (lm; – lm, )? 


Remarks 
1. Acute angle Ө between the two lines having direction cosines 
1. m, ny and /» My, n, is given by 
COS 8 = | Л/ + mm» + nns | 


sin8 = Jm, =h)? + (my — mj + (rlz nd. 


2. If a, b. c, and a, b, C2 are the direction ratios of two lines, then 
the acute angle 8 between them is given by 


cos @= | аг; + bb; + сс | 


үг + OP +c? fab + 02 + с? 


(ав - ab). * (bc; - bc? 
sin@ = + (са, adi ca)? 


atl + с а + 62 + со 
3. The two lines with direction cosines ^, m, n and 
I». т, n» are perpendicular to each other ií 6 => 


> cose =h + mm, * nn, = 0 
4. The two lines with direction cosines ^, m, n, and 
I». Mz. пр are parallel to each other if8 =0 


or r-5sin8-«0 
э(тул» =M)? + (Aly — ny Y + (hm =h)? - 0 
a ham.n 

h т m 


. The angle between two lines having direction ratios а. b. с 
and а, b, c; is given by 
tos ад + bb, + сс 
(a? + b + с2 [а + 6? + с?) 
Thus, the two straight lines are perpendicular, if 
ад; + bb, + cc; =0 


Co 


Projection of the Line Segment 
Joining Two Points on a Given 
Line 
The projection of the line segment joining two given 
points (x4, Y1, z; ) and (x2, Y2, Z2 ) on the line having 
direction cosines / m, n is given by 


Kx; — xi) +т(уз ^ yı) * n(z2 — zi), which is clear 
from the vector. 


Q(xo. yo. 22) 
(ку, Ул, 21) 
P 
A m,n B 


Clearly, РО =(х xi) ye ~ yd Gs =z, )k 
and the line AB = mj + nk 
The projection of PQ on AB 

 PQ.AB Wx;-xi)*m(y; -yi) *n(z2 zi) 


d |AB| k Jr +m? +n? 


= (хо —x,)+m(y2 -yi) * n(z2 -2;) 
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| Example 9. what are the direction cosines of a line 
which is equally inclined to the coordinate axes? 
Sol. if a, В and y are the angles that a line makes with the 
coordinate axes, then if they are equally inclined. 
=> а=В=7 


Also, P+ тё + п =1 
> cos? а + cos? В + cos? у= 1 
=> cos? a +cos a + cos а =} 
= 3cosa-1 
1 
=> cosa = + —— = соѕ В = соѕ у 
У 
EET ме. E 1 =) 
.. Direchion cosines at а? al ае 
3 V3 43 
( 1 1 =} 
or ——,.———.——— 
v3 v3 уз 


1 Example 10. if a line makes angles a, B and у with 
the coordinates axes, prove that 
sin? a+sin? B+sin? y=2 
Sol. Let 1, m and n be the direction cosines of the given vector. 
Then, | = cosa, т = соѕ В n = cos у 


Now, P+ т? + п? =1 

2 2 2 
= cos & + cos” В + cos y=1 
> 1-sin'a +1 -sin? B+ 1-sin? y=1 
= sin a «sin! В + sin? y=2 


| Example 11. A line OP through origin О is inclined at 
30° and 45? to OX and OY, respectively. Find the angle 
at which it is inclined to OZ. ` 
Sol. Let 1, m and n be the direction cosines of the given vector. 
Uni =i 


where, а 2305 В = 45 
cos! а cos? В + cos? у=1 
> cos! 30° + cos? 45? + ows? y e 1 
RY 2 
v3 1 $ 
- — (B 
> TTE at 
а 23 
TR 
= cos? ү = 1 5-3 
E 
1 E 
= cos? y=- С, which is not possible. 


5. There exists no point which is inclined ty 30° to N-axis атый 
45" to Y-axis, 


174 Textbook of Vector & 3D Geometry 


| Example 12. Find the direction cosines of a vector r 
which is equally inclined to OX, OY and OZ. If |r | is 
given, find the total number of such vectors. 

Sol. Let |, m and n be the direction cosines of r. 

Since, r is equally inclined with X, Y and Z-axes. 
2 + m+n? =l 


=> 3l 21 ("= т=п) 
1 
= ї=+—= 
45 
-. Direction cosines of r are + C - $ x = a 
43' 43 48 
Now, r=|r|(li+ mj * nk) 
1 1, 1; 
= r=|r|}/+~it—~jt—k 
init ЕЛЕЕ 


Since, ‘+’ and '—' signs’can be arranged at three planes. 


There are eight vectors (i.e. 2 х2 x 2) which are equally 
inclined to axes, 


| Example 13. if the points (0, 1,— 2), (3, , — 1) and 
(ц, — 3, — 4) are collinear, verify whether the point 
(12,9, 2) is also on the same line. 
Sol. Let the points be A, B and C, whose coordinates are 
(0, 1, - 2), (3, A, - 1) and (Jt, –3, - 4) respectively. 
Let D =(12,9, 2) 
-»DR'sofAB-(3-0-1,-1-42) 
=(3,A—1,1) 
DR’sof AC =(1-0,-3-1,-4-(-2)) 
=(и,-4,-2) 
Since, A, B and C are collinear. 
$ Xx-L.. 


= p-2-6AX-3 
2. Direction ratios of AB are (3, 2, 1). 
Now, direction ratios of AD are (12 — 0,9 — 1,2 — (2)) or (12, 8, 4) 


Here, З 2. 
12 8, 4 
AB || AD 


Since, AB and AD lie on same straight line. 
Hence, the point (12, 9, 2) is on the same line. 


| Example 14. A vector r has length 21 and direction 
ratios 2, — 3, 6. Find the direction cosines and 
components of r, given that r makes an obtuse angle 
with X-axis. 
Sol. Here, direction ratio's are 2, — 3, 6. 
- Direction cosines can be written as (2A, — ЗА, 6A). 
where, (2A)? +(-3A)? +A)? 81. (cl m! e n = 1) 


as 490? = 


=> =F- 


7 
But it makes obtuse angle with X-axis = l< 0. 


*. Direction cosines are (-2 2 -6) 
.. Direc 7T A 
Also, r=|r|(li+ mj+ nk) 
3 ZI) (given, |r| =21) 


r -3(- 2i + 3j – 6k) 
So, the component of r along X, Y and Z-axes are — 6i, 9j and 
— 18k, respectively. 


| Example 15. Find the angle between the lines whose 


43 1 E 


direction cosines are (- Era Tz 


4 2 


Sol. Let be the required angle, then 


cos Ө = 1; + mm, + nn, 
3 b 3 1 
ý т 


cos 9 = ~~ = 6=120° 


1 Example 16. 


(i) Find the angle between the lines whose direction 
ratios аге 1, 2, 3 and —3, 2, 1. 


(ii) Find the acute angle between two diagonal of a 


cube. 
Sol. (i) Let Ө be the required angle, then 
1X-3+2x2+3x1 4 2 
cos § = == 
Vit4+9 10-449 14 7 


= 0 = cos”! (5) 
7 


(ii) From the figure given below, the direction ratios of the 
diagonals OP and CD of a given cube are given by 


a-0,a-0,a-0 
and a-0,a-0,0-a 
and hence their respective direction cosines are 
a a -a 


ry 17] "ld 
J” +a’ + а? ya? +a +a? Va? +a’ a! 
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| Example 18. if the direction cosines of a variable line 
in two adjacent points be /, m, п and | 4- 8l, т+ бт, 
n+ 8n, show that the small angle 80 between the two 
positions, is given by 86? =8/? + óm? + ёп?. 
Sol. We have, /2 +m? +n? «1 
and (1 + 81)? +(т + Sm)? +(п + ӧп) =1 
— 1? + m! +n? + (61)? +(Sm)? - (6n) + 2161 + тӧт + nbn) =1 
= 1+($1)# +(6m)? +(6n)? + 2 (I1 + mbm + пёп)=1 
=> (81)? +(Sm)* +(6n)? = — 2 (161 + mbm + nön) ...(i) 
Let 80 be angle between the two positions. 
and [ = d E i cos 80 = [1 + 51) +т(т + ӧт) + n (n + õn) 
2 ва? + а? [ Ch ы SR HEY Ег олате. 
hl pe hM = 1-2sin? 9 =1 + 51 + mbm nbn (ii) 
i = 2 
“BBB 
Let be the angle between these diagonals, then 
6-0. 4 


From Eqs. (i) and (ii), we get 
(81)? +(6m)? +(6n)? = 4 sin? 2 


ET AE Lor ЧЕ РЕ Lt RS 
Уз <3 М3 4 484533533 50)? 
1 => (2) = [61 + mim + nón 
=0= c05" (5) 2 
3 = 181 + mim +nbn =(80)’, 


1 Ехатр!е 17. Find the angle between the lines whose (since, sin > 90 assis very small 
direction cosines are given by /+т+ n 2 0 and TG 
21? +2т? - n? =0. 

1 Example 19. if /,, m, n, and l2, m;, n; are the 

Sol. ? + т? +n? =1 


direction cosines of two mutually perpendicular lines, 


І+т+п=0 (i) ^ shows that the direction cosines of the line 
21? + 2m? - n! =0 (i) ^ perpendicular to both of them are m,n — mm; 
AI? + m*)- n! =0 nil; = nh; lm; = Гот. 
k A 2 _ Sol. Let I, m and n be the direction cosines of the line 
21 - п?) = п? > Зп? =2 > п= + 2 - (iii) perpendicular to both the given lines. 
ot? nf) sn e C( ^m) „ “ll + mm, + nn, =0 "S ll; + mm; + nn; =0 
Solving them, EIU. Lu 
=> 22 + 2m? 21? + т? + 21т ib ec ai m m mh dh т 
= 12 + т? -2lm=0 тп m ha Lh m 
E (I-mf 20 > l=m => ы: эшк S ae =k 
= E тупа = тот ml-nh lm;-lm 
= +m= = 
3 L= kmn; — man), m -k(nil; — nj), n = Кт, — lm) 
oa if On squaring and adding, we get 
> -*14- 
. 3 1 +m? +n? = k'((mn; — mm) + (mlz — nj)! + (то Гот) 
1+ тее => 1=k*{sin? Ө} 
3 544 D „6 D where, 0 is the angle between the given lines as we know, 
" А 1 M NS M 2 dlc ul x 
Direction cosines are (+ Te’ E an (5 д &) sin Ө (ab; — aj) (be; — Бс) + (да — c20)? 
А А с 1 1 ie where, a,, by, c, and ap, b;, c; are direction cosines. 
ч (е-е) "Ye Ж' Va = 1E @ Ө =90°, given) 


> k=1 
The angle between these lines in both the cases is cos! (- j 


Hence, direction cosines of a line perpendicular to both of 
them аге man; — myn, mlz — nil, hm — Lm. 
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1 Example 20. Find the direction cosines of the line | Example 21. Let A (- 1, 2, 1) and B (4, 3, 5) be two 


which is perpendicular to the lines with direction given points. Find the projection of AB on a line which 
cosines proportional to (1,— 2, — 2) and (0, 2,1). makes angle 120? and 135° with Y and Z-axes 
Sol. If 1, m and n are the direction cosines of the line perpendicu- respectively, and an acute angle with X-axis. 
Pes tien Sol. Leta be an acute angle that the given line make with 
туд] ар X-axis, Then, cos? a + cos? 120? + cos? 135° = 1 
= dice xdg -@ А 1 1 4-2-1 1 
апі 1-0+m-2+n-1=0 = cos LXI ne is a 
0+2m+n=0 (ii) 2 І 
Then, from Eqs. (i) and (ii) by cross multiplication, we get = cosa zx gut oris acute 
Lm. 2 cosa = ve 
2 -f 2 1 
E cosa =- = cos 60° = a =60° 
=> 1 NE 2 
$^cl g Thus, the direction cosines of the given straight line are 
T.i 1 
P+ т2 + 60°, cos 120°, cos 135°, іе. =, — =, — 
= m n =1 t: 2+ m! +n? =1) cos cos cos не 2 Z 
44 +1+4 3 j 
2 Hence the projection of AB on the line 
> l=-,m=-- 1 1 1 5" 1 
* ; 21441)-16-2)-—6-1)-2-l-242 
3 3 20603) 20-9 a ee 
as Я = (2 — 24/2) units 


Exercise for Session 1 


1. In how many disjoint parts does the three dimensional rectangular cartesian coordinate system divide the 
space. 

2. Find the distance between the points (k, k + 1 k + 2) and (0, 1, 2). 

3. Show that the points (12,3), (- 4-2, – 1), (2.3. 2)and (4, 7,6) are the vertices of a parallelogram. 

4. Ifthe mid-points of the sides of a triangle are (1 5, — 1), (0, 4, — 2) and (2, 3, 4). Find its vertices. 

5. Find the maximum distance between the points (3 sin 6, 0, 0) and (4 cos Ө, 0, 0). 

6. 11A-(12,3) B -(4,5,6) C =(7,8,9) and D, E, F are the mid-points of the triangle ABC, then find the centroid of 


the triangle DEF. 
7. Aline makes angles с, B and y with the coordinate axes. If œ + B — 90^, then find y. 


If œ, B and y are angles made by a line with positive direction of X-axis, Y-axis and Z-axis respectively, then find 


the value of cos 2a + cos 28 + cos 2y 
9. if cosa, cos В, cos y are the direction cosine of a line, then find the value of cos? а + (cos В + sin y) 


(cos В — sin? ү). 
10. Aline makes angles o. D, y, 9 with the four diagonals of a cube, then prove that 
cos? a + cos? В cos? y+ cos 8-7. 


11. Find the direction cosine of line which is perpendicular to the lines with direction ratio [1, — 2, — 2] and [0, 2, 1]. 


12 


The projection of a line segment on the axis 1, 2, 3 respectively. Then find the length of line segment. 


Session 


amme M —— O 


Equation of a Straight Line in Space, Angle between 
Two Lines, Perpendicular Distance of a Point from 
a Line, Shortest Distance between Two Lines 


Equation of a Straight Line 
in Space 
A straight line in space is specified basically in two ways 


(i) A line passing through a given point and parallel to a 
given vector. 


(ii) A line passing through any two given points. 
1. Vector Equation of a Line Passing Through 
a Given Point and Parallel to a Given Vector 


To find the vector equation of a straight line which passes 
through a given point and is parallel to a given vector. 


Let A be the given point and let EF be the given line, then 
through A draw AP parallel to given line EF. 
Let b any vector parallel to the given line. Take any point 
O as the origin of reference. Let a the position vector of 
the given point A. 
Let P be any point on the AP and let its position vector be 
r. Then, we have 

r= ОР= ОА+ AP- а+ Ab (where, AP= Ab) 
Hence, the vector equation of straight line 

r=a+Ab 0) 


Remarks 

1. Here, r is the position vector of any point P(x, y, 2) on the line 
^ r=xi+ y] + zk. 

2. In particular, the equation of the straight line through origin 
and parallel to b is г = Ab. 


2. Cartesian Equation of a Line Passing 
Through a Given Point and Given 
Direction Ratios 
Let the coordinates of the given point A be (ху, y, z;) and 
the direction ratios of the line be a, b and c. Consider the 
coordinate of any point P be (x, y, z). Then, 
r=xityj+ zk; 
a=x,it+y,j+zik 
b=al+ bj ed 
Substituting these values in (i) and equating the 
coefficients of i, j and k, we get 


and 


x=x,+Aa 
y=y, +АЬ 
z=z,+Ac 
These are parametric equations of the line. 
Eliminating the parameter A, we get 
х= y-y :-5 
a b gus 


Remarks 


1. Parametric equation of straight line 
C= ky, „=Й, oA 


= X=X,+ Aa y=y,+Abz=2,+Ac 
(where, A being parameter) 
2. Since, X, Y and Z-axes pass through origin and have direction 
cosines (1,0, 0), (0, 1,0) and (0, 0, 1). 
-Theirequations аге ' 
Equation of X-axis, X79 = / —9 _ z =! 
0 0 
=> y =Oandz=0 
Equation of Y-axis, ~—~ = = YEO £3 
=> x =Oandz=0 
Equation of Z-axis, = LL = 2 


=> x 20and y 20 
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| Example 22. Find the equation of straight line 
parallel to 2i — j4- 3k and passing through the point 
(5, — 2,4). 
Sol. Vector form Let Р = (5, — 2, 4), then OP-5i-2j4 4k=a 
Also, b=2i-j+3k 
So, equation of straight line passing through a and parallel to 
straight line whose direction ratios are b is given as 
r=a+Ab 
r= (5i-2j 4k) + A(2i-j+3k) 


Cartesian form Неге, (x,, уу, 21) = (5, — 2, 4) and parallel to 
straight line whee DR's are (2, — 1,3), so equation of the 


straight line is ~ ac PR ut PE ле. 


=> 


1 Example 23. Find the vector equation of a line 
passing Bough (2 = 1,1) and parallel to the line whose 
+1 2—2 
equation is —— = D. 
2 7 —& 
Sol. Since, the required line is parallel to 
x-3 ytl z-2 
it follows that the required line passing through 
AQi- j+ K) has the direction of 2i 7 j— — 3k. Hence, the 
vector equation of the required line is 


r-2i-j4 К+ М2ї+7)- ЗК) where A is a parameter. 


| Example 24. The cartesian equation of a line are 


6x —2=3y +1=2z – 2. Find its direction ratios and 
also find the vector equation of the line. 


Sol. We know that, 


DEM edo 2) : Yı 27 ~71 is cartesian equation of straight line. 
a c 


6x —2=3y +1=2z-2 


=> (r-i) +3) =a -» 


3. Vector Equation of a Line Passing 
Through Two Given Points 


The vector equation of a line passing through two points 
whose position vectors a and b is 


r=a+A(b-a) 


Let O be the origin and A and B be the given points with 
position vectors a and b, respectively. 


Then, OP = r, OA = a and OB = b 
A B P 
m TM 
us quee 
a 30 и 
i 
О 


Since, AP is collinear with AB. 
АР =), AB for some scalar А 


ES OP- ОА = A(OB- OA) 

=> т-а —-A(b- a) 

E r-a-cA(b- a) 

~. Equation of straight line passing through a and b. 
=> г=а+ А(Ь-– а) 


4. Cartesian Equation of a Line Passing 
Through Two Given Points 


Equation of straight line passing through (xi, y, zi) 
(x2; Yas Z2). 


GG. yy 21) (Xo. Yor 22) (х, y, 2) 


E nd 
1 1 Vi 
v Y*3 z-1 $ 
= л Та The direction ratios of 
E 3 2 АВ =(х; = X1, Y2 - yo 22 721) 
ae The direction ratios of 
m 3 ы 32-1 
1 2 3 


which shows given line passes through B - T 1) and has 
direction ratios (1, 2, 3). 


7^. Its vector equation is 


26 - + k) + A +2) + 3k) 


Since, they are proportional 


AP =(х—ху,у-уу,2—т() 
Жи 5 98 
X2—X1. у-у; 


TH AIL 


13-211 


| Example 25. Find the vector equation of line passing 
through A(3, 4, — 7) and B(1,~ 1, 6). Also, find its 
cartesian equations. 


Sol. Since, the line passes through A(3i + 4j - 7k) 


and B(i~ j +6k), its vector equation is 


r-3i4 4j-7k+ A((i-j+6k)~(Gi+ 4j -7k)] 
or r-3i 4j 7k - A(21 4 5j - 13k) Ai) 
where А is a parameter. 
х-3 


The cartesian equivalent of (i) is па" = ET T 
=13 


| Example 26. Find the equation of a line which 
passes through the point (2, 3,4) and which has equal 
intercepts on the axes, s 


Sol. 


Since, lines has equal intercepts on axes, it is equally 
inclined to axes. 


= line is along the vector а(ї+ }+ k) 


= Equation of line is 35 2353 „2—4 
1 1 


Angle between Two Lines 


Vector Form 


Let 


and 


r=a+Ab 
r- a'-pb' 


0) 
(i) 


be two straight line in space. 

Clearly, Eqs. (i) and (ii) are straight line in the directions 
of b and b’, respectively. 

Let 6 be the between the straight lines (i) and (ii). 

Then, Ө is the angle between the vectors b and b' also 


=> 


b- b' =|b|| b'|cos8 


b-b’ 
cos 8 = 


Cartesian Form 


Let 


and 


RS Ke ae «Ex 
a2 b, с: 


(ii) 


be two straight lines; Then, b = a,i + Б) - суй 


b’=a,i+ bj +с;Ё 


So, that b: b'—-a,a; + 6,6, +С; 
апі [Ы = Ja? +b? +c? ;|b'|- Jal +b? +c? 


ауа; t b b; * c.c; 


cos 0 = ——————— ————— 
ya? +b? +c? Jai +b} +c? 
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Condition for Perpendicularity 
The lines are perpendicular, then 

b: b’=0 
=> ауа; +b, by +С: =0 


Condition for Parallelism 


The lines are parallel, then b =(b’) A, for some scalar X 
n et 


EN = 
a, by 


C2 


1 Example 27. Find the angle between the pair of lines 
r= 3142) - ak A (i+ 2j - 2k) 
and г= 51-26 n (3i 2j 6k) 
Sol. Given line are 
г=(31 + 2j — 4k) + МЇ +2) 2k) 
and r=(5i-2k) + u(3i4 2) - 6k) 


We know that, angle between r= a, + Ab, and r= a; + ib;, 


b, + b; 
cos Ө = —L—*2 
| b, |} be | 
сос = Èt + 2k) -Bi+2j+ 6k) _3+4+12_ 19 


122222 32622662 49a n 


| Example 28. Prove that the line x = ay +b, z = Cy * d 


and x=a’y+b’,z=dy+d’ are perpendicular, 
if aa' + cc-- 12 0. 


Sol. We can write the equations of straight line as 


тей... Sea 
Y yy= z 
x-b y-0 z-@ 
= = = i 
а 1 " 0) 
апа ыга y зй 
a c 
x-b y-0 2-4. 
= a o: 2 T 
F i n (ий) 
We know that, ХУУ 2-2 
a b с 
апа -ladt VER Да: Ez 
à b, с 


are perpendicular, if aa, + hb; + qc; = 0 


*. For the straight lines given by Eqs. (i) and (ii), to be 
perpendicular. 


dat+i-l+cc=d 
аа'+сс'+1 = 0 


-180 Textbook of Vector & 3D Geometry 


_ -(a-a):b 


Perpendicular Distance SS me 


of a Point from a Line (а -0)-ь 
4 = Position vector of Lisa — | —————— |b, which is 
1. Foot of Perpendicular from a Point on Ihi 
the Given Line the foot of the perpendicular. 
(i) Cartesian Form Here, the equation of line AB is (iii) The distance of the point (x2, y2, z;) from the line 
SX c yb EE; ХУТУ #751 (where |, mand nare 
a b c 1 т п 
Let L be the foot of the perpendicular drawn from direction Mia ecce re ii " 
Р(о, B, y) on the line Eck 91 ne =: 8 [(xa = х1) *(ya —y1)° *(2 721) 
И â b c -= {xq = ху) +m(y2 = y1) *n(z; 2) ]^ 
e боро inates of L be (x, +aA, y, +, 2; + А). * Let i, =(х,- х1) +(у, у) +02, 21) 
Then, the direction ratios of PL are (x, + a — о, ИЕ: ОЙ. 
yi + – В, 2, +À- y. г, = і mj + nk 
Р, В, ү) ie EN eee fe E 
| EARL 
| (Xo. Yo, 22) 
EN 230 
A L B | 
Direction ratios of AB are (a, b, c). € 
Since PL is perpendicular to AB. 
= = Sans D 
а(х; * aA — o) + b(y, + b – В) + с(2, +cA—y)=0 ey z) TE 
у = 29 7231) +B 7 yi) +ely +21) (I, m. п) 
a? +b? +с? Also, d -| к, |sin® 
Putting the value of A in (x, - aA, y, +bA,z, +cÀ), ? |5, | sin? Ө 


we get the foot of the perpendicular. Now, we can get 
distance PL using distance formula. 
(ii) Vector Form Let L be the foot of the perpendicular ais P [з= (r, r)? 
drawn from P(a) on the line r= a-- Ab. 19 EXER 
Since, r denotes the position vector of any point on 
i iti i d? =n P -(n r)? (where, |x» |=) 
the line r= a+Ab, the position vector of L will be 1 +*Т; (where, | r, | = 


(a+Ab) > d= |r, |? (к) 


Directions ratios of PL =a —o + Ab 


=|r, |? (1- cos? Ө) 


In F 4n f 


(x? = х) +(у = у) +(z2 21)? 


Р (a) d= 
—{I(x2 = xi) +т(у = уз) +n(zz -z,)}’ 
2. Reflection or Image of a Point 
in a Straight Line 


(i) Cartesian Form To find the reflection or image of a 
Since PE is perpenidivuter io point in a straight line in cartesian form. 
н Abish x Let Р(о, B, y) be the point and 
Seer =N У-У 2-2 Я 
T (a -a)-b - Ab. b 20 "Ca Cp co. Бе the given line. 


^ (r=a+Ab) L(a+Ab) 
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ҮР (o. B. y) = 4, = -[a-2)-b] 
|b]? 
wie 2. Position vector of L, 
i -a):b 
' a+Ab=a- Sm) b 
bes |b] 
E 
did * R Let Q be the image of point P and @’ be the position 
Let L be the foot of perpendicular from P to AB and vector. 
" Q y$ ei m of the point in the given line, Since, L is mid-point of PQ. 
=10. : UE 
Let the coordinates of L be > 2 29 ex (2+) b 
(x, +aA, y, +, 2; +À) М 
Then, direction ratios of PL are r_> _|2а-)-Ь 
=> а =2а – Ir GN b- 
(x; * aA - a, y, +. — B, 2, + c — y) |b| 
Since, PL is perpendicular to the given line, whose which is image of P on r. 
direction ratios are a, b and c. 
(x, +a а) -a +(y; +b -B)-b | Example 29. Find the foot of perpendicular drawn 
*(z, +4 0:с=0 from the point 2i — j+ 5k to the line 
ЕА p ie х1) +В — yi) etr -21) г= (111 2 2j —8k)+ А (10i – 4j — TIK). Also, find the 
м а? +b? +e? length of the perpendicular. 
Substituting A, we get L, (foot of perpendicular) Sol. Let L be the foot of the perpendicular drawn from 
2 ~ 145k Я 
Let coordinates of O(a’, D^, ү’) be image. NS ез) onthe line 
7. Mid-point of PQ is L. P (2i -] + 5k) 
, , + , 
4 ES a3, si 9 >: ey dt y =z, +0 "X 
2 2 2 (111 - 2j – 8k) А 
а’ =2(x, +ал) –0, B’ =2(y, +) - В, *A(101 — 4j - 11k) 
Y 232 +0) -Y 1 
(ii) Vector Form To find the reflection or image of a r- (1i -2j - 8k) + A(101 — 4j — 11k) 


point in a straight line in vector form. Let Р(0:) be the 


T z Let the position vector of L is 
given point and r= a + Ab be the given line. 


(111 - 2 - 8k) + А(10Ї - 4j - 11k) 
=(11 + 10А) +(—2 - 4А)) + (-8 -11A)k 
' ".PL = Position vector of L — Position vector of P 
mata =(9 + 10A)i  (-1— 42) + (- 13 2 113)k 
A Since, PL is perpendicular to the given line and parallei to 
b=10i-4j-11k = PL.b-0 


Q(Image) (a ) = {0+ 10A)i  (-1- 43)j +(-13-11)k} (loi - 4] - 11k) = 0 
= 109+ 10А) - 4(—1— 42) - 11(- 13 — = 

Let Q be the image of P in r= a Ab "da dia. Cada ie 38 t 

eine ig Р On putting А = ~ 1, we get Las (i 2) +3) 
Since, PL is perpendicular to the given line, Now,  PLe(L«2) +3k)-@l-]+5i) 
: PLLb 5 

nb ab =(-i+3}-2k) 

= (a+Ab-a)-b 2, Hence, the length of perpendicular from P on the given line 


z|PL|z 1*9 4 = /i4 
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| Example 30. Find the coordinates of the foot of the 
perpendicular drawn from point A (1, 0, 3) to the join of 
points B (4, 7, 1) and C(3, 5, 3). 

Sol. Let D be the foot of the perpendicular and let it divide BC 


in the ratio À : 1. Then, the coordinates of D are a + 4 
+1 
5A +7 d ЗА + 1 
A +1 À +1 
A (1,0,3) 
D 
B (4,7,1) C (3, 5, 3) 
Now, AD.LBC = Ар. BC=0 
= (2А + 3) £261 +7) +4=0 > a=-2 


= Coordinates of D are 5, 1 and T 


Ї Ехатр!е 31. Find the length of perpendicular from 
naX) у=3 2t2 
P(2, — 3,1) to the line “5 ЕР 


5 1 
Кыке Ку 0 0р 24 ль ЧИ (i) 
2 3 -1 
and P(2, — 3, 1) 

еР (2, 3, 1) 

| 90° 2 
„3+! — o 
^ Q 


Coordinates of any point on line (i) may be taken as 
(2r —1,3r + 3, -r —2) 
Let Q-(27r-13r*3,-r-2) 
Direction ratio's of PQ are(2r —3, 3r + 6, — r —3). 
Direction ratio's of AB are (2, 3, —1). 
Since, PQ 1 AB 
202г — 3) +3(3r + 6) —1(—r —3) =0 


2 2 2 
22 3 13 531 
2 
z|2-—| +/-3+—] +/1+—] == 
16 ( =) ( 2) ( 2) 14 


| Example 32. Find the length of the perpendicular 
4- 1S 
drawn from point (2, 3, 4) to line — = z = =. 


Sol. Let P be the foot of the perpendicular from A(2, 3, 4) to the 
given line / whose equation is 


i #7 

ог = =Ž— =k (say). i) 
6 

Therefore, x 24 — 2k, y 26k,z =1—3К 

As P lies on (i), coordinates of P are (4 —2k, 6k, 1 — 3k) for some 


value of k. 
The direction ratios of AP are 
(4-2k —2, 6k —3, 1 - 3k — 4) 
or (2 — 2k, 6k —3, – 3 – 3k). 
Also, the direction ratios of | are — 2, 6 and — 3. 
Since, AP 11 
= —2(2—2К) + 6(6k —3) -3(- 3 – 3k) = 0 
= —4- 46+ 36k —18+9+ 9k =0 
ог 49k -13=0 or uH 
49 


We have, AP? = (4 — 2k — 2)* +(6k – 3)? + (1 — 3k — 4)? 
= (2 – 26)? «(6k – 3) -(- 3 – 3k)? 
—4 —8k + Ak* + 36k? —36k +9 + 9 + 18k + 9k? 
= 22 —26k + 49k? 


_ 22 X 49—26 + 13 +132 909 


49 49 
AP =; 01 
А(2, 3, 4) 
j p 


Aliter 
We know that the distance of the point (xz, y2, z;) from the 
х-х у-у 2-2, 


fez = х) +(y2 =у1)° +(z2 -a 
7 (x2 = x1) + туз —y1) * n(z; —)) 


Here, (x2, yz, Zz) are (2, 3, 4) and (x,, уу, z;) are (4, 0, 1) and 
-26 -3 

ЕЕ | 
7 7 J 


2 — 4)? +(3 — 0)? +(4 – 1)? 
d= Z 2 
-[2`@-Ф+в-ю-+н-1] 


4+18-9) 


=,/4+94+9- 


| Example 33. Find the image of the point (1,6, 3) in 
the line Х = Eh, rae 
1 2 3 


Sol. Let P be the given point and let L be the foot of perpendicu- 
lar from P to the given line. 


Н Р (1, 6, 3) 
' 
ae 
A НА B 
‘a 
The coordinates of a general point on the given line are given 
by 
x-0_y-1_z-2_, 
1 2 3 
ie. x=A,y=2A4+1,z2=3A42 . 
Let the coordinates of L be 
(A, 20 + 1,3А + 2) БАП 


So, direction ratios of PL are 

(A – 1, 2А — 5,3А — 1) 
Direction ratios of the given line are (1, 2,3) which is 
perpendicular to PL. 

(А —1)-1+(20 = 5):2+ (3% –1):3=0 
= A21 
So, coordinates of L are (1, 3, 5). 
Let Q(x, Yı» zı) be the image of P(1, 6, 3) on given line. 
Since, L is mid-point of PQ. 
газї g tó g 2+3 

2 2 

=> x, =1,y; 702-77 
2. Image of P(1, 6, 3) in the given line is (1, 0, 7). 


1 


| Example 34. Find the coordinates of those points on 


3 -3 
the line u = E = =" which are at a distance of 


3 units from points (1, — 2, 3). 
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x-1 y*2 2-3 
3 6 


Sol. Here, 
P(1, -2, 3) 
3 units 


Q(2r+1, 3r-2, 6r+3) 


is the given straight line (i) 
Let P = (1, — 2, 3) on the straight line. 
Here, direction ratios of line (i) are (2, 3, 6). 


" " 2:3 
Direction cosines of line (i) are 7 a 


Equation of line (i) may be written as 
z-3 


55, ii) 


2017 - 34 
Coordinates of any point on the line (ii) may be taken as 


БЕРЕН 
7 7 7 
ао (2025-25) 
7 7 7 
Given, |r|=3 
r=+3 


Putting the value of r, we have О= (3. E» 2) or (5. d 3 
Wo v, Ww H. s 4 


Shortest Distance between 
Two Lines 


If two lines in space intersect at a point, then the shortest 
distance between them is zero. Also, if two lines in space 
are parallel, then the shortest distance between them will 
be the perpendicular distance, i.e. the length of the 
perpendicular drawn from any point on one line onto the 
other line. Further, in a space, there are lines which are 
neither intersecting nor parallel. In fact, such pair of lines 
are non-coplanar and are called skew lines. 
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Line GE goes diagonally across the ceiling and line DB 
passes through one corner of the ceiling directly above A 
and goes diagonally down the wall. These lines are skew 
because they are not parallel and also never meet. 

By the shortest distance between two lines, we mean the 
join of a point in one line with one point on the other line 
so that the length of the segment so obtained is the 
smallest. 


1. Shortest Distance between Two 
Skew Straight Lines 
Line of Shortest Distance 


Ifl, and l, are two skew lines, then there is one and only 
one line perpendicular to each of lines 1 and I, which is 
known as the line of shortest distance. 


Line of 
shortest distance 

Q h 
Here, distance PQ is called to be shortest distance. 


Vector Form 
Let 1, and l, be two lines whose equations are 
r=a, +Ab, and r= a; + by, respectively. 
Clearly, І, and /, pass through the points A and B with a, 
and a;, respectively and are parallel to the vectors b, and 
b;, respectively. 
Since, PQ is perpendicular to both /, and l, which are 
parallel to b; and by. 
-. PQ is parallel to b, x b;. 
" b; xb; 
|b; x b; | 
; РО = Projection of AB оп РО 
=> PQ= AB. ñ 


Let ñ be a unit vector along PQ, then fi = 


(by x bz) 

|b; xb; | 

(b, x bz) (a; -а,) 
|b, xb; | 

(b; x bz) (а –а,) 
|b, xb; | 

_ bib; (a; 7a1)] 

(0 [bi xb;| 


-t(a; -а,) 


-t 


Hence, distance PQ = 


Condition for Lines to Intersecting 
The two lines are intersecting, if 
(b; X bz) (аз -ai) 


-0 
|b; xb; | 
> (b; x b;):(a; а) 20 
> [b;b;(a; —a;)]=0 
Cartesian Form 
Let the two skew lines be 
aat Уу 4а 
а, b, с, 
X—X4 УУ. 208 
and = = 
a2 b, C2 


Vector equations for these two lines are 

r 2(xji yj zi K) + A(aji bj j c, Й) 
and г=(х,і+у,) +2.) - (agi + 6,) c, K) 
(az a1) (bi x b;) 


`$ Shortest distance n = 
|b, xb, | 


Xe Xp ory 


а b, су 


22—21 


а; b, с; 


=> d =- 
(bicz — Бос)“ +(cyaz ас) 
+ (4,6 — azb, )* 


Conditions for Lines to Intersect 

The lines are intersecting, if shortest distance =0 
XoX Yi 

=> a, b, е; [29 


23-21 


аз b, с; 


2. Shortest Distance between Parallel Lines 
Let l, and l, be two parallel lines whose equations are 
r=a,+Ab or rca, +b, respectively. 


ІА B(a;) 
LAE 
wá tN 

h "i 0 

/ M --7 Аа) 

Li т“ Р 

' a A cs 
uL ы 0 л 
о 


Clearly, l, and l, pass through the points A and B with 
position vectors a, and аз, respectively and both are 
parallel to the vector b, where BM is the shortest distance 
between /, and /,. 


Let Ө be the angle between AB and I. 


sing. DM 
AB 
> BM = ABsin0 =| AB |sin0 
Now, | AB xb|-|AB ||b|sin(x —0) 
| AB || b|sin8 


7(| АВ [зіп ®)|b|=BM|b| 
вм  _АВХЪЫ _|(а, -a,) xb] 
lb] |b| 
2. Shortest distance between parallel lines 
г= a, +ЛЬ, and r= a; +pbis 
а ёга) хь 
| b| 


| Example 35. Show that the two lines 


x-1 -2 2-3 x-4 -1 
NY 7 ДВ асч d f. intersect. 


2 3 4 5 
Also, find the point of intersection of these lines. 


Sol. Here, ras tz ~(i) 


(ii) 


and Х.У. 


Any point on line (i) is P(2r + 1,37 + 2, 4r + 3) and any point 
on the line (ii) is Q(5A 4- 4, 2А +1, А). 


They intersect if and only if 
Q@r+1=5A4+43r+2=2A4+1,4r+3=A 
On solving, rz-lÀ--1 


Clearly, for these values of A and r P (- 1, —1, - 1) 
Hence, lines (i) and (ii) intersect at (- 1, — 1, — 1). 


| Example 36. Find the shortest distance between the 

lines r - (4 — j)+(i+2j-3k) 

and r= (i— ј+2к)+ p 2i 4j — 5k). 
Sol. We know, the shortest distance between the lines 

r= a, + ìb; andr =a, + А, 
_ | (a2 7 a1) (b, X bz) 

ві S | b; x bz] 
On comparing the given equation with the equations 
г= а, + Ab, and r= a, + А, respectively, we have 
a, 2 4i- a; 2 i-] * 2k, b, = 1 2) - 3k and b, =21+ 4j 5k 


Now, а-а 2-314 0] - 2k 
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ij k 
and b,xb,=|1 2 -3|=2i-j+0k 
2 4 -5 


^ (az —a,)-(b, X bz) 2 (-31 0j + 2k)- (2i - 5 + ok) 2 —6 


and |b, x b;| 2 Ja 1 0 =V5 


(az a1): (b; x b2) S Ж 


" _|-6|_ 6 
л. Shortest distance, d = ib, ХБ, | | | ғ © 


lines 
-1 -2 z-3 x-2 -4 z- 
Жем. or BR: AP erige уте = —— 
2 3 4 3 4 5 
Sol. Given lines are 
E-1.y 72 x3 (i) 
2 3 4 
ET Ec» go 5205 NI) 
3 4 5 


Here, x, = 1, у 72,24 23; Xp 22, yp = 4,22 =5 
| =2, m =3, т = 4 l3 =3, т, = 4, п =5 
Shortest distance between the lines (i) and (ii) are modulus of 


X?—X у-ур Z272 
h m m 
lz m n, - 
= i : (Шш) 
lm; – от) * (mn; — тт) 
+ (ln; -Ln* 
X= у-у 2—2 122 
Now,-| | m m |-|2 3 4 
l m m 345 


= (15 -16) – 210 — 12) + 2(8 9) - 1 
Also, (hm, — Lm) (mn; — mn)? + (nl; – nj) 

7(8—-9) «(5 — 16)? + (10—12)? 

-6 


From Eq. (iii) shortest distance between lines (i) (ii), we get 
1 1 


| Example 38. Find the shortest distance and the 
vector equation of the line of shortest distance 
between the lines given by 


г=(31+8)+ 3К)+ A (i - 4) 
r=(- 3i -7j« 6k) uc 3i +2j+4k) 
Sol. Given lines are 
r - i +8) 3k) AGE - ] + К) (i) 
and r =(~3i ~7} + 6k) + (зі + 2j + 4k) (ii) 


and 
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Equation of lines (i) atig (iii) in cartesian form, 


As ee ey * ш) 
3 x URS ТЕ 
X*3 у+7 2-6 
and Ср: —— = — = —— = d 
c ES 2 1 u (iv) 
B 
L 
A 
с М D 


Let LGA +3) - À +8 À +3), M(- 31 —3,21 —7, 4t + 6) 
Direction ratios of LM are 
(ЗА +30 + 6,-—A —21 +15, À — 41 —3) 


Since, LM L AB 
3(3À + 3и + 6) - 1(- A —21 +15) + (А — 41 23) =0 
or ПА +7 =0 (v) 
Again, LM LCD 
—3GA + 3и *6)-2(- A —Q + 15) + 4А – 41 -3) 20 
or -7À -2% =0 (vi) 
Solving Eqs. (v) and (vi), we get 
A=0=p 
L=(3,8,3), 
M &(-3, - 7,6) 


Hence, the shortest distance, 


LM = з +3)? +(8 + 7) + (3 — 6)? = 3430 units 
«Vector equation of LM is 
r 23i +8) +3k + (61 +15) —3k) 
Also, the cartesian equation of LM is 
x-3 ys) z-3 
6 15 -3 


| Example 39. Find the shortest distance between 
lines r= (i+2j+ k)+ A (2i+ j+2k) 
and r=2i- j- k+p(2i+ j+2k). 

Sol. Here lines (i) and (ii) are passing through the points 
a, =i+2j+k anda, -2i- j- К, respectively, and are 
parallel to the vector b= 21+ j+2k. 

Hence, the distance between the lines using the formula 


ij Ж 

2 1 2 
|bxàa;-a)| |! -3 -2 
EE NS GET wes 


y 4i-6j-7k| _ Es + 36+ 49 EI 


| Example 40. Find the equation of a line which 
passes through the point (1, 1, 1) and intersects the lines 


x-1 


y-2 z-3 x42 y-3 =з. 1+1 


Se a) а and === — 


3 4 2. 


Sol. Any line passing through the point (1, 1, 1) is 


чын 
This line intersects the line 


Ifa:b:c#2:3:4and| a b c |=0 


ket got ros NS 


a b c 


1-1 2-1 3-1 


2 3 4 
=> a-2b+c=0 
Again, line (i) intersects line 
X00. Дж Se se) HN (ii) 
1 2 4 
-2-1 3-1 -1-1 
Ifa:b:c+1:2:4and a b c =0 
1 2 4 
= 6a+5b—4c=0 ...{iii) 
From (ii) and (iii) by cross multiplication, we have 
d... Б. 
8-5 6+4 5412 | 
- s, e | 
3'10 1 
1 y-1 z-1 


| Example 41. if the straight lines x =—1+s, - 


y =3-As,z=1+As and x= y=1+,z=2-t, with 


parameters s and t, d are coplanar, then 


find À. 
Sol. The given lines ^ жы od frd =s 
lL oek 7 
ak А ap oat ire рї 
Уг 1 -1 
0+1 1-3 2-1 
1 -A A |=0 
1/2 1 -1 
1 2 1 
1 -À А |=0 
1/2 1 -1 
> o -2)+2(1-2) 44(14 4) <0 
2 2 
= A=-2 
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Exercise for Session 2 


10. 


x = = e - =з Find the vector equation of the line. 


The cartesian equation of a line is 


A line passes through the point with position vector 21 —3] + 4К and is in the direction of 31 +4) -5k. Find the 
equation of the line is vector and cartesian forms. 


Find the coordinates of the point where the line through (3, 4, 1) and (5, 1,6) crosses XY-plane. 


Find the angle between the pairs of line r-3i «2j -4k- A(i +2j+ 2k), r-5i -2j+ w(3i +2] + 6k) 
, -1 -2 2-3 -4 - ` 
Show that the two lines > = y= iy and = = ex =z intersect. Find also the point of intersection 


of these lines. 


Find the magnitude of the shortest distance between the lines 7 = £ =Å and X 52 zy i 1_2 + 2 
Find the perpendicular distance of the point (1,1,1) from the line 2—2 = = = =. 


Find the equation of the line drawn through the point (1,0, 2) to meet at right angles the line 


Find the image of the point (1, 2, 3) in the line * RB NT. 2-7 


Session 3 


Plane, Equation of Plane in Various Form, Angle between 
Two Planes, Family of Planes, Two Sides of a Plane, 
Distance of a Point from a Plane, Equation of Planes 
Bisecting the Angle between Two Planes, Line and Plane 


Plane 


A plane is a surface such that if any two points are taken 
on it, the line segment joining them lies completely on the 
surface. 


General Form General equation of the first degree in x, 
у, z always represents a plane. 


The general equation of plane is ax + by + cz +d —0. 
Proof. Let first degree equation in x, y and z be 
ax t by +с2 +а =0 0) 


In order to prove that Eq. (i) is the equation of plane, it is 
sufficient to show that every point on the line joining two 
points lies on the surface represented by Eq. (i). 


Let P(x,, 1,21) and Q(x;, уг, Z2) be two points on the 
surface represented by Eq. (i). 

Then, (ii) 
and (iii) 
Let R be any arbitrary point on the line segment joining P 
and Q. Suppose R divides РО in the ratio À :1. 


Ris (= +Ах, yi +Ауг zi t Àz; } 

1+А 1+А 1+А 
We аге to show that А lies on the surface represented by 
Eq. (i) for all values of A. For this, it is sufficient to prove 
that R satisfy Eq. (i) 
On putting this value of R in LHS of Eq. (i), we obtain 


x, +Ах, yi +Ày2 zi t Àza 
Ap cL Ra yit M2 ARAM 
e( À +1 m A1 Jee A+1 Н 
1 


= Ww (ax, * by; +cz,) + Мах; + by;  cz2)] 
1 


ax; + by, +cz; +d =0 
ах; t by; cz; +d =0 


= —— [0+0] [using Eqs. (ii) and (iii)] 


A+1 


Ш 
о 


which shows that the point R lies on Eq. (i). Since, R is an 
arbitrary point on the line segment joining P and Q. 

-. Every point on PQ lies on the surface represented by 
Eq. (i). 

Hence, ax + by + cz + d =0 is equation of plane. 
Equation of a Plane Passing Through a Given Point 
The general equation of a plane passing through a given 


point (x1, y,,2;) is a(x — x1) t b(y - yi) * c(z - zı) =0, 
where a, b and c are constants. 


Proof. The general equation of plane is 


ax +by+cz+d=0 (i) 
If it passes through (x, yi, zi) 
=> ax, +by, +cz,; +d =0 (ii) 


On subtracting Eq. (i) from Eq. (ii), we get 

a(x = xi) t b(y - y1) t c(z -z,)=0 
which is the equation of a plane passing through 
(x11 21). 


| Example 42. Show that the four points (0, — 1, — 1) 


(— 4,4,4), (4, 5,1) and (3,9,4) are coplanar. Find the 
equation of the plane containing them. 
Sol. We shall find the equation of a plane passing through any 


three out of the given four points and show that the fourth 
point satisfies the equation. 


Now, any plane passing through (0, — 1, — 1) is 

a(x - 0) y +1) + cz +1) 20 EU 
If it passes through (— 4, 4, 4), we have 

a(— 4) + b(5) +(5) = 0 
Also, if plane passes through (4, 5, 1),we have 


a(4) + (6) + (2) = 0 


(ii) 


> 2at+3b+c=0 ... (iii) 
On solving Eqs. (ii) and (iii) by cross multiplication method, we 
obtain 

dU ub 1798 ON” 

-5 7 -11 


On putting in Eq. (i), we get 
—5Кх + 7K(y + 1) - 11K(z + 1) 20 
=> —S5x+7y -11z-4=0 
(required equation of plane) 


Clearly, the fourth point namely (3, 9, 4) satisfies this equation. 
Hence, the given points are coplanar and the equation of plane 
containing those points, is 5х —7y + 11z + 4=0 


Equation of Plane 
in Various Form 


A plane is determined uniquely if 


(i) The normal to the plane and its distance from the 
origin is given, i.e. the equation of a plane in normal 
form. 


(ii) It passes through a point and is perpendicular to a 
given direction, 


(iii) It passes through three given non-collinear points. 


Equation of Plane in Normal Form 
Vector Form 


The vector equation of a plane normal to unit vector n 
and at a distance d from the origin is r- ñ =d. 


Proof. Let O be the origin and let ON be the perpendicular 
from-O to the given plane л such that ON=dh, where d is 
perpendicular distance of plane from origin. 

Let P be a point on the plane, with position vector r so 
that OP- г 


Now, NP L ON 
E NP. ON=0 (i) 
E (OP- ON) -ON=0 
> (т - dñ): dñ =0 
=> r.dà - d^: ñ =0 
E dr- à - d* |n| =0 (7d #0) 
=> r.ü-d-0 (| | =1) 
ES г:й =й „(ii) 


Thus, the required equation of the plane is r- ñ = d. 


Chap 03 Three Dimensional Coordinate System 189 


Cartesian Form 
Equation (ii) gives the vector equation of a plane, where ñ 
is the unit vector normal to the plane. Let P(x, y, z) be any 
point on the plane. Then 

OP=r=xi+yj+zk 
Let |, m and n be the direction cosines of fi. 
Then, f (li mj * nk) 
Therefore, (ii) gives К 

(хі+у) +26) (fi mj +nk) =d 
or Іх +my * nz 2d ...(iii) 
This is the cartesian equation of the plane in the normal 
form. 


Note RES ы 
Equation (iii) shows that if r-(ai + bj + ck) = d Is the vector 


equation of a plane, then ax + by + cz = d is the cartesian 
equation of the plane, where a, b and c are the direction ratios of 
the normal to the plane. 


The equation r- n = d is in normal form, if n is a unit 
vector and d is the distance of the plane from the origin. If 
n is not a unit vector, then to reduce the equation г: n =d 
to normal form, we reduce the equation г: n =d to normal 
form by dividing both sides by |n |, we get 


. d d 
PL Lrn--— =p (distance from the origin) 


[n| [n] 


1 Example 43. Find the vector equation of plane which 
is at a distance of 8 units from the origin and which is 
normal to the vector 2i+ j+2k. 


Sol. Here, d = 8and n =2i+j +2k 
n _ 2i+j+2k — 2i+j+2k 


n=—= 
inj ree з 


Hence, the required equation of plane is, r- n = 4 


Hi ^ E 
E Ма 21+ j+2k E 
3 
E r-(2i+ j 4 2k) 224 


| Example 44. Reduce the equation 
r (3i — 4j-- 12k) = 5 to normal form and hence find the 
length of perpendicular from the origin to the plane. 
Sol. The given equation of plane is 
r-(i-4}+ 12K) =5 or rn 55 
n 23i- 4] 12k 
Since, |n| = з +16 +144 = 13 #1, therefore the given 


equation is not the normal form. To reduce to normal form we 


where, 
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divide both sides Ьу | n | i.e.  — 5. or 
|a| |n] 
Зь. 424.122 5 
-|—i-—j+—k|/=— ;ei 
- (£i ty i) m This is the normal form of the 


equation of given plane and length perpendicular = ER 
13 


| Example 45. Find the distance of the plane 
2x — y – 22 – 9 =0 from the origin. 


Sol. The plane can be put in vector form as r (21- j- 2k) =9. 


Неге, n-2i-j-2k 
= m... 21-]-2k 
|n| 3 


Dividing equation throughout by 3, we have equation of plane 


A ^ 
in normal form as r - cere =3, in which 3 is the distance 


of the plane from the origin. 


| Example 46. Find the vector equation of a line 
passing through 3i — 5j4- 7k and perpendicular to the 
plane 3x — 4y + 5z =8. 
Sol. The given plane3x — 4y + 5z = 8. 
or (Qi — 4j 4- 5k) (i+ 3j - zk) - &. 
This shows that d —3i— 4) + 5k is normal to the given plane. 
Therefore, the required line is parallel to 3i— 4j + 5k. 
Since, the required line passes through 31—5] + 7k, its equation 
is given by r=3i—5j+ 7k-+ A(31— 4j + 5k), where A is a 
parameter. 


| Example 47, Find the unit vector perpendicular to 
the plane r-(2i+ j+2k)=5. 


Sol. Vector normal to the plane is n =2i+ j+2k 
Hence, unit vector perpendicular to the plane is 
n _ 2î+j+2k 


[а] Priz 


Y". 2 ^ 
=- 21+ j+2k 
36 i+ j+2k) 


Vector Equation of a Plane Passing Through 
a Given Point and Normal to a Given Vector 


The vector equation of a plane passing through a point 
having position vector a and normal to vector n is 
(r—a)-n=0. 

Proof Suppose the planer л passes through a point having 
position vector a and is normal to the vector n. Let O be 
the origin and r be the position vector of any point P on 
the plane л. Then, OP= r. 


Since, AP lies in the plane and n is a normal to the plane 
т. 


АРІ п 
=> AP-n=0 > (r-a)-n=0 (>< AP=r-a) 
Hence, the required equation of the plane is 

(r—a)-n=0 


Note 


The above equation can be written asr- п = d, whered=a-n 
(known as scalar product form of plane). 


Cartesian Form 

Ifr=xit+y j+zk, a=x,it+y,j+z,kand n-ai- Lj 4-ck, 
then (r- a) =(x —x,)i+(y—y,)j+(z—-z,)k 

Then equation of the plane can be written as 

(x -xi)i «(y -y1)j+(z —z Dc (aie 5j +) =0 

= a(x —x,)+b(y—y,) +с(2-21) 20 

Thus, the coefficients of x, y and z in the cartesian 


equation of a plane are the direction ratios of the normal 
to the plane. 


| Example 48. Find the equation of the plane passing 
through the point (2, 5, 1) having (5, 3, 2) as the 
direction ratios of the normal to the plane. 

Sol. The equation of the plane passing through (x,, у, zı) and 
perpendicular to the line with direction ratios a, b and c is 
given by a(x — xy) + (y у) + c(z- z) = 0. 

Now, since the plane passes through (2, 3, 1) and is 
perpendicular to the line having direction ratios (5, 3, 2), the 
equation of the plane is given by 5(x – 2) +3(у —3) + 2(z - 1) 
= Qor 5x +3y + 2z =21. 


| Example 49. The foot of the perpendicular drawn 
from the origin to a plane is (12,—4, 3). Find the 
equation of the plane. 


Sol. Since P(12,— 4,3) is the foot of the perpendicular from the 
origin to the plane OP is normal to the plane л. Thus, the 
direction ratios of narmal to the plane are 12, -4 and 3. 
Now, since the plane passes through (12,- 4 , 3), its 
equation is given by 

12(x -12) - Фу 4) +3(2 23) 20 
or 12x — 4y + 32 - 169 =0 


| Example 50. A vector n of magnitude 8 units is 
inclined to X-axis at 45°, y-axis at 60° and an acute 


angle with Z-axis. If a plane passes through a point 
(V2, 1,1) and is normal to n, then find its equation in 
vector form. 


Sol. Let y be the angle made by n with Z-axis, then direction 
cosines of n are 


H 1 
1 = cos 45° = —_, т = cos 60° = 1 and n = cos 
v2 2 т 
Д Pe mtn taint ay 
4 


=> п? = 


ale 


1 А 1 
n = (neglecting n = — 7 as y is acute: n > 0) 
We have, |n|-8 
n=|n|(f + mj + nk) 
12:14. 125 » å ^ 
=8| 1 +-j+-k]=4V2i + 4) + 4 
7 (s: 2^ 2 ) A 
The required plane passes through the point (V2, — 1, 1) having 
position vector 
a-42i-j«k 
So, its vector equation is(r- а): n = 0 
> f-nh=a-n 
= r- (44214 4j 4k) =(V2i-j+ k)-(4V2i+ 45+ 4k) 
= r-(4V2i+4j+ 4k) =8 
= r-(J2i+j+k)=2 


| Example 51. Find the equation of the plane such 
that image of point (1, 2, 3) in it is (— 1, 0, 1) 

Sol. Since, the image of A(1,2, 3) in the plane is B(— 1,0, 1), the 
plane passes through the mid-point: (0, 1,2) of AB and is 
normal to the vector AB = — 2i — 2j — 2k. 

Hence, the equation of the plane is — 2 (x — 0) -2(y –1) 
-—2(z —2)=0 
or xty+z=3. 


Equation of a Plane Passing through 
Three Given Points 


Cartesian Form 
Let the plane be passing through points A(x,,¥1,21), 
B(x2, y2,Z2) and C(x, 3.23) 
Let P(x, y, z) be any point on the plane. 
Then, vectors PA, BA and CA are coplanar. 
(PA BA CA]=0 
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BAK Yo. <2 Sy 
=| xX2—-xX1 у-у 22 —Z, |=0, which is the required 
X3—X1 Уз-У 23-21 


equation of the plane 


Vector Form 


Vector form of the equation of the plane passing through 
three points A, B and C having position vectors a, b and c, 
respectively. 

Let r be the position vector of any point P in the plane. 
Hence, vector AP=r—a AB- b- a and АС=с- а аге 
coplanar. 


Hence, (r- a) - ((b- a) х(с- a)) 20 


= (r—a)-(bx c— bx a~axXc+axXa)=0 
= (r—a)-(bx c+ ax b+cxa)=0 
=> r(bx cc ax b+cx a) 


—-a-(bx c) +a-(ax b) +a-(cx a) 
= [rbc]+[rab]+[reca]=[abc] 
which is the required equation of the plane. 


Note 


1. If p is the length of perpendicular from the origin on this plane, 
then p = [ab c]/ n wheren =| ах b+ bxc«cxa|. 


2. Four points a, b, c and d are coplanar if d lies on the plane 
containing a, b and c. 


or d-[ax b+ bxc« сха] = [abc] 
or [d ab] + (db c] + [d ca] = (ab c] 


| Example 52. Find the equation of the plane passing 
through A(2,2, — 1), B(3,4,2) and C(7,0,6). Also find a 
unit vector perpendicular to this plane. - 
Sol. Here, (xi, y}, 21) =(2,2,– 1) (x2, уг, z2) = (3, 4, 2) and 
(x3, уз, 23) = (7,0,6). 
Then, the equation of the plane is 
х-х у-у 
Yan 
Ху-х ys—-yi 
х-2 y-2 z-(-1) 
or 3-2 4-2 2-(-1) 
7-2 0-2 6-(-1) 


2-2 


х. - х 1-11 |= 0 


213-1 


=0 


or 5x + 2y -3z = 17 
A normal vector to this plane is d=5i+2j -3k (i) 


Therefore, a unit vector normal to (i) is given by 


LN 
19| 
= Jaq Gi +2} aio 
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| Example 53. Find equation of plane passing through 
the points P(1, 1, 1), Q (3,— 1, 2) and R(- 3, 5, — 4). 


Sol. Let the equation of plane passing through (1, 1, 1) be 
a(x — 1) + Ky —1)+ c(z — 1)= 0, as it passes through the 


points Q and R. 
^ 2a-2b*c-0 
and —4a *t4b —5c = 0 
Hence, solving by cross multiplication method, we get 
a b. € 
III 
a =6k, b =6k,c = 


On анана in Eq. (i), we get 
&x-1)+ &y -1)+0=0 
i.e. x + y =2; which is the required equation. 


Aliter Equation of plane passing through (ху, уу, 21), (xz Уг, 22) 
and (x, ys, 23) is 


*—а —9 RTE 
=|%-Х4 у-у 22-2 |=0 
X3—XQ уз-у 23-21 
т, y-Y 1 
ie| 3-1 -1-1 2-1 |=0 
-3-1 5-1 -4-1 


On solving, we get x + y =2 


Equation of a Plane Passing Through 
a Given Point and Parallel to Two 


Given Vectors 


Let a plane pass through A (a) and is parallel to the plane 
formed by two vectors b and c. Since, AP lies in the plane 
and b and c are two non-collinear vectors, 


=Ab+pc 
> r—a=Ab+pc 
= r=a+Ab+pc 


Here, A and p are arbitrary scalars. 


This form is also called the parametric form of the plane. 
It can also be written in the non-parametric form as 


(r-a) (bx c) 20 
or [rb c]-[a b c] 


Cartesian Form 
From (r— a) (bx c) 20,we have[r- ab c] 


х-х у-у 2-21 
|, x2 Уг 2, |=0, which is the required 
X3 ys ` Z3 


equation of the plane, where b= xi + у} +z k and 
с=хзі+узј +23 
| Example 54. Find the vector equation of the 
following: planes i in cartesian form r= і – j+ Mit j j+ k) 
+щі -2j4 3k). 
Sol. The equation of the plane is 
r= i-j+ Mi+j+ k)+p(i-2j+3k). 
Let r=xi+yjt+zk 
Hence, the equation is 
Qi 9} + 2k) - i73) = AG 5+ К) nd - 23 3k) 
Thus, vectors (å+ yj + zk) -(1— 5), i+ j+ k, i-2}+ 3k are 
coplanar. 
Therefore, the equation of the plane is 


x-1 y-(-1) z-0 
1 1 1 |=0 
1 -2 3 
or 5x-2y -3z-7=0 


Intercept Form of a Plane 
The equation of a plane having intercepting lengths a, b 
and c with X-axis, Y -axis and Z-axis, respectively is 

© Fe, 

abe 
Proof Let O be the origin and let OX, OY and OZ be the 
coordinate axes. 
Let the plane meets the coordinate axes at the pus 
P, Q and R, respectively such that 
OP =a, OQ = b and P = c. Then, the coordinates of the 
points are P (a,0,0), Q(0, b,0) and R(0,0, c). 
Let the equation of plane be 

Ax + By+Cz+D=0 (i) 

Since, Eq. (i) passes through (a, 0, 0), (0, b, 0) and (0,0, c), we 
have 


-D 
Aa+D=0 => А= — 
a 


Bb+D=0 = B= 


се+р=0=с=22 


On putting these values іп Eq. (1), ме get required equation 
of plane as 


-D D D 
" Mig Ae cr 
= phat at 
a be 


| Example 55. A plane meets the coordinates axes in 
AB and C such that the centroid of the AABC is the 
point (р, q,r), show that the equation of the plane is 


x 2 
a+ y + — = 
рат 
Sol. Let the required equation of plane be 
XX pf i 
a j b 7 с " Aum 


Then, the coordinates of A, B and C are A(a, 0, 0), B(0, b, 0) and 
C(0, 0, c), respectively. So, the centroid of the AABC, 
abc 


333 
But the coordinate of the centroid are (p, q, r). 
a b c 


—=p,-=q,-=r 
3 Ps 23 


On putting the values of a, b and c in Eq. (i), we get 


The required plane as 
Bin AES 
3p 39 3r 
=> XU Tus 
p a v 


| Example 56. A variable plane moves in such a way 
that the sum of the reciprocals of its intercepts on the 
three coordinate axes is constant. Show that the plane 
passes through the fixed point. 


z 
Sol. Let the equation of the plane be 5 + Е + da 1. Then, the 


intercepts made by the plane with axes area, b and c. 


1,1,1..onstant(k) (i) (given) 
a с 
1 1 1 T BN rtu ee 
— + — + — =1 comparing with — + -+—=1 
en eo E Y 
тук ara 
“К? К 
1 
апа TE 


1.53 1 
This shows Eq. (i) passes through the fixed point (5. р 2) 
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Angle between Two Planes 


Vector Form 


The angle between two planes is defined as the angle 
between their normals. 


Let @ be the angle between planes r: n; =d, and 
nonz 


r: n; =d; then cos 0 = — — — 
: |n; ||n2 | 


Condition for Perpendicularity 
If the planes r · n, =d; and r: n; = d; are perpendicular, 
then n,and n, are perpendicular. Therefore, n; · n; =0 
Condition for Parallelism 
If the planes r n; =d; and r- n; =d; 
are parallel, there exists the scalar À such that n; = An). 
Cartesian Form 
If the planes are aix +b,y+c,z+d =0 
and a,x +b,y +c3z +d, =0 
ауа; t bib; cic; 
Vai +b} + Jad +b? +03 


Condition for parallelism 
С. 9.7 


= cos 0 = 


= 


а b, с; 
Condition for perpendicularity 
ауа; t bib, * cc; =0 
| Example 57. Find the angle between the planes 
2x+ y -2x - 32 0 and r (6i 3j 2k) = 5. 

Sol. Normals along the given planes are 2i+ j-2k and 

6i 3j 2k 

Then angle between planes, 


л (21+ j - 2k) (61-3 4 2k) zadi 


Ма 0 2 6 о 21 


Ө = соѕ” 
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1 Example 58. Show that ax--by +r = 0, 
by + cz + p =O and cz + ax+q=0 are perpendicular to 
XY, YZ and ZX planes, respectively. 
Sol. The planes a,x + һу + сүт + d; = 0 and 
a,x + у + cz + d; = 0 are perpendicular to each other if 
and only if aja; + bib, + сүс; = 0. 
The equation of XY, YZ and ZX planes arez = 0, x = 0 and 
y 7 0, respectively. 
Now, we have to show that z — 0 is perpendicular to- 
ax + by.+ r =0. 


It follows immediately, since a(0) + b(0) +(0) (1) = 0, other parts 
can be done similarly. 


Family of Planes 
Plane Parallel to a Given Plane 


Since parallel planes have the same normal vector, so 
equation of a plane parallel to r- n = 2; is of the form 
r-n=d), where d; is determined by the given conditions. 
In cartesian form, if ax +by + cz +d =0 be the given plane 
then the plane parallel to this plane is ax + by +cz +k =0. 


| Example 59. Find the equation of the plane through 
the point (1,4, — 2) and parallel to the plane 
—2x-* y – 32 =7. 
Sol. Let the equation of a plane parallel to the plane 
= 2x + y -3z =7 be 
—2x + у -3z +k=0 (i) 
This passes through (1, 4, — 2), therefore 
(-2)(1)+4-3(-2)+k=0 
=> -2+4+6+К=0 > k--8 
Putting k =- 8 in Eq. (i), we obtain 
—2x-4y-3z-8-00r-2x-* y – 32 =8 
This is the equation of the required plane. 


| Example 60. Find the equation of the plane passing 
through (3,4, — 1), which is parallel to the plane 
r-(2i-3j+ 5k)+7=0. 
Sol. The equation of any plane which is parallel to 
r:(2i-3j* 5k) +7 =015 
г -(2i-3}+5k) + A =0 
or 2x -3y +5z + А =0 
Further (i) will pass through (3, 4, — 1) 
if (2) (3) +(-3) (4)+5(-1)+ A 20 
or -l11+A=0 >A=11 
Thus, equation of the required plane is 
| г.(2Ї-3)+5К) + 11=0 


Equation of any Plane Passing 
Through the Line of Intersection 


of Two Plane 


The equation of the plane passing through the line of 
intersection of the planes 
a,x +byy+c,z +d, =Oand a,x + bay * coz * d; =0 is 
(a,x +byy +cız +4) +k(agx + bay +со2 + dz) =0 
Proof Let the given plane be 

a,xt+b,y+c,z+d, =0 i 0) 
апі a,x +у +02 +d, =0 (0) 
2. Required plane is (a,x + by +¢,z t di) 

+К(а;х + b;y coz +dz) =0 
Clearly, plane (iii) represents the equation of plane. 
Let (о, B, y) be a point on the line of intersection of planes 
(i) and (ii), then P lies on planes (i) and (ii). 

a,a+b,P+ce,y+d, =0 (iv) 
and — a;& +b,B+c:Y +d, =0 (v) 
Now, multiply by k in plane (v) and then adding planes 
(iv) and (v), we get 
(aœ +b,B+c,y +d,) 

+К(а;® + b; + coy +dz) =0 
= P(o, В, y) lies on plane (iii). 
Hence, plane (iii) passes through each point on the line of 
intersection of planes (i) and (ii). 
Thus, plane (iii) is the equation of plane passing through 
the line of intersection of planes (i) and (ii). 


Vector Form 


Equation of planes passing through the line of intersection 
of planes 


-. (iii) 


r:n, =d; and r: n; =d; is 
(r:n; —d,)+k(r-n, —d,)=0 
or r: (n; +kn,) =d; +kd2, k being any scalar. 


| Example 61. Find the equation of the plane 
containing the line of intersection of the plane 
X+y+z—-6=Oand 2x+3y+4z+5=0 and passing 
through the points (1,1, 1). 
Sol. The equation of a plane through the line of intersection of 
the given plane is 
(x+y +z-6) + A(2x + 3у + 4z+5)=0 a(i) 
If line (i) passes through (1, 1, 1), we have 
-34 14A =0 


= a oe 
14 


‚ 3 
Putting А = м in line (i), we obtain the equation of the 
required plane as 


3 
(x *y*z-6)* —(2x & y + 4: + 5)=0 
14 ы 
= 20x + 23у + 262 - 69 = 0 


| Example 62. Find the planes passing through the 
intersection of planes r-(2i — 3j + 4k) =1and 
rÑ- j+ 4 = 0 and perpendicular to planes 
rQi - j+k)=-8. 
Sol. The equation of any plane through the line of intersection of 
the given planes is 
ir Qi 73) + 4k) 21] + Ale (d) a] 0 
г 3) -0 + A) + Ak) 21-4 i) 
If it is perpendicular to r (21 - ] + k) + В = 0, then 
(2*3) -0€2)) + Ah) Qi -)« ky «0 


2+ А +(3 + Л) + 4=0 


г р. 
3 


Putting A = — t in line (i), we obtain the equation of the 


required plane as r (7 51+ 2) 12k) = 47 


Two Sides of a Plane 


Let ax + by +cz +d =0 be the plane, then the points 
(x1. y1, 2; ) and (xz, Yz, 22) lie on the same side or opposite 
side according as 

ax, tby, +1 +d ш, 

ax; +byz +С; + 
Proof Here equation of plane is, 

ах +by+cz+d=0 і) 
Let Eq. (i) divide the line segment joining P and Q at R 
internally in the ratio m : n. 

ҮР bs yn 21) 


Q (x. Y; 42 


s If 


Chap 03 Three Dimensional Coordinate System 195 


Then, | 


mx, *nx, ту+лу, mz; *nz, | 
лата OLLI CIL 


men men mtn 


Since, R lies on the plane (i). 


(rs *nx, Е тна), ET 
m+n m+n m+n 
EN a(mx, &nx,) + ту; t nyi) 
+ e(nz, e nz) * d(m +n) =0 
=> m(ax; + by; * cz; +d) 
+n(ax, + by, +cz; +d) =0 
m _ (ax, +by, +ez, +d) 


= n (ax; + by; ter, +d) 


..(ii) 


Now, ifax, + by, * cz, +d and ax; + by, ez; +d 


(external division) 


are of same sign " «0 


are of opposite sign (internal division) 


ax, * by, tezi td |) (same side) 
ax, t by; cz; +d 
apr peo mm. 


0 osite side 
ax, + by, cz; +d (opp ) 


| Example 63. Find the interval of a, for which 
(œ, о 2, a) and (3,2,1) lies on same side of 
х+у-42+2=0. 
Sol. (о, a^, œ) and (3, 2, 1) lies on same side of x + y-4z*220 
(а +a? -4a +2)(3+2-442)>0 
E а? -3a + 2>0 


(a -1)(a -2)>0 = а є(- %,1] ù (2, =] 


Distance of a Point from a Plane 


Vector Form 
The length of the perpendicular from a point having 
position vector a to the plane r- п = d is given by 
. |a: n -d| 
© in] 
Proof. Letn be the given plane and Р(а) be the given 


point. Let PM be the length of perpendicular from P to the 
plane т. 


Since, line PM passes through P(a) and is parallel to the 
vector n which is normal to the plane д, So, vector 
equation of line PM is 


г=а+Ап 0) 
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P (a) 


— 


Point M is the intersection of Eq. (i) and the given plane л. 


(a+An)-n=d 
=> a-n+An-n=d э \=4—@ п) 
[а 


On putting the value of À іп Eq. (i), we obtain the position 
vector of M given by 


d-a-n 
г=а + п 
Inf 


PM = Position vector of M — Position vector of P 


Inf 
=> PM -|PM|-| = 
n| 
14 -(-n)ln] _]4-(а-п)| 
[ар [п | 
Thus, the length of perpendicular from a point having 
a.n-d 

position vector a on the plane r- n =d is e 


Cartesian Form 
The length of perpendicular from a point P(x;, y;, z;) to 
the plane ax + by + cz +d =0. Then, the equation of PM is 
hl f ~(i) 
a b c 
The coordinates of any point on this line are 
(x, +ar, y, +br,z, +cr) 
Thus, the point coincides with M iff it lies on plane. 
іе. а(х, +ar)+b(y, +br) +c(z, +сг) +а =0 
_ (axi * by, +cz, +d) 
gt жь +e? 


Now, PM= |х; +ar—x,)* +(у *br-yiY 
+(z, ter—z,)? 


-. (ii) 


іе. 


= (a? +b? e c?) г = Ja* +b? c? |r| 
sd ol cot е, ынын E S] 
a? +b? +с? 
[from Eq. (ii)] 
|(ax, + by, +cz, +d)| 
ya? +b? +e? 
| Example 64. Find the distance of the point (2, 1,0) 


from the plane 2x + y +2z+5=0. 


Sol. We know that the distance of the point (x, у, z;) from the 
plane ax + by + cz +d = 015 
| ax, + by, + cz, +d | 


ya? +b? + с? 


So, required distance = 


РМ = 


|2x2*1-2x0-5| 10 


42 +1? + 22 3 


Distance between the Parallel Planes 


The distance between two parallel planes 
ax + by +cz +d, =0 


and ax + by +cz +d, =0 

m (dz -di) 

is given by d =| -== 
үа? +b? +e? 


Proof. Let d = Difference of the length of perpendicular 
from origin to the two planes. 


i) idi] da | 
Ма +b? eg fa? +b? +02 
d, -4; 


if dj and d, are of same side = 


ya? +b? +e? 


Vector Form 
The distance between two parallel plane г. n =d; 
and r:n =d; is given by 


| Example 65. Find the distance between the parallel 
planes х+2у -2z +1=0 and 2x - y – 42+ 5-0. 
Sol. We know that, distance between parallel planes 
ax + by + cz + 4, = Qandax + by + cz + d; = 01, 
|d, - di | 
a+b? +e? 


<. Distance between x +2y – 22 +1=0 


and x +2у -2z + Š= 0s 


| 5 


Equation of Planes Bisecting 
the Angle between Two Planes 


Equation of the planes bisecting the angle between the 
planes. 


a,x + byy +сү2 +d, =0 and a,x + bzy + coz +d; =0 is 
ax tbyy t eqz +d, 2a 22% t bay +022 +d, 

dai +b? +c? ya? +62 +e? 
Proof. Given planes are 
aix +b,y +cız+d; =0 - (i) 
a,x +Ь,у +c3z +d, =0 ...(ii) 


Let P(x, y, z) be a point on the plane bisecting the angle 
between planes (i) and (ii). 

Let PL and PM be the length of perpendiculars from P to 
planes (i) and (ii). 

^ PL=PM 


and 


ax + у +cız +d; 2 
ayx t byy +сү2 tdi En: t by +c2z +4, 
Ма +0 + уаз +6 +c3 
This is equation of planes bisecting the angles between the 
planes (i) and (ii). 
Vector Form 
Equation of planes bisecting the angle between planes 


r:n; =d; and r n; =d; are 


a,x t b;y +c2z +1, 


Jal bi ci 


rn,-di| |r:nz-d; 
n; nz 
ЕУ r:n;-d 
25, r:n; d rog 2 2 
n; nz 
n; n; | dy , d; 
r-— ‚——=-— 
Inil Im] [mil [n2] 
di d; 
E rñ ti) =— t —— 
Gn E827 dni] Газ] 
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Bisector of the Angle between the 
Two Planes Containing the Origin 


Let the equation of the two planes be 
ax t by ez d, =0 0) 
and a,x + bay +c2z +d, =0 (ii) 


where, d, and d, are positive, then equation of the 
bisector of the angle between the planes (i) and (ii) 
containing the origin is 

axtbyteztd, _ ajx boy coz td; 


[а2 +b? +c2 
Ja? +b? +c? а; +65 +с; 


Bisector of the Acute and Obtuse 
Angles between Two Planes 


Let the two planes be 
aix +b,y+c,z +d, =0 ..(i) 
a,x t b;y * coz +d; =0 .. (ii) 
where, d, and d; >0 
(a) If aa; +b, bz t cc; >0, the origin lies in the obtuse 
angle between the two planes and the equation of 
bisector of the acute angle is, 


aux tbyytez-d, 
ya? +02 +c? 

(b) Ifa,a, +b, bz + сүс; <0, then origin lies in the acute 
angle between the two planes and the equation of 
bisector of the acute angle between two planes is 
ax +biy+c;z +d; a4 2x boy +с:2 +4, 


and 


ах by bez bd, 


аў +2 +c3 


a; +b? +e? aj +b? ci 
| Example 66. Find the equation of the bisector 
planes of the angles between the planes 
2x — y +2z+3=0 and 3x – 2y - 6z + 8 2 O and specify 
the plane which bisects the acute angle and the plane 
which bisects the obtuse angle. 
Sol. The two given planes are 
2х-у +22 +3= 0 and 3x -2y + 62 «8-0 
where, d, and d; > 0 
and aa, + bb, + 60,2642 12> 0 
ax byctoztd, — ax + by tex + dy 
Ja? ++ с L Ма + Ыы +1 
(obtuse angle bisector) 
und ax+t+by+oz+d, Lax bay + ox +d, 
а ++ сі a} + b3 + сі 


(acute angle bisector) 
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lé 2х-у +22 +3 d 3x -2y +6z +8 
4+1+4 9+ 4-36 
= (14x — 7y +142 +21)=+ (9x — 6y +18z + 24) 
Taking positive sign on the right hand side, we get 
5x — y — 42 —3 = 0 (obtuse angle bisector) 
апа taking negative sign on the right hand side, we get 
23x – 13у + 322 + 45 =0 (acute angle bisector) 


Line and Plane 
Line of Intersection of Two Planes 


Let two non-parallel planes are r- n, =d; and r- n; =d; 
n2 


nxn 


п; 


Now line of intersection of planes is perpendicular to 
vector n; and n;. 

-. Line of intersection is parallel to vector n; X np. 

If we wish to find the equation of line of intersection of 
planes a,x + by +c,z — d, =0 and 

a,x t bay * c;z — d; =0, then we find any point on the 
line by putting z —0 (say), then we can find corresponding 
values of x and y be solving equations a,x +b,y — d; =0 
and a,x + b;y — d; =0. Thus, by fixing the value of z = À, 
we can find the corresponding value of x and y in terms of 
A. After getting x, y and z in terms of A, we can find the 
equation of line in symmetric form. 


1 Example:67. Reduce the equation of line 
х= у+22 =5 and 3x4 y +z =6 in symmetrical form. 


Or 
Find the line of intersection of planes x — y+2z=5 
and 3x4 y+z=6. 


Sol. Given x - y + 22 =5,3x+ y +2 =6. 


Let z=) 
Then, x-yz5-2X 
and 3x* y 26-2. 


Solving these two equations, 4x 211 -3A 
and 4y = 4х – 20 +8А = – 9 + 5А 


. . 4x-11_ 4у+9 2-0 
The equation of the line is >TO nth ron 


Angle between a Line and a Plane 


n 
а b 


Plane 


The angle between a line and a plane is the complement of 
the angle between the line and the normal to the plane. 


If the equation of the line is r= a+ Ab and that of the 
plane is r- n =d, then angle 0 between the line and the 
b-n 

|b [а] 

So, the angle ф between the line and the plane is given by 
90° —8. 


normal to the plane is cos 0 -| 


b-n 
|b]|n| 


Line r= a + Ab and plane r- n = d are perpendicular if 
b=An or bx n= 0 and parallel і#Ь 1 п or b- n =0. 


oró-sin^! 


b-n 
sin 6 =| ——— 
[е 


| Example 68. Find the angle between the line 
r= i+2j—k+A(i-j+k) and the plane 
r.Qi- j* k)-4. 
Sol. We know that if is the angle between the lines r= a+ Ab 
b: n 
БЕЛ 
Therefore, if 0 is the angle between r= i 2j — k+ A(i-j+ k) 
and r-(2i—j+ k)=4, then 
(i-j+ k)-@i-j+ К) | 
|i-j+k||2i-j+k| 


and r- n =p, then sin = 


sin Ө= 


2+1+1 4 


= = 4 =—= 
СЙ+ї+її+ї+ї 3% 32 


= | Ө=їп^! (35) 


Intersection of a Line and a Plane 


To find the point of intersection of the line 
x-x - - 
Ld. Рр ӘН. ЖАД. id the plane 

1 т п 


ax t by * cz +d =0. 
‚Хх Wy 2-2 


DNE m "n 


^ 
` 


ax+by+cz+d=0 


ia SS ee 
П m ту 
(кел+ xy, y 2mr& y, z enr z)) i) 


be a point in the plane say P. 
It must satisfy the equation of plane. 


a(x, +Ir) + b(y, & mr) cz, +nr) «d =0 


= (ax, + by, cz, +d)+r(al+bm+cn) 20 
E = — (x1 + by, +с +d) 
al+bm+cn 


On substituting the value of r Eq. (i), we get the 
coordinates of the required point of intersection. 


(i) Condition for a Line to be Parallel to a 
Plane 


aan УМ. Dat a A parallel to plane 
m n 


ax + by t cz +d =0 iff; 
0-00rmorsin0-0 > al+bm+cm=0 
(ii) Condition for a Line to Lie in the Plane 


Condition for XT Et A. to lie in the 
m 


plane ax+by+cz+d=Oare 
al - bm - cn 20 and ax, + by, t cz +d=0 


Let line = 


Note 

Aline will be in a plane iff 

(i) the normal to the plane is perpendicular to the line. 
(ii) a point on the line in the plane. 


| Example 69. Find the distance between the point 
with position vector — i — 5j-10k and the point of 
А x-2 +1 2-2 , 
intersection of the line —— = Y+ ^ 25 with the 
3 4 12 
plane x- y +z = 5. 
Sol. The coordinates of any point on the line 


Ё YEN EE ar (say) are (Sr +2 47 — 1, 12r +2) 


If it lies on the plane x — y + z =5, then 
3r«2-4r*1* 12r +2 =5 2117 = 072r а 0. 
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Putting r = 0 in (i), we obtain (2, — 1, 2) as the coordinates of the 
point of intersection of the given line and plane. 


Required distance = distance between points (~ 1, = 5, — 10) and 
@-1, a= +1)? «(71 5) +(2 10) 


= /9+16+ 144 = J169 = 13. 


Coplanarity of Two Lines 


x-x - PAZ): 
L2J-J71.7 7! lies ina given 
1 т п 


plane ax + by +cz +d =O if ax, +by, +cz, +d =0 


The straight line 


and al+ bm + сп =0 


ax+by+az+d=0 


Thus, the general equation of the plane containing a 
straight line 


a(x —x,)+b(y —y,) +e(z —z,) =0 
al+bm+cn=0 


The equation of the plane containing a straight line 


X-X,; у-ур 2-2 
——1.2 1. TR and parallel to the straight line 


where, 


1 т 
х-х у-у 2-2; 
p eds 
l m, n, 
SHR YoY (2-2; 
l m n zo 
1 m; n 


Hence, the equation of the plane containing two given 
straight lines 


and 
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X—Xg У-у, 


or 1 т п 


2—2; 
-0 
L m, n 

If the lines r2 a, + Ab, and r= a; + №, are coplanar, 
then 

[a; b; b;]-[a; b, b;] 
and the equation of plane containing them is 

[rb, b;]-[a; b, bz] 
or [r b, b;]-[a;b, b;] 


1 Example 70. Find the equation of plane passing 
through the point (0, 7, -7) and containing the line 
х+1 y-3 2+2 


-3 2 T^ 


Sol. Let the equation of the plane passing through the point 
(0,7, — 7) be a(x —0) - y —7) *c(z +7) 20 (i) 

The line = ri - = passes through the point 

(— 1,3, —2) and has direction ratios — 3, 2, 1. If (i) contains 

this line, it must pass through ( 1, 3, — 2) and must be 

parallel to the line. Therefore, 


а(— 1) +03 —7)+c{-2+7)=0 


ie. a(— 1) * b(- 4) +с(5) = 0 .. (ii) 

and —3a + 2b 4 1c =0 (iii) 

On solving Eqs. (ii) and (iii) by cross multiplication, we get 
Be, Fins UN А (вау) 
-14 -14 -14 Leet 1 

=> a=A,b=A,c=HA 

Putting the values of a, b, c in (i), we obtain 

Mx —0) + My 77) -X(z +7) 20 
> xtytz-0 
This is the equation of the required plane. 
| Example 71. Prove that the lines un - 7 = әз 


2 ns ET. : 
== = L = = are coplanar. Also, find the 


plane containing these two lines. 
Sol. We know that, the line 2 = 2^ = £5 


ІА т m 


and 


and X E =УУ2 22-22 ае coplanar if 
ІА m; n; 

У-У 

l m m |=0 

[А m, n 


and the equation of the plane containing these two lines is 


2;—2 


х-х у-у 2-2 
|, m, n |-0 
lz m n? 
Here, x 2-1yi2-32,7-5 
Xz =2, Y2 = 4, Z2 =6, h =3, 
m=5, n7 7,l; =1, т, = 4, m =7. 
X;-X, у-у z-24| |37 11 
ГА т п |=|3 5 7 (=0 
ГА m; п; 147 


so, the given lines are coplanar. 
The equation of the plane containing the lines is 
x+1 y*3 2+5 
3 5 7 |=0 


1 4 7 
ar (x + 1)(35 — 28) -(y + 3)(21 7) + (z + 5) (12 -5) 20 
or x-2y*z-0. 


Image of a Point in a Plane 


To find the image of the point (œ, D, y) in the plane 
ах +by +с2 +4 =0 (i) 
Let Q(x4, Y1, z1) be the image of point P in the plane (i). 


ҮР (e. B. ү) 


Q (ки. y, 21) 


Let PQ meet plane (i) at L, direction ratios of normal to 
plane (i) are (a, b, c), since PQ perpendicular of plane (i). 
So, direction ratios of PQ are a, b, c. 
=> Equation of line PQ is, 
- ^ = (ѕау) 
Coordinate of any point оп line РО may Бе taken as 

(ar +a, br +B, cr +) 
Let Q(ar +a, br +B, cr +Y) 
Since, L is the middle point of PQ 

cr 


ar br 
L=|a+—,B+—,.¥+— 
БЕШ 


Since, L lies on plane (i), we get 
ar br cr 
— + == iy = 
4° ЭКЕ EE +y}+a=0 
> (a? +b? +07) = (аа +B + ey +d) 


р 22090 + + cy * d) 
a? +b? +с? 


=> 


| Example 72. Find the image of the point P(3, 5,7) in 


the plane 2x + y +z =0. 
Sol. Given plane is2x + y « z 20 
and the point P(3, 5,7) 
DR's of normal to the plane (i) are 2, 1, 1. 
Let Q be the image of a point P in plane (i). 


0) 
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Let the coordinates of the foot of the perpendicular from the 
point P(7, 14, 5) be М(о, D, т). 

Then, the direction ratios of PM are a — 7, B —14 and ү — 5. 
Therefore, the direction ratios of the normal to the plane are 
a –7, B – 14 and y -5. 

But the direction ratios of normal to the given plane 

2x + 4y -z =2аге 2, 4 and - 1. 


Hence, ea a 


= а =2k+7,B =4k +14andy=—-k+5 КО] 
Since, a, В and y lie on the plane 2x +4y – 2= 2, 

2a+ 4B -y=2 

=> 27+ 2k) + 414 + 4k) – (5 —k) =2 

=> 14+ 4k + 56 + 16k-5+k=2 

=> 21k=-63 2 k=-3 

Now, putting К = —3 in (i), we get @ —1,8 = 2, y =8 

Hence, the foot of the perpendicular is (1, 2, 8). 


РР (3,5, 7) 
ў : TM. imd Lu 
і 1 Example 74. Find the image of the line —— = r= 
9 -1 
2+3. 
E the plane 3x — 3y +102 – 26 = 0. 
Sol. 
A(1, 2, -3) 
Q 
-. Equation of line PR is sas >=? =* lr 
Let R2r + 3,7 +5,r +7) 
Since, R lies on plane (i). x-1 y-2 2+3 ; 
Xr 3) +(r +5) +(r +7) =0; Or + 18-0 ars e ua 
у г=-3 1. R=(-3,2,4) Зх -3y +10z —26=0 .. (ii) 
Let Q =(œ B, y) The direction ratios of the line are 9, — 1 and — 3 and direction 
Since, R is mid-point of PQ. ratios of the normal to the given plane are 3, — 3 and 10. 
ENTE = Since, 9-3 + (— 1) ( —3) +(—3) 10 = 0 and the point (1 2, — 3) of 
-3= 2 => a=-9 line (i) does not lie in plane (ii) for 
3-1 —3-2 + 10-(- 3) — 26 # 0, line (i) is parallel to pl ii 
"^ ; , 5 " parallel to plane (ii). Let 
2- B : э В=-1 А be the image of point A(1, 2, — 3) in plane (ii). Then the 
image of the line (i) in the plane (ii) is the line through A' and 
4*7 parallel to the line (i). 


age PST 
Q=(-9,1,1) 


| Example 73. Find the length and the foot of the 
perpendicular from the point (7,14, 5) to the plane 
2x4 4y -2-2. 
2(7) +4(14) -(5) - 2 
2! + 4* +1 
.1*56-5-2. 63 


Ја+16+1 ул 


Sol. The required length = 


Let point A’ be (p, q, r). Then 
p-1 q-2 r*3 


3 =~ 710 
_ _ G(1) 300) + 10(-3) –26) 1 
9+9+ 100 Е 


The point A’ e 2) 
22 


The equation of line BA' is — = 
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Exercise for Session 3 


11. 


12. 


13. 


14. 
15. 


Find the equation of plane passing through the point (1, 2, 3) and having the vector r-2i- j +3k normal to it. 
Find a unit vector normal to the plane through the points (1, 1, 1), (- 1 2, 3) and (2, – 1 3). 

Show that the four points (0, — 10) (2, 1 — 1) (11 1) and (3, 3, 0) are coplaner. Also, find equation of plane 
through them. 

Find the equation of plane passing through the line of intersection of planes Зх + 4y — 4 =0 and 

x + Ty + 3z +z =0 and also through origin. 

Find equation of angle bisector of plane x + 2y + 3z -z -0and2x -3y +2 + 4 =0. 


Find image of point (13, 4) in the plane 2x - y +2 * 3-0. 


Find the angle between the line = = s = aa and the plane 3x + y +2 =7. 


Find the equation of plane which passes through the point (1, 2, 0) and which is perpendicular to the plane 

x -y+z=3and2x+y-z+4=0. 

Find the distance of the point (— 1 — 5, — 10) from the point of intersection of the line ee = ЕД = ш апа 
4 12 


ріапех – у +2 =5. 
-5 у+7 2+3 x -8 


Find the equation of a plane containing the lines Хх 4 4 x 


i 
eni] [^] 

> 

N 

| 


Find the equation of the planes parallel to the plane x – 2у + 22 — 3 =0. Which is at a unit distance from the 


point (12, 3). 

Find the equation of the bisector planes of the angles between the plane x + 2y + 22 = 19 and 

4x-3y + 12z + 3 =0 and specify the plane which bisects the acute angle and the plane which bisects the 
obtuse angle. 

Find the equation of the image of the plane x -2y + 22 -3inthe plane x +y «z =1 


Find the equation of a plane which passes through the point (1, 2, 3) and which is at the maximum distance 


from the point (- 1, 0, 2). 


Session 4 


Sphere 
Sphere 


A sphere is the locus of a point which P() 
moves in space in such a way that its 

distance from a fixed point always 

remains constant. The fixed point is called 

the centre of the sphere and the fixed 

distance is called the radius of sphere. 

Shown as in adjoining figure. 


Equation of Sphere whose 
Centre c and Radius is a . 
Let O be the origin of reference and C be the centre of 


sphere whose position vector is c. Let P be any point on 
the surface of the sphere whose position vector is r. 


Thus, OP- randOC-c 
^ CP-OP- OC-r-c 

P 

Y gi 
dE 

Now, [r-c|-a [radius of sphere] 
=> : |r- c}? 2a? 
= (r- c) (т-с) =a" 
> r? -2r. cc? =a’ 
> r? ~2r-e+(c? -а?)=0 


which is the required equation of sphere. 
Cartesian Equation of a Sphere 
The equation of sphere with centre (a, b,c) and radius R is 


(х -а)? «(y – 0)? +(z = с)? =R? 


Р(х,у, 2) 


Proof. Let C be the centre of the sphere. 
Then, coordinates of C are (a, b, c). Let P(x, y, z) be any 
point on the sphere, then 
CP-R 
= СР? = К? 
=> (x a)? +(y - b) +(z—c)? =R? 
Since, P(x, y, z) is an arbitrary point on the sphere, 
therefore required equation of the sphere is 
(x-a)? «(y – Б)? +(z —c)* = Е 


Remarks 
1. The above equation is called the central form of a sphere. If the 
centre is at the origin, then equation of sphere is, 
x? 4 у? + 2? = А? 
(known as the standard form of the sphere) 
2. Above equation can also be written as 
x24 y? + z? -2ax – by – 2с2 + (а2 + ? + с? – В?) =0 


which has the following characteristics of the equation of 
sphere 


(i) It is a second degree equation in x, y and z. 
(ii) The coefficient of x, y? and z? are all equal. 


(iii) The term containing the product of xy, yz and zx are 
absent. 
| Example 75. Find the vector equation of a sphere 
with centre having the position vector i+ j+ k and 
radius 4/3. 
Sol. We know that equation of sphere is 
{т-с|=а 
=> |r -(i+ j+k)|=v3 


which is the required equation of sphere. 


| Example 76. Find the equation of sphere whose 
centre is (5,2, 3) and radius is 2 in cartesian form. 


Sol. The required equation of the sphere is 
(x-5) + (у – 2) +(z – 3) =2° 
=> x? +у? +23 –10х- 4у -62 + 34=0 


(vector form) 


| Example 77. Find the equation of a sphere whose 
centre is (3, 1, 2) and radius is 5. 
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Sol. The equation of the sphere whose centre is (3, 1, 2) and radius 
is 5, is 
(x-3Y +(y-1)? +(z -2) =5? 


x? + y? e z^ -6x -2y - 4z -11=0 


General Equation of Sphere 


The equation x? y? +z? +2ux +2vy +2wz +d =0 
represents a sphere with centre (— u, — v, — w) i.e. 


1 ; 1 
(-3 coefficient of Ec coefficient of y, 


1 
EC coefficient ofz | 


and radius =u? +v? +w? – d, 


Note 

The equation x? + y? + z? + 2ux + 2vy + 2wz + d = 0 represents 
a real sphere, ifu? + v? + w? -d » 0. Iu? + v? +w? -d =0, then 
it represents a point sphere. The sphere is imaginary, if 

и? ev + м2 – 0 <0. 


І Example 78. Find the centre and radius of the 
sphere 2x? + 2y? +222 -2x — 4y - 224 3-0. 
Sol. The given equation 


3 
хужа -х-2у+2+2=0; 


where cetnre is 


1 $ 
(- ; coefficient of x, — ы coefficient of 5 coefficient of z) 


and 


1 1 
.. Given sphere represents a point sphere (5 == j 


| Example 79. Find the equation of the sphere passing 
through (0, 0, O), (1,0, 0), (0,1,0) and (0,0,1). 
Sol. Let the equation of the sphere be 
х? + y? +z’ + 2ux+2vy+2wz+d=0 — (i) 
As (i) passes through (0, 0, 0), (1, 0, 0), (0,1, 0) and (0, 0, 1), we 
must have d= 0,1+ 2u+d=0 
1+2v+d=0Oand1+2w+d=0 
Since, d = 0, we get2u 22v =2w=~1 
Thus, the equation of the required sphere is 
x+y? +2%7-x-y-z2=0, 


1 Example 80. Find the equation of a sphere which 
passes through (1, 0,0), (0,1,0) and (0,0,1) and has 
radius as small as possible. 

Sol. Let the equation of the required sphere be 

x? + y! +z? + 2их+ 2vy + 2wz +d =0 (i) 
As the sphere passes through (1, 0, 0), (0,1, 0) and (0, 0, 1), we 


get 
1+2u+d=0,1+2v+d=O0and1+2w+d=0 


1 
=> пеене еу 
If R is the radius of the sphere, then R? =u? + v! + w° – d 


=> R= 


[a mi - 14] 


Il 
Aj |ә ajo ajo 

a 

79 

+ 

l 

а, 

+ 

- 
2 


The last equation shows that R (and thus R) will be the least if 
4 1 
an only if d = — 2 


Therefore,u=v=w=—2(1-2)=—1 
2 3 3 


Hence, the equation of the required sphere is x? + y? + 22 — ; 


1 
(x+y *z)- = =Oor3(x’ + y! +27) -2( e y+z)-1=0. 


Diameter Form of the Equation of a Sphere 


If the position vectors of the extremities of a diameter of a 
sphere are a and b, then its equation is 

(r- a)-(r- b) 20 
5 |r|? -r-(a+b)+a-b=0 
Proof. Let a and b be the position vectors of the 
extremities A and B of a diameter AB of sphere. Let r be 


the position vector of any point P on the sphere. 


Then, 
P(r) 


B A 
(b) (a) 


AP-r-aand BP-r- b 


Since, the diameter of a sphere subtends a right at any 
point on the sphere, therefore 


ә ZAPB =5 
= AP: BP =0 
> (r—a)-(r— b) =0 


rr-rb-r-ata b=0 

|r|? - (a b) ra: b 20 
This is the required equation of sphere. 
Vector Form 


If the position vectors of the extremities of a diameter of a 
sphere are a and b, then its equation is 
|r- af *|r- b =|a- b|? 


Proof. Let a and b be the position vectors of the 
extremities A and B of a diameter of a sphere. Let r be the 
position vector of any point P on the sphere, then 


AP-r-a 
and BP-r-b 
Since, AAPB is a right angled triangle. 
in АР? + BP? = АВ? 
=> | AP}? +| BP? =| AB |? 
> Ir- af* +|r—b[? =]a- b]? 


This is the required equation of the sphere. 


Cartesian Form 


If (x1, 1,21) and (x2, у;, Z2) are the coordinates of the 
extremities of a diameter of a sphere, then its equation is, 


(x = ху) (x - x2) #(y- 1) (y 71) +021) (2-22) =0 

| Example 81. Find the equation of the sphere 
described on the joint of points A and B having ,— , 
Position position vectors 2i+ 6j —7k and -2i-- 4j— 3k, 


respectively, as the diameter. Find the centre and the 
radius of the sphere. 


Sol. If point P with position vector r — xi & y] * zk is any 
point on the sphere, then AP- BP =0 
(x -2) (x +2) +(y -6) (y 74) *(z +7) (z +3)=0 
— (x? -4) +(y? - 10у + 24) +(z° + 102 +21) 20 
=> x^ y? +27 -10y + 10z + 41 =0 


The centre of this sphere is (0, 5, — 5) and its radius is 


К+ Сз —41 - =3 
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Section of a Sphere by a Plane 


Consider a sphere intersected by a 
plane. The set of points common to 
both sphere and plane is called a 
plane section of a sphere. 


It can be easily seen the plane 
section of sphere is a circle. 
Let C be the centre of the sphere and M be the foot of the 
perpendicular from C on the plane. Then, M is the centre 
of the circle and radius of circle is given by PM. 


ie. PM - cr -CM? 


The centre M of the circle is the point of intersection of 
the plane and line CM, which passes through C and is 
perpendicular to given plane. 


1 Example 82. Find the radius of the circular section in 
which the sphere |г| = 5 is cut by the plane 
r(i+ j+ К) = 343. 
Sol. Let A be the foot of the perpendicular from the centre O to 
the plane г (1+ j+ k) -343 =0 


0: (i+ 5+ К) -343 
Jit j+ k| 
distance of a point from the plane) 


If P is any point on the circle, then P lies on the plane as well 
as on the sphere. Therefore, ОР = radius of the sphere =5 


Now, АР? = OP? — ОА? 2 5* – 3? = 16 
=> AP =4 


345 


Then, | OA | = i-a =3 (perpendicular 


1 Ехатр!е 83. Find the centre of the circle given by 
r-(i+2j+2k)=15 and |r—(j+2k)|=4. 


Sol. The equation of a line through the centre j+2k and normal 
to the given plane is 
r=(j+2k) + Ai 2) 2k) Ai) 

This meets the plane at a point for which we must have 

((j+ 2k) + А+ 25 + 2k) (1+2) + 2k) =15 
> 6+ 9А =15 
> A=1 
On putting А = 1 in Eq. (i), we obtain the position vectors of the 


centre as Ї+ 3) + 4k, Hence, the coordinates of the centre of 
the circle are (1, 3, 4). 
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Condition of Tengency of a Plane to a Sphere 


A plane touches a given sphere, if the perpendicular 
distance from the centre of the sphere to the planes is 
equal to the radius of the sphere. 

Vector Form 


The plane r- п =d touches the sphere | r- а |= К, 


Cartesian Form 
The plane Ix + my +nz = p touches the sphere 
x? +у? +22 +2их & 2vy +2wz +d =0, 


if (ul + vm + wn + p)? =(2 +m? en?) (и? +v? +w? —d) 


| Example 84. Show that the plane 2x -2y +z+12=0 
touches the sphere x? + y? +22 – 22 -4y +2z-3=0. 


Sol. The given plane will touch the given sphere if the 


perpendicular distance from the centre of the sphere to the 
plane is equal to the radius of the sphere. The centre of the 
given sphere x? +y? +22 — 2x — 4y +2z —3 = 0is(1,2, — 1) 


and its radius is 41° +2? +(— 1)! -(-3) =3. 


Length of the perpendicular from (1, 2, — 1) to the plane 
2x—2y +2 +12 = 0 is 


2(1) – 22) +(— 1) +12 
42 +(-2)° +12 


Thus, the given plane touches the given sphere. 


9 
=-=3 
3 


1 Example 85. Find the equation of the sphere whose 
centre has the position vector 3i+6j—4k and which 


touches the plane r- Qi - 2j - k) =10. 


Sol. Let the radius of the required sphere be R. Then, its 
equation is 
| r -(3i+6j—4k)| =R 


Since, the plane r-(2i-2j- k) =10 touches the sphere (i), 


therefore length of perpendicular from the centre to the plane 


r-(2i-2j— К) = 10 is equal to R. 


ie. [61-5] -45): 01-3] = 1977101. р => R=4 
|21-2j-k| 


On putting R = 4 in Eq. (i), we obtain| r —(3i+6j- 4k) |=4 


as the equation of the required sphere. 


| Example 86. A variable plane passes through a fixed 
point (a,b,c) and cuts the coordinate axes at points 
A, B and C. Show that the locus of the centre of the 


a Ç 
sphere OABC is ~+ —* —22. 
x y z 


Sol. Let (c., В, ү) be any point on the locus. Then according to 


the given condition, (0, В, y) is the centre of the sphere 
through the origin. Therefore, its equation is given by 


(x-a)? +(y - BY +E - Y 2(0 - a + (0 B (0 – y)? 
x! y! +z’ -2ax - 2py —2yz = 0 
To obtain its point of intersection with the X-axis, we put 
y = 0 andz = 0, so that 


х? —2ax =0 
= x(x -22)-0 
= x=0 ог х=2@ 


Thus, the plane meets X-axis at O(0, 0, 0) and A(2cr, 0, 0). 
Similarly, it meets Y-axis at O (0, 0, 0) and B(0, 2B, 0), and 
Z-axis at O(0, 0, 0) and C(0, 0, 2Y). 

The equation of the plane through A, B and C is 


Жл». Жл ey (intercept form) 


Since, it passes through (a, b, c), we get 
a b c 
—+—+—=1 
2a 2p 2y 


or 


Hence, locus of (a, B, y) is Bye fae 
x z 


| Example 87. A sphere of constant radius k passes 
through the origin and meets the axis at A, B and C. 
Prove that the centroid of triangle ABC lies on the 
sphere 9(x? + y?  z?) - 4k?. 


Sol. Let the equation of any sphere passing through the origin 


and having radius k be 

x? + y! +2? + 2ux + 2vy + 2wz =0 
As the radius of the sphere is k, we get 

ц xv + w? =k? 
Note that (i) meets the X-axis at O(0, 0, 0) and A(— 2и, 0, 0); 
Y-axis at О(0, 0, 0) and B(0, — 2v, 0), and Z-axis at O(0, 0, 0) and 
C(0, 0, — 2w). 
Let the centroid of the triangle ABC be (a, В, y. Then 


2u 2v 2w 
mpm mo 

3 3 
3a 3p 3v 

=> u-—-—,v-——, =- 
2 2 2 


Putting this in (ii), we get 
2 2 2 
-3 -3 -3 ) 2 
—a| +/— +| — =k 
(Se) (29 4G 
2.nf..4.23, 
> ap +¥=5* 


This shows that the centroid of triangle ABC lies on 


x ey eit ale 
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Exercise for Session 4 


Find the centre and radius of sphere 2(x – 5) (x + 1) +2(у +5)(y –1)+ 2(z -2)(z +2)=7 
Obtain the equation of the sphere with the points (1, — 1, 1) and (3, —3,3) as the extremities of a diametre and 
find the coordinates of its centre. > 


Find the equation of sphere which passes through (1, 0, 0) and has its centre on the positive direction of Y-axis 
and has radius 2. 


Find the equation of sphere if it touches the plane r.(2i -2]- К) =0 and the position vector of its centre is 
3i +6j-—4k. 
Find the value of À for which the plane x + y + z = 43A touches the sphere x? + y? + 22 - 2x - 2y -2z - 6 
Find the equation of sphere concentric with sphere 2x? + 2y? + 222 6x +2у -4z =1and double its radius 
A sphere has the equation | r- а |? |[r- bf =72, where a= i +3) —6k and b-2i «4j 42k 
Find 

(i) The centre of sphere 

(ii) The radius of sphere 
(iii) Perpendicular distance from the centre of the sphere to the plane г. (21 + 2j-k)+3=0. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


€ Ex. 1 Ifa line makes angle o, B andy with the 
coordinates axes, then 

(a) cos 20 + cos 20 +cos 2y - 1-0 

(b) cos 20 -- cos 2B + cos 2y -2-0 

(c) cos 20 + cos 28 + cos 2y + 1-0 

(d) cos 20 + cos 20 + cos 2y + 220 
Sol. (c) If cos a, cos [ and cosy are the DC’s of a line, then 

2cos а +2 cos? 3 + 2 cos? 1452 
=> 1l+cos2 +1 + соз 283 + 1 + cos2y =2 
=> cos 20, + cos 28 +cos 2y+1=0 


9 Ex. 2 The points (5, — 4, 2) (4, — 3,1), (7, — 6, 4) 
and (8, — 7,5) are the vertices of 

(a) a rectangle (b) a square 

(c) a parallelogram (d) None of these 
Sol. (c) Let A(5, — 4, 2), B(4, —3, 1), C(7, —6, 4) and D(8, ~7, 5) 


AB=-i+j- k | 
BC =3i-3}+3k 
CD-i-j4 к 
and DA=-3i+3j-3k 
Clearly AB || CD and BC || DA 
Also, AB: BC =-9+#0 
.. ABCD is a parallelogram. 


ө Ex. 3 In ДАВС the mid-point of the sides AB, BC and CA 
are respectively (1,0,0), (0, m, 0) and (0, 0, n). Then, 
AB? * BC? +СА? 


os equal to 


2 +m? +n 
(a)2 
(c) 8 

Sol. (c) From the figure, 


(b) 4 
(d) 16 


C (хз, Уз Za) 


(0, m, 0 (0, 0, л) 


A 
0,0) (к. ут, 21) 


B 
(кә, Yo. Zo) 


x х =21,у + у; =0,2+2;=0 
Xz + X3 =0, Y2 + уз =2m, 2, +23 = 0 
and x, + x, = 0, yj + Ys = 0,2, + z =2n 
On solving, we get 
х,=1,х;=1,ху=-1 


y7-my,smy,-m 
and 1 = л,2, = - п,2у = п 
^, Coordinates are A (I, ~ m, n), В (l, m, - n) and C (— l, m, n) 
AB* + BC?  CA* 
_ (4m? + 4n*) + (41? + 4n?) +(41? + Am") sí 


9 Ex. 4 The angle between a line with direction ratios 
proportional to 2, 2, 1 and a line joining (3,1, 4) to (7, 2,12), is 


Tr >] e 
(a) cos (3 (b) cos ( 2) 


(c) tan В (d) None of these 


Sol. (a) A line with direction ratios proportional to 2, 2, 1 is parallel 
to the vector a=2i+ 2]-- К. 


Line joining P(3, 1, 4) to Q (7,2, 12) is parallel to the vector 
PQ=4i+ j 8k. 
Let 0 be the required angle. Then, 


2 SP. 8-248 

lal|PQ| J4+44+1 [1641-64 
=> deat су 8 = cos! 2) 

3x9 3 3 


© Ex. 5 The angle between the lines 2x =3y =— z and 
6x =-y=-4z is 
(a) 30° (b) 45° 
(c) 60° (d) 90° 
Sol. (d) Given, equation of lines can be rewritten as 
£ y z 


1/2 1/3 -1 
and X OT C ащ 
1/6 -1 -1/4 


аа; + bb; + cc; 


cos 8 = 2 2 2 2 2 2 
aj + bi +c уаз + b; *c; 


4 9 36 16 
> cosQ 20 = 0-90? 


© Ex. бА line makes the same angle with X-axis and 
Z-axis, If the angle, which it makes with Y-axis, is such 
_that sin? В =3 sin? Ө, then the value of cos? Ө is 
1 2 
(a) 5 (b) ri 


3 2 
(o) х (9) 3 


Sol. (c) Since, cos’ Ө + cas? B + cos? 9-1 bel? m +n? =] 


ә 2 cos’ Ө +1 —3 sin? 821 [~ sin? B =3 sin? 8] 
E 2cos* 0 – 1 — cos? 0) =0 
> 5cos?@=3 — cos?9-3 

5 


9 Ex. 7 The projection of a line segment on the coordinate 
axes are 2, 3, 6. Then, the length of the line segment is 
(a)7 (b) 5 
(с) 1 (9) 11 
Sol. (а) Let the length of the line segment be гапа its direction 
cosines be l, m, n. Then, its projections on the coordinate axes 
are Ir, mr, nr. 
Ir 2, mr 23 and nr -6 


> Ur? + mr! + n'r? 24 4 936 
=> r*(* + m? + n?) 249 
= г? = 49 = г=7 (+m? + п =1] ` 


9 Ex. 8 The equation of the straight line through the origin 
and parallel to the line (b +c)x +(c +а)у 
+(a+b)z =k -(b —c)x (c -a)y - (a —b)z аг 


x yu mm : 
бы b? –с? e-e аЬ? 
yp 2 
Ь) – = 2 = — 
( Tn b a 
Жї = < 
©з -bc Ь?%—-са c?-ab 
(d) None of the above 
Sol. (c) Equations of straight line through the origin ar: 
x-0 y-0 z-0 
$ m n 
where, l(b +c) + m(c +a) + n(a +b)=0 
and Kb =c) +m (c -a) + n (a -b)=0 
1 m 
On solving, 507 be) zb — ca) 
E qu 
2c? — ab) , 


Equations of the straight line are 
z = У = З, 
a'-bc b*~ca с? -аһ 
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€ Ex. 9 The coordinates of the foot of the perpendicular 
drawn from the point A(1,0, 3) to the join of the points 
B(4,7,1) and C(3,5,3) are 


(a) = 7. z) (b) (5,7, 17) 

3'3' 3 

SA ST MW 
o(2.-2.2] e 3*3! 4 


Sol. (a) Let D be the foot of the perpendicular and let it divide BC in 
the ratio À : 1. Then, the coordinates of D are 


ЗА 4 5А +7 Ati) 
A+1'A+1' AF] 
ADLBC = AD-BC=0 


- (2A +3) -25A +7) - 4-0 эй=-1 


Now, 


=> 


57 17 
So, the coordinates of D are =. -, z) 
3-3 


ө Ex. 10 A mirror and a source of light are situated at the 
origin O and at a point on OX, respectively. A ray of light 
from the source strikes the mirror and is reflected. If the 
direction ratios of the normal to the plane are proportional 
10 1,—1,1 then direction cosines of the reflected ray are 


12:2 jx2 
a)— = b)-—, =,= 
(а) =, = (6) "E 

3 ub. y 2 

AA MATT, Ert 9)-—,-=, = 
(c) $T; (d) 3 33 


Sol. (d) Let the source of light be situated at A(a, 0, 0), where, a + 0. 


Let OA be the incident ray, OB be the reflected ray and ON be 
the normal to the mirror at O. 


e 
ZAON = ZNOB = = 
2 (say) 


Direction ratios of OA are proportional to a, 0, 0 and so its 
direction cosines are 1, 0, 0. 


: > i 1 -1 1 
Direction cosines of ON аге —=, —, —— 
43' з' Js 
fog ae: 
2 3 
Aa, 0,0) N 


B 


O (0. 0, 0) 


Let J, m, n be the direction cosines of the reflected ray OB. 


1+1 1 m+0 1 
Then, Er =~ 
2c У cos? Кд 
2 2 
and n+0 218% 
2см 3 
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= 1=2-1т=-2п=2: 
3 3 3 
1 2 2 
= [=--, т=--,п=- 
3 3 3 
Hence, direction cosines of the reflected ray are – —, — £. zd 
33 


9 Ex. 11 Equation of plane passing through the points 
(2, 2,1), (9, 3,6) and perpendicular to the plane 
2x +6y +6z —1=0, is 
(а) 3x + 4y +52 = 9 
(6) 3x + 4y —5z+9=0 
(c)3x+ 4y -5z- 9-0 
(d) None of the above 
Sol. (c) Equation of a plane passing through (2, 2, 1) is 
a(x—2) +b(y —2) + qz -1) 20 Ai) 
- This passes through (9, 3, 6) and is perpendicular to 
2x + 6y +6z-1=0 
7a + b+5c=0 and 2a+6b+6c=0 
Solving these two by cross-multiplication, we get 


mr BN ceo 
—24 -32 40 
a b 6 Р 
=> S TT senem 
-3 -4 5 


Substituting the values of a, b, c in Eq. (i), we get 
3x + 4y —5z — 9 = 0 as the required plane. 


9 Ex. 12 If the position vectors of the points A and B are 
3i+j+ 2k andi - 2j j -4k respectively, then the equation of 
the plane through B and perpendicular to AB is 

(a) 2x +3y +62 + 28 =0 

(b) 3x + 2y +62 = 28 

(c) 2x — 3y +6z +28 =0 

(d)3x — 2y +62 = 28 
Sol. (a) We have, AB--2i-3j -6k 

So, vector equation of the plane is 

| r -Â -2j - 4k) |: AB =0 

= r (-2i-3j-6k) = (i 2j - 4k)- (- 23-3) - 6k) 

= —2x-3y — 6z =-2+6+ 24 

=> 2х + 3y + 62 + 28 = 0 


© Ex. 13 A straight line ‘L’ cuts the lines AB, AC and AD of 


a parallelogram ABCD at points Ву, C, and D;, WR Е 


If AB,, 2 ,AB, AD, 2 À;AD and AC, 22,AC, then — i 
3 


equal to 


PUR Ed b) — 
(iei rw А; 


(с) - А, + А, (d) Ay + А 


Sol. (a) Let AB= a, Ар= b, then AC= at b 


Given, AB, = àa, AD, = Ab, AC; = Aala + b) 
B,D, = AD, - AB, = Ab - Аа 
D C 


Since, vectors D,C, and B,D, are collinear, we have 
D,C, =k B,D, for some k € R. 


E AC, - AD, =k: BD, 
>» Asla + b) — А,Ь = k - (Àzb — Аа) 
=> Ag (A, -Az)b=k-Agb—k- Аа 
Thus, Аз =– kÀ, and À; — А = KA; 
=> pete A. eoa dae Т РЕ 
Ay М; 
1 1 1 
> — = — + — 
As Ay ^ 


© Ex. 14 If the direction cosines of two lines are such that 
І+т+п=0,12 +m? — n? =0, then the angle between them is 


т 
(а)л (Б 
т т 
(07 ur 
Ol. (b) If 1, m, n are direction cosines of two lines are such that 
l+m+n=0 (i) 
and 1 + т -n =0 (і) 
> I? +m? -(-1 -—m)* «0 
=> 21т=0 => 1=0огт=0 
If! =0, then n = ~ т 
=> lI: m:nz0:1:-1 
andifm=0,then n--l 
> l:m:nz1:0:-1 
DNE TE 
Jo+i+1 J0+1+1 2 
=> ө=^ 
3 


9 Ex. 15 The equation of the plane passing through the 
mid-point of the line points (1,2,3) and (3, 4,5) and perpen- 
dicular to it is 
(a)x+y+z=9 (b)x +y+z=-9 
(с) 2x + 3у + 42= 9 (d) 2х + 3y + 42 = - 9 
Sol. (а) The DR's of the joining of the points (1,2, 3) and (3, 4, 5) and 
(3-14-2,5-3) іе. (2,2, 2) 


Also, the mid-point of the join of the points (1, 2, 3) and (3, 4, 5) 
is (2, 3, 4). 


Equation of plane which passes through (2, 3, 4) and the 
Diese б сес ч а 


Xx —2) + Xy —3) + Az - 4) =0 
= х+у+2-9=0 
= x+y+z=9 
© Ex. 16 Equation of the plane that contains the lines 
r=(i+ j) - Xd-2j - k) and, r =(1+ j) +u- i+ j-2k) is 
(a) r-(2i+ j-3k) =-4 
(b) rx (—i+j + k)- 0 
(ғ: (+ j+k)=0 
(d) None of the above 
Sol. (c) The lines are parallel to the vectors b, = i 2j — К and 
b,=- i+ j-2k Therefore, the plane is normal to the vector 


I] wq. X 
n-bxb-|1 2 -1|--3i«3j«3k 
Ч a y 


The required plane passes through (i+ j) and is normal to the 
vector n. Therefore, its equation is 

r n-a:n 

= r-(—31+3}+3k) = (i+ 3) (73193) 3k) ` 

= r-(—31+3}+3k) =-3+3 

=r-(-i+}j+k)=0 


- 41 'z-1 
ө Ex. 17 The line 2 e Er intersects the curve 
xy 2 c^, z =0, if c is equal to 
1 
(a)+1 (b) + $ 
(с) +5 (d) None of these 


Sol. (c) At the point on the line where it intersects the given curve, 
we have z — 0, so that 


3 2 -1 
x-2 yt 
—— =1 and =1 
> 3 2 
E х=5апіу =1. 


Putting these values of x and y in xy = c°, we get 
с =5=эс = &-/. 


e Ex. 18 The distance between the line r = 21-2) 3k 
-Aá-j +4) and the planer- ü id +k) 55, is 


MENTI A 
(d) None of these 


10 
(a) * 


10 
(c) y 
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Sol. (b) Clearly, the given line passes through the point 
a= 21-2) +3 and is parallel to the vector b= i— j* 4k. 


The plane is normal to the vector n— i+5j+ k 
We have, b-n=1-5+4=0 
So, the line is parallel to the plane. 
-. Required distance 
— Length of the perpendiculars from a point on 
the line to the given plane. 
= Length of the perpendicular from (2i-2j- 3k) 
to the given plane. 
_| gi-233io-d 5j 19 —5 
E +25 +1 
JE 2-10*3-5| 10 


345 35 


» 


9 Ex. 19 If the plane * ж i =1, cuts the coordinate 


axes in A, B, C, then the area of AABC is 
(a) 29 sq. units (b) Va sq. units 
(c) V61 sq. units (d) None of these 

Sol. (c) The given plane cuts the coordinate axes in A(2, 0, 0), 
B(0, 3, 0) and С(0, 0, 4). 


> AB хАС xsin ZBAC 


Now, AB = [4 +9 + 0 = V13, AC — [4 + 0+ 16 = V20. 


^. Area of AABC = 


cos ZBAC = AB:AC | (C 2i«3j)- C 2i 4k) 
| AB|| AC| нүен 
zs con T SS LOU. 4 


ae de И шы 


=> sin ZBAC = h-4- fE 
65 65 


1 
Hence, Area of AABC =з x V13 x 420 x E =/61 sq. units. 
65 


ө Ex. 20 The distance of the point(1,— 2,3) from the plane 


X—y +2 —5 measured parallel to the line X Eu is 
P T ^ 
(a) 1 (b) 2 
(c)4 (d) None of these 
Sol. (a) The equation of the line passing through P(1, — 2, 3) and 
parallel to the given line is 
xvi yi к=з 
E cus ww 
е it meets the plane x — y + z =5 at the point Q given 
y 
x-1:y*2 z-3 
gu wr Wc СУ: 


=À ie. (2A + 1,3A —2,-6A +3) 


212 Textbook of Vector & 3D Geometry 


This lies on x — y + z —5. Therefore, 
2h 41-31 42-61 4325 


= -7 =-1 > А=- 
So, the coordinates of Q are (5 - DR 3) 
7 A4 
Hence, required distance 2 PQ = 2 + LA + 36 = 
49 49 49 


9 Ex. 21 The length of the perpendicular from the origin to 
the plane passing through the point a and containing the line 
r=b+Ac is 
(a) [abc] 
Jax b+ bx с+ сха | 
[a b c] 
lax b- bx cJ 
[a b c] 
[bx c* сха | 
[a b c] 
lax b* сха | 


(b) 
(c) 


(d) 


Sol. (c) The plane passing through a and containing the line 
г= b- Àc also passes through the point b and is parallel to the 
vector C. So, it is normal to the vector (a— b) x c. 


Thus, the equation of the plane is 
(r- a)-|(a- b) x c|20 
(r- а) (ахе- bxc)-0 
r(axc-bxc)-a-(axc- bxc) 
r(ax c- bxc) = - a (bx с) 
r(bxc+ сха) -[abc]-0 
Length of the perpendicular from the origin to this plane 
0-(bx c+ ex a)- [ab c] 

7 [bxe+exal 

" [a b c] 

~ | bx с+ сха | 


LUU 


e Ex. 22 If P(0,1,0) and Q(0,0, 1) are two points, then the 
projection of PQ on the plane x +y +2 =3 is 
(a) 2 (b) 3 
(c) V2 (d) з 
Sol. (c) The projection of PQ on the given plane is PQ cos Ө, where 8 
is the angle between PQ and the plane. 
Let n be a vector normal to the plane. 
We have, PQ=-j+k and n=i+j+k 
PQ: na _ 
| PQI[ n] 
=> PQ is parallel to the plane. 
Hence, projection of PQ on the given plane 
=| PQ] cos 8 
=|PQ|=J1+1 = v2 


sin ð = 


ө Ex. 23 The equation of the plane through the intersection 
of the planes x + y + 2 =1and 2x +3y — z +4 =0 and 
parallel to X-axis, is 
(a)y -3z+6=0 (b)3y - 2+6 =0 
(c)y +3z+6=0 (d)3y – 22+6=0 
Sol. (а) The equation of the plane through the intersection of the 
planes x + y +z 21and2x + 3у -z + 4=0is 
(x*yz-1)* A(2x + 3y -z + 4) =0 


or, (2А 1)x +(3А + 1)у &(1— А) + 4А 2170. ..(i) 
It is parallel to X-axis, i.e. i E t 
12А + 1) +0 X(3A + 1) + 0(1- А) 50 
1 
=> Xe 
2 


Substituting A = — > in Eq. (i), we get 


y -3z + 6 = 0as the equation of the required plane. 


9 Ex. 24 A plane passes through the point (1, 1,1). If b, c,a 
are the direction ratios of a normal to the plane where a, b, 
c(a <b <c) are the prime factors of 2001, then the equation 
of the plane I is 

(a) 29x + 3ly +3z — 63 

(b) 23x + 29y — 292 = 23 , 

(c) 23x + 29у 4 32 = 55 

(9) 31x + 37у +3z=71 
Sol. (с) The equation of the plane is 

b(x-1)* c(y -1) + a(z 21) =0 NO) 
Now, 2001 =3 x 23 x 29 
Ч a<b<c = а =3,Ь =23 апіс = 29. 


Substituting the values of a, b, c in Eq. (i), we obtain 
23x + 29y + 32 = 55 as the equation of the required plane. 


€ Ex. 25 If the direction ratios of two lines are given by 
a+b+c=0 and2ab + 2ac — bc =0, then the angle between 
the lines is 


27 
(а) л pn 


x 
(c) 2 


Sol. (b) We have, 
a+b+c=0 and 2ab + 2ac - bc = 0 


x 
(d) > 


=> a=-(b+c) and 2a(b+c)—bc=0 
= -2(b +c)? - bc =0 
= 2b? + 5bc + 2c? =0 
=> (2b + c) (b +2c) =0 
=> 2b+c=0 or, b+2c=0 
If2b + с= 0, thena = – (b +c) = a=b 

&. bh Е 


a=bandc=-2b = —=-—=— 
1 22 


fb + 2c = 0, thena — — (b +c) => a=c 


@=candb=—2¢ =» E eub. „© 
1 


Thus, the direction ratios of two lines are proportional to 1, 1, 
—2and 1, —2, 1, respectively. So, the angle @ between them is 


given by 
1-2-2 -1 2n 


Мт р" ^ "^X 


* Ex. 26 A tetrahedron has vertices at O (0,0,0), A(1, 2, 1), 


B(2,1,3) and C(—1,1, 2). Then, the angle between the faces 
OAB and ABC will be 


cosĝ = 


(a) 90° (b) соз”! (2) 
35 
(c) соз”! (3) (d) 30° 
31 
Sol. (b) Let n, and n; be the vectors normal to the faces OAB and 
ABC. Then, ^ 
ijk 
п = ОАХОВ=|1 2 1|-si-j-3k 
2 1.3 
i od & 
and n,=ABXAC=/ 1 -1 2/=i-5j-3k 
-2 -1 1 
If@ is the angle between the faces ОАВ and ABC, then 
n:n 
cos 8 = — —— 
[m |] п; | 
5+5+9 19 
E cos 6 = =— 
25 +149 Л +25 +9 35 
-1 (19 
Ө = cos’ (3) 
- ST ME 


© Ex. 27 The vector equation of the plane through the point 


(2,1, — 1) and passing through the line of intersection of the 
planer TC +3) -Ю) =0 апат-(}+2К) =0, is 
(а)г(ї+9}+1К)=0  (b)r-(i 9j 1k) 6 
(o) £-($—3j- 13k) - 0 (d) None of these 
Sol. (a) The vector equation of a plane through the line of 
intersection of the plane г. (1+3) — К) = 0 and r-(j+2k) =0 
can be written as 
r:(i3j* - k) +A (rG*2k)) =0 
This passes through 21+ j- k. 
(i+ j- k) 0+3) - I9 + A(2i+ j- k)-G+2k) =0 
=> (2+341)+A(0+1-2)=0=) =6, 
Putting the value of A in Eq. (i), we get 


the equation of the required plane as 
r-(i+9j+ 11k) 20 
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9 Ex. 28 The vector equation of the plane through the point 
i 4 2j - К and perpendicular to the line of intersection of the 
planer -(3i — j + К) =1andr (ї+4) - 2k) =2, is 
(a)r-(2i7j- 13k) =1 (b) r (2i - 7j - 13k) =1 
(c) r: (2#+7]+ 13k) =0 (d) None of these 
Sol. (b) The line of intersection of the planes 
r:(3i-j+k)=1 
and r (i+ 4j—2k) =2 
is common to both the planes. Therefore, it is perpendicular to 
normals to the two planes, i.e. А 
n, =3i-j+k 
and n= 1+ 4j-2k 
Hence, it is parallel to the vector n; x n; =~2i+7}+ 13k. 


Thus, we have to find the equation of the plane passing 
through a= 1+ 2] — k and normal to the vector n= n, X nz. 


The equation of the required plane is 


(r-a) n=0 
> rn=an 
E r-(- 21 7) 13k) = (0 2] — Ё)-(— 2î+7)+ 13k) 
=> r:(2i~7j-13k) =1 


9 Ex. 29 The cartesian equation of the plane 
r=(1+A~p)i «(2 -2)j (3 — 2X + ор), is 
(a) 2x +y =5 (b) 2x -y 25 
(02x +z=5 (d)2x — 2=5 
Sol. (c) We have, 
r=(1+ À -Wî + (2-2) +3 -2X + mk 
> r 76 * 2) 3k) + Ad- 3-25) n(- î+ 2k) 
which is a plane passing through a= i+2j+3k and parallel to 
the vectors b= i—j—-2k and c=- it 2k. 
Therefore, it is normal to the vector 
n-zbxc--2i-k 
Hence, its vector equation is 


(r~a)-n=0 
a r.n-a:n 
= r(-2i- k) 22-5 
=> r-(2i+ k)=5 
o, 


So, the cartesian equation of the plane is 
Gi*yj* z k).Qi- k)255S2x 4 2 5 


(i) 


9 Ex. 30 A variable plane is at a distance, k from the origin 
and meets the coordinates axis in A, B, C. Then, the locus of 
the centroid of AABC is 


(a) x? ty? 4 2-2 242 

(b) x? + y? + 27? ag 
(0x? «y? $27 2g 
(d) x? & y? + z = ор-2 
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Sol. (d) Let the equation of the variable plane be х + = pe ay 
a c 


This meets the coordinates axes at A(a, 0, 0), B(0, b, 0) and 


C(O, 0, c). 
‘Let (0, В, ү) be the coordinates of the centroid of AABC. Then, 
йаа 
3 3 3 
> a =30,b=38,c=3y wi) 


The plane is at a distance, k from the origin. 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


9 Ex. 31 The direction ratios of the line x - y +z -5 =0 
—x-—3y-6are 
(a) 3, 1,-2 
E SNC Mp {д =: ci ELIT 
Ju Ju ua Vai’ уот’ зл 
Sol. (a, c) Let the DR's of line are a, b and c. 

As the line is perpendicular to both the planes 

=> a—b+c=0 

a-—3b+0-c=0 


(b) 2,- 4,1 


Hence, (a) and (c) are correct answers. 


€ Ex. 32 The equation of the line x +y +z—1=0, 
4x +y —2z+2=0 written in the symmetrical form is 


eri y=2 £—0 
а) — = ——_ = ——_ 
(a) 1 -2 1 

Xx y z-1 
Б) == = 
(57 -2 1 

x+1 2-1 

go Yel 19 
с =o = —#— 
© 1 -2 1 
@ ыу z=2 


Sol. (a,b,c, d)x+y+z-1=0 
4x+y-2z+2=0 
-. Direction ratios of the line are (—3, 6, — 3). 
ie. «1-21» 
Let z =k, then x =k -1,y =2 – 2k 
i.e. (k — 1, 2 —2k, k) is any point on the line. 


~<. (7 1, 2, 0). (0, 0, 1), (- z, 1, :) and (1, — 2, 2) are points on the 


line. 
Hence, (a), (b), (c) and (d) are the correct answers. 


OR Ss 

a b. =k 
ere 
a dc 
1 1 1 1 
=> ==+=+#-т==т 
2 ьс к 

э a7? +B? +y? =K? 


Hence, the locus of (a, B, y) is x” +y? +z? =9 * 


9 Ех. 33 The direction cosines of the lines bisecting the 
angle between the line whose direction cosines are l,, т}, m 
and l;, m,n and the angle between these lines is0, are 


+l, m+m m+n 
(a) 1 2 1 5; 1 2 
8 
cos— cos— ene 
2 2 2 
(b) +l m+m m+n 
2cos— 2cos— 2cos ° 


+l, m+m n+n 
(go: m z mtm 
din me sin — 

2 2 2 

(d) һ-һ mom, m-n; 


2sin- 2sin— 2385 
2 2 2 


Sol. (b. d) Distance ratio of the bisector are 
<h +l, m + m,m +m > 


=h +1) (m + m)? + (ni + n)? 
= 42 + 201, + mm, + nm) 
= 2-*2cos0 =2 cos $ 

2. Direction cosines are Ass, mim mcm 


2 cos — ico 649 
2 2 2 


Distance ratio of the other bisector are 
<h - l», m — m, n — n; > (l l5) + (m – m; *(n =m)? 
. 0 
=2sin— 
2 


-. Direction cosines of the bisector are 


h-h m-m n-n, 


asa 2 sin — 2% 9, 
2 2 2 


Hence, (b) and (d) are correct answers. 


ә Ex. 34 Consider the planes3x — 6y +22 +5 =0 and 


4х —12у +32 =3. The planes67 x +162y + 472 +44 =0 
bisects the angle between the planes which 


(a) contains origin (b) is acute 
(c) is obtuse (d) None of these 
Sol. (a,b) 3x —6y 2245-0 Ai) 
-4x-12y -3z +3=0 (ii) 
3x -6y +22+5 _—4x+12y -3z +3 
Мо +36+4  — fie+144+9 


Bisects the angle between the planes that contains the origin. 
13(3х – 6y + 2z + 5)=7(— 4x + 12y -3z + 3) 
39x — 78у + 262 + 65 = – 28x + 84y – 212 + 21 
67x — 162y + 472 + 44=0 (iii) 
Let 0 be the angle between Eqs. (i) and (iii), then find cos Ө and 
then we obtain | tan 0 | « 1. 
Hence, (a) and (b) are the correct answer. 


9 Ex. 35 Consider the equation of line AB i. is7 ^=— =. 


Through a point P(1, 2,5) line PN is drawn я to 
AB and line PQ is drawn parallel to the plane 
3x + Ay +52 =0 to meet AB is Q. Then, 

52 78 е) 


(a) coordinate of N are E -—,— 
49° 49° 49 


(b) the coordinates of Q are (2-3 ES ) 


(с) the equation of PN is Al x-t. 2-5 
3 —176 -—89 
156 52 78 
(d) coordinates of N are ME 2) 
49" "49 49 


z 


(a,b,c) Equation of line AB is = = = =- 


Sol. ó 


Its DR's are «2, - 3,6» 
Let the coordinates be « 2r, — 
DR's of PN are «2r - 1, 3r - 26r -5 > 
It is perpendicular to AB 
2(2r – 1) -3(-3r -2) + &(6r —5)=0 
4r -2- 9r + 6 +367 – 30 =0 


Зг,6г > 


А 26 
49r =26 i.e. г = — 
49 


өм) 


f à 
(а) г. Coordinates o ware (2, 19 25 


(b) Let the coordinates of Q be (2r, — 3r, 6r), then DR's of 
PQ are« 2r —1, - 3r - 2.67 —5>. Since, PQ is parallel to 


the plane. 
3(ar - 1) + 4-37 - 2) + 567 -5) 20 
бг -3 -12r – 8 + 30r - 25 = 0 


24 РРА. 
rede re 
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*. Coordinates of Q are a - z 2.9) 


E 
gg 


Pie far) -2 
Equation of PN i iX CAE 
o Ex. 36 The equation of a plane is2x- y —32 = 5 and 
A(1,1, 1), B(2,1, — 3), C(1. — 2, — 2) and D(— 3,1, 2) are four 
points. Which of the following line segment are intersected 


by the plane? 
(a) AD (b) AB 
(c) AC (d) BC 


Sol. (b, c) For A(1, 1. 1)2x-y -32-522-1-3-5«0 


For B (2, 1,-3), 2x -y -32 -5-0-1*9— 5>0 

For C (1, —2,—2),2x -y - 232-5 =2+2+6-5> 0. А, 
For р (3,1,2), 2x - y -3z — —252-6-1-6-5--18«0 

are on one side of the plane and B, C are on the other side, the 
line segments AB , AC, BD, CD intercept the plane. 


© Ex. 37 The coordinates of a point on the line 
x1 +1 
ER P hed z at a distance 44/14 from the point(1,— 1, 0) 


are 
(a) (9, — 13, 4) 
(b) (814 + 1,-12V14 — 1, 4V14) 
(c)(—7, 1 - 4) 
(d) (— 84/14 + 1, 12/14 — 1,— A14) 
Sol. (a, c) The coordinates of any point on the given line are 


Qr*1,-3r-1r) 
The distance of this point from the point (1, — 1, 0) is given to 


be 44/14. 


= (2r)? +(—3r)* +(т)® = (aJ14y 
=> 14r? =16 x 14 
> г=+ 4 


So, the coordinate of the required point are 
(9, – 13, 4) or (77,11, — 4) 


9 Ex. 38 The line whose vector equation are 
r -2i-3j 7k AQ pj +5k) 
r=i+2j +3k+p(3i—pj + pk) 
are perpendicular for all values of A and p if p equals to 
(а) – 1 (Ы) 2 
(с) 5 (9) 6 


Sol. (а, d) The given lines are perpendicular for all values of À and 
H if the vectors. 


2i pj+5k and 3i - p) 4 pk are perpendicular 


and 


> 2х3 +р(- р) + 5р= 0 
2 p'-5p-6=0 
=> р=-1 or 6 
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€ Ex. 39 Equation of a plane passing through the lines 
2х-у+т-3=03х+у+г2-5=0апй which is ata 


4 JT р 
distance of — from the point(2, 1 — 1) is 
К 


2 


(32х-у+т 
()3х+у+т 
(с)62х + у + 192 – 105 = 0 
(Ф х + 22у -2=0 

Sol. (ac) Equation of a plane through the given line is 
2х-у+:-5 + Àóx-v-:-5)-0 
= (2+ SA H(A -1)у (А + 02-03 + 54) = 0 


A -RAHA -1)-(А +1)-3—-5А 
о С + ЗА А-А +1) 


-3= 
-5z 


© 


Sa. 
= MAIA +6= 9А - 1) 
=A? 2А +1) 
= Sj MAIO 
24 


c A=0 or А=-—. 
ә 


Thus the equation of the required planes are 
2x -y + = -3 = 0огб2х + 29у + 19: - 105 = Q. 


JEE Type Solved Examples : 
Statement | and Il Type Questions 


ә Ex. 40 The plane passing through the point (— 2, — 2,2) 
and containing the line joining the points (1, 1, 1) and 
(1, —1 2) makes intercepts of lengths a, b, c respectively on 
the axes of x. y and z respectively. then 
(a)a=36 (b) b = 2c 
(Qa*b-c-202 (d)a+ 2b + 2c =0 
Sol. (a.b.c) Equation of any plane passing through (- 2, —2, 2) is 
A(x + 2) + Bly + 2) *C(: - 2) = 0 
Since it contains the line joining (1, 1, 1) and (1, — 1, 2) these 
points also lie on this plane. 


=> ЗА +3B-C=0 and 34+ 8+0=0 
a. В C 
= = =-—=—— 
y 253 <6 
So, the equation of the plane is 
(x*2)- Xy *2)- 6: – 2) =0 
ог х-Зу-6:+8=0 
x ».2 8 8 
ог = ++ =l = а=%һ=-,с=- 
-8 8 8 3 6 
3 6 


=> a=3bb=2c.at+b+c=12 
a+2b+2c=16 


= Directions (Q.Nos. 41-45) For the following questions, 

choose the correct answers from the codes (a), (b), (c) and 

(d) defined as follows: 

(a) Statement 1 is true, Statement П is also true: Statement Il is 
the correct explanation of Statemént 1. 

(b) Statement 1 is true, Statement 11 is also true; Statement II is 
not the correct explanation of Statement I. 

(с) Statement I is true, Statement Il is false. 

(d) Statement 1 is false, Statement lI is true. 


€ Ex. 41 Statement 1 A line L is perpendicular to the 
plane3x – 4y +52 =10. 
Statement 11 Direction cosines of L be 
5/2` 5/22 
Sol. (a) 1х + my +nz = P be the equation of a plane in the normal 
form. 
«DR of the plane 
$x-4y +5: =10be<R-A5>. 


= Direction cosines 
3.4 2 
> o> 
542 S42 42 


9 Ex. 42 The equation of two straight line are 


x-l yt*3 2—2 «= MS aS 
— = —— ———— an == 
2 1 =з 1 -3 2 


Statement 1 The given lines are coplanar. 

Statement Il The equation 2x, — y, =1, X} +3y, = 4, 

3x, + 2y, =5 are consistent. 

Sol. (a) Any point on the first line is (2x, + 1, x; 23 —3x, - 2) 
Any point on the second line is(y, —2.3y, + 1,24 – 3). 
If two lines are coplanar, then2x, — уу 21, ху + Зуу = 4 
3x, + 29, = 5 are consistent. 


€ Ex. 43 Statement I The distance between the planes 
4x -5y +3z =5and4x – 5у +3z+2=0 625 
542 


Statement 11 The distance between ax + by cz +d, =0 


andax + by +z +d, =0 is eek M 
үа tb +c? 
Sol. (d) Distance -| 3v: = кй 
v50 542 


© Ex. 44 Given the line L:> Y *1 _ 
3 2 -1 
planen :x -2y -z «0 


Statement I L lies in л, 
Statement II L is parallel to т. 
Sol. (c) x=14+37r,y =-14+2r,t=3-r 


1+3r—2(-1+2r)-3+r=0 
3x1-2x2+1x1=0 
Hence, L is parallel to л. 


JEE Type Solved Examples : 
Passage Based Questions 
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х—1 2+1 


lies іп the 


© Ex. 45 Statement I Line 
р!апе11х— 32 —14 —0. 
Statement II A straight line lies in a plane, if the line is 
parallel to plane and a point of the line in the plane. 
Sol. (a) Statement 1(1, 2, — 1) is a point on the line and 

1143-14-70 

-. The point lies on the plane 11x —3z — 14 = 0. 

Further 3 x11 + 11(-3) 20. 

- The line lies in the plane. 

Statement II is also true. 


Passage I 
(Ex. Nos. 46 to 48) 
Two line whose equation are = = = E = u and 


lie in the same plane, then. 


x2 PHS, 12 
7 xe RITE 


© Ex. 46 The value of зїп! sin A is equal to 
(а) з ()л-3 
(с) 4 (d)n-4 


е Ex. 47 Point of intersection of the lines lies on 
(а) Зх *y*z-20 (b) 2х+у+2 = 25 
(с) 3x + 2у + z =24 (9) х=у= 2 


ө Ex. 48 Angle between the plane containing both the lines 
and the plane 4x + y + 2z =0 is equal to 


z z 
(a) 3 © 2 
T аф <2 
(c) x (d) cos Te 
Sol. (Ex. 46-48) 
46. (d) Both lines and coplanar 


23 X 

y 2 3 [ей 

1-1 -1 
z$ 2(-2 + 3) +33 + 3) + M-3-2)-0 


=> PEE! 
sin" !sin 4 -sin"!sin(x -4) - 1 - 4 
x-3 220, 
этак ж! 
47. де ^7 227 
=> x-23-*2n 


у=2+3һ 
z=1+ 4 
x-2 y-3 z-2 
x mU WE 
So, point of intersection is (5, 5, 5). 
48. (b) Equation of plane contains both lines 
x-3 y-2 z-1 
2 3 4 |-0 
3 2 3 
(x —3) (1) +(y -2) (12-6) +(z – 1)(4 –9) =0 
x + 6y —5z =10 
Thus, the angle is. 


It will lie on 


= n-l 


Passage II 

(Ex. Nos. 49 to 51) 
Letayx t by ez d, -Üand ax +b, yc c2 2 d; 20 be 
two planes, where d,, d, >Q. Then, origin lies in acute 
angle, if ajay + bb; + сісу <0 and origin lies in obtuse 
angle, if aya; + bb, + cc; >0. 
Further point (xi, y, ту) and origin both lie either in acute 
angle or in obtuse angle. If (a,x, + by +ад +4) 
(аху + Ьу +02) + а) >Q 
One of (xi, Yı, 21) and origin lie in acute and the other in 
obtuse angle; if (a,x, +b) + cz, +4) 
(ax, + by, + &zı+ dz) «0 


© Ex. 49 Given that planes 2x +3y – 4z +7 =0 and 
X -2y +3z —5 =0. If a point P is(1, — 2,3). then 
(a) O and P both lie in acute angle between the planes 
(b) O and P both lie in obtuse angle 
(c) O lies in acute angle, P lies in obtuse angle 
(d) O lies in obtuse angle, P lies an acute angle 
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© Ex. 50 Given the planes x +2у ~ 37 5:50 and 
2x +y +3z 4120, If a point P Is(2, — 1,2), then 
(a) O and P both Пе in acute angle between the planes 
(b) O and P both Пе in obtuse angle 
(c) o lies In acute angle, P les In obtuse angle 
(d) O lies in obtuse angle, P lies an acute angle 


9 Ex. 51 Given the planes x + 2y -3z +2 x0 and 
x 2у +32 +7 =0, if the point P is(12,2) then 
(a) O and P both lie in acute angle between the planes 
(b) O and P both lie In obtuse angle 
(c) О lies in acute angle, P Пе in obtuse angle 
(d) O lies in obtuse angle, P lies In acute angle 
Sol. (Ex. 49-51) 
49. (b) Equation of the second plane Is — x + 2y -32 +5 = 0 
2(- 1) 43:24 (-4)(-3)50 
«Origin lies in obtuse angle. 
(2x143(72) -4 x3 +7)(-1 + 2(—2)-3 x3 +5) 
-(2-6-1247)(-1-4-945)»0 
^P lies in obtuse angle. 
50. (с)1х2+2х1-3х3<0 
- Origin lies in acute angle. 
Also, (2 +2(— 1) ~ 3(2) + 5) 2x2—1 +3 x2 + 1) 2 (- 1) (10) <0 
~s. P lies in obtuse angle. 
51. (а)1-4-9<0 
«Origin lies in acute angle. 
Further (1 + 4-6 + 2) (1-4+6+7) > 0 
^The point P lies in acute angle. 
Passage III 
(Ex. Nos. 52 to 54) , 
In a parallelogram OABC with position vectors of A is 
3i +4) and C is 4i +3) with reference to О as origin. А 
point E is taken on the side BC which divides it in the ratio 
of 2:1. Also, the line segment AE intersects the line 
bisecting the ZAOC internally at P. CP when extended 
meets AB at point F. 


9 Ex. 52 The position vector of P is 


()i«j 020+) 


921+ ede 


€ Ex. 53 The equation of line parallel to CP and passing 
through (2,3, 4) is 


a РР" diti. ыг ud 
5 1 6 
x-2 y-3 d x-2 -3 

= =——,:=3 
Р 2 5 (d) 3 5 


022: y 
acne 


* Ex, 54 The equation of plane containing line AC and at a 

maximum distance from B is 
(a) r (1+ p 57 
()r.Qi - j) 97 


(b)r-(i=j)=7 
(d) (314+ 4j) 27 


ul «3 C E B+ 7]) 


o А(3Ї+ 4]) 


Sol. (Èx 52-54) 
52, (4) OB «71 7), OE = 51 + 2) OP = 2 0+ 


53. (b) Direction ratio of CP is (1, 6, 0), then equation of line 
passing through (2, 3, 4) and parallel to CP is 


Li eni E. eie 
1 6 0 


54. (a) The plane containing line AC and at a maximum distance 
from B must be perpendicular to the plane OABC. 


Since, OABC is rhombus, so OB must normal to the plane. So, 
equation of required plane is 


(r-4i-3}]-(i+j) 2 0 
5 (i+ j) =7 


Passage IV 
(Ex. Nos. 55 to 57) 
A ray of light comes along the line 1, = 0 and strikes the 
plane mirror kept along the plane P =O at В. A(2, 1,6) is a 
point on the line L=0 whose image about P =Qis A’. It is 


А .X-2 y-l 2-6 
iven that L = 0 is —— = —— = 2—— -0i 
g a is 3 1 5 and P =Q is 
x+ y-2z=3, 
€ Ex. 55 The coordinates of A’ are 
(a) (6, 5, 2) (b) (6, 5,- 2) 
(c) (6, — 5, 2) (d) None of these 


9 Ex. 56 The coordinates of B are 
(a) (5, 10, 6) (b) (10, 15, 11) 
(c) (- 10, — 15, – 14) (d) None of these 


€ Ex. 57 If L, =0 is the reflected ray, then its equation is 
ay Xt yoS_ 242 


4 4 3 
x +10 *15 z41 
()T——- 77. 
3 5 5 
(jet DLE гк 
4 5 3 


(d) None of the above 


Sol. (Ex 55-57) 


55. (b) Let Q(x,, ya, 22) be the image of A(2, 1, 6) about mirror 
x + y —2z =3. Then, 


2-2 y;-1 z-6 


1 1 =2 
= 2@+1-12-3) | 
17+ 1? +2? 
=> (х, у, Z2) =(6, 5, - 2) 
SÉ ула a VE at Ды АЯ 
3 4 5 
x=2+ 3A, у=1 + 4A,z =6 + 5A lies on plane x + y -2z =3 
= 2430 + 1+ 4X – 2(6 + 5А)=3 
> 3 +7} ~12~-10A =3 
> = ЗА =12 
=> A=-4 
Point B =(- 10, – 15, – 14) 


57. (c) The equation of the reflected гау 1, = 0 is the line joining 
Ох», уг, Z2) and B(- 10, -15, –14). 


16 20 12 
х+10 у +15 2+14 
у is 3 
Passage V 


(Ex. Nos. 58 to 60) 


The line of greatest slope on an inclined plane P, is the line 
in the plane P, which is perpendicular to the line of 
intersection of the plane P, and a horizontal plane P}. 


ө Ex. 58 Assuming the plane 4x —3y +72 =0 to be 
horizontal, the direction cosines of the line of greatest slope 
in the plane 2x + y —5z =0 are 


$ -1i 1 
Oa iT уп 
aeo | 1 
OT Лт vn 


"UNE 
4n Vm уп 


(d) None of these 
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€ Ex. 59 The equation of a line of greatest slope can be 


co ee "ERE: 
q.i. 0-2-1 
I Qi.L.3 
(071 4 (97 3 -1 


€ Ex, 60 The coordinates of a point on the plane 
2x y —5z =0, 2/11 unit away from the line of intersection 
of 2x +y —5z 20 and 4x —3y +72 =0 are 
(а) (6, 2, - 2) (b) (3, 4-1) 
(с) (6, — 2, 2) (9) (13,- 1) 
Sol. (Ex. 58-60) 
58. (a) Plane Д is of the form r- n, = 0, where n, =(4, - 3,7) 
Plane P, is of the form r> n; = 0, 
n =(2,1,-5) 
The vector b along the line of intersection of planes is 
n, Xn, =(4, 17, 5) = n, 


Since the line of greatest slope is perpendicular to n, and n; 
the vector along the line of greatest slope 


-7n;Xn,-(3-1,.1)-n, 


where 


and the unit vector 


59. (b) Since, (0, 0, 0) is a point on both planes, it lies on the line of 


intersection. 

Hence, the equation a line of greatest slope can be 
ty .i£ 
$T? <b 1 


60. (c) The point on the line = = - = = at a distance 2/11 unit 


from the origin is given by 
UP MENS d 
a ee 2/17 
vn Mi 


The point is (6, — 2, 2). 
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JEE Type Solved Examples : 
Matching Type Questions 


€ Ex. 61 Match the entries between following two columns. 


Column I Column II 
А. ifthe line 5 — -l.y*l2rtlyes in the P sine? | & 
1 -2 À 
___ Plane 3x -2y +52 = 0, then À is equal to 
B. 1f(3,A,p) is a point on the line ei aA 
2x+y+z-3=0=x-2y+2z-1, then 5 


À + p is equal to 


C. The angle between the linex=y=zand г -3 
the plane 4x — 3y + 5z = 2 is 


D. The angle between the planes 
х+у+2= 0 and3x-— 4y + 52 = 0 іѕ 


Sol. (^) (а), (В) > (г), (C) > (р), (D) > (з) 
(A)3-1-2(-2) +5(A)=0 = a=- 
(B) Point (3, À, u) lies on 2x + y +z -32 x -2y +z -1 
= 3.-2+ À +u-3=0and3-2\ 4p -120 
=> A+p+3=O0and2A -p-2=0 


So, . А+р=-3 
1: T TTE 5 


(C)sin@ = 
Jie ei exo 25 E 

ossi fÉ 

25 


1-3+1(-4)+1:5_ — 


(О) cos = "FB erota 
Ө= co fE 
75 


* Ex. 62 Match the following 


ColumnI Column II 
A x-1.y-2 (2-3 dX 71-J-73.275 p. coincident 
2 3 4 3 4 5 
B х-1 y-2 2-3 x-3 y-5 z-7 q. parallel and 
fJ 0 =2 and =i а 
2 3 4 2 3 4 different 
are 
C. x-2.y43 5-2 pant 2371,27 r skew 
5 4 2 5 4 -2 
are 
D.x-3 y*2 i а doi. =o 3-7 * intersecting 
2 3 5 3 2 5 in a point 
are 


Sol. (A) (5), (В) (р), (C) > (9), (D) > (r) 
(A) Both the lines pass through the point (7, 11, 15). 


(B) « 2, 3, 4 » are direction ratios of both the lines. Also, 


the point (1, 2, 3) is common to both. 


- The lines are coincident. 
(c) < 5, 4, — 2» are direction ratios of both the lines. 
-. The lines are parallel. 
Also, x 22452, y =-3 + 44,2 =5 – 2А 
245À-7 -3*44X-1 5-2% -2 
tct 4 2-2 


ie. A-1=A-1= 


-. No value of A. 

Thus, the lines are parallel and different. 

(D) < 2, 3, 5 > and <3, 2, 5 > are direction ratios of first and 
second line, respectively. 


ө Ex. 63 Match the followings 


Column I Column II 


A. The coordinates of a point on the line x = 4y +5, p. (-1,—2,0) 
z= 3y — 6 at a distance 3 from the point (5, 3, — 6) 
is/are 

: The plane containing the lines *—* = aad 9. (5,0,—6) 


=2*5 and parallel toi + 4) + 7k has the point 


C. Aline passes through two points A(2,-3,-1) г. (2,5,7) 
and B(8, — 1,2). Th- coordinates of a point on this 
line nearer to the origin and at a distance of 14 
units from A is/are 


D. The coordinates of the foot of the perpendicular s. (14,1,5) 
from the oe (3, 1,11) on the line 
2.72 =? is/are 
2 3 4 


Sol. (A) > (9), (B) 9 (р), (C) ^ (s), (D) > (0) 


(A) The given line is x = 4y +5,2 =3y —6, 


or — m 3Ó == 


9. 
or "X mE (say) 


Any point on the line is of the form (4X + 5, А, ЗА — 6). 
The distance between (4A. +5, А, ЗА — 6) and (5, 3, — 6) is 3 units 
(given). 

Therefore, (4А + 5 – 5) + (А -3)? «(34 —6 + 6)! 29 


=> 160? +A? + 9—6), +927 29 

=> 26? -6 = 0 

> A=0, =. 
13 


The point is (5, 0, — 6) 


(B) The equation of the plane containing the lines 
x-2_y+3_2+5 
7 


—— and parallel to i+ 4j 7k. 
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x-2 y+3 z45 y-1.2-5.)is 


-2 
(B) Any point on the line = = 


2 
1 4 7 |=0 = x-2y+z-3=0 : 
inh li -z =3. 
3 5 7 (-34 Ta 2}, + 1,22 + 3), which lies on plane 2x + y 77 
int (— 1, — i А Therefore, 
Point ( 1, 2, 0) lies on this plane. R EE 395 
(C) The line passing through points A(2, —3, — 1) ed 
and BG, ~1,2)is2—2 2 7+3 2*1 WE 
8-2 -1+3 2*1 вет 
X-2 y*3 +1 528 
i ED GL 3 X (say) Therefore, the point is В 3 :) 
Any point on this line is of the form P(6A + 2, 2). –3,3А — 1), ? Л dicular, then 
i d uired foot of the perpendicular, 
whose distance from point A(2, — 3, — 1) is 14 units. Therefore, ©) ag Mu) ^ 5 1 2-2 (2-2+8+ 5) 
T ptu E rae бие ату 
d (6A)? +(2A)? +(3A)? = 196 TI 2) 
> 490? =196 > JM -42A-t2 or SE 12' 12 
Therefore, the required points are (14, 1, 5) and (- 10, - 7, – 7). ? EOP Е ask 04 -3 Ais 
The point nearer to the origin is (14, 1, 5). (D) Any point on the line ^d. s 
= чі і і the line 
(D) Any point on line AB, = 3-72 23 ds PRA + 1,3А + 2, 4% + 3), which satisfies the 
2 3 4 4-4 y-1.£ 
M(2A, 3A + 2, 4. + 3). Therefore, the direction ratios of PM are 5 2 1 
INISIN ES and 4. —€. 211-4 3А +2-1 4043 
But PM 1 AB or > a6" р т ҮЙ 
P (3, -1,11) РА Lach 
3 The required point is (— 1, — 1, — 1). 
x-2 -3 2-4 
© Ex. 65 — Lm == 
A M B Ba ae GUT GB REDEEM 
12А —3) + 383. + 3) + 44А – 8) = 0 Column I Column II 
4X —6 + 9А + 9+ 16А —32=0 А. поа Айа АДК: p. -1,-1,-1) 
29% –29=0; A=1 MEN. reir №, £o 
Therefore, foot of the perpendicular is M(2, 5, 7). B. Point on the line common to the plane ч. (2.3, 4) 


X*ytzt3-0 


Ex. 64 Match the followings C. Pointon the line at a distance V29 from the origin. т. (8, 11, 14) 
e Ex. atc 


D. Pointon the line common to the plane s. (-4,-5,- 6 
Column] — Column It — x+y-z+3=0 ) 
i ‹ (3,5,7 in the plane p. (-1,-1,-1) 
A. eee нн Sol. (A) (r, s), (В) (p). (C) (Ф). (D) (9) 
гар — — — n n * 
The int of intersection of the line ч. (-21,-7,-5) Any point on the line is (3r+2, 4r + 3,5r + 4 
" x4. y-1, 2— 3 andthe plane (A) Gr + 2-2)? +(4r + 3-3) + (5r + 4 — 4)? 2 200 
zu cs. E (9+ 16 + 25)? =200 = r=+2 
ax+y-z=3is_ = F5 For r = 2, the point is (8, 11, 14), For r = — 2 it is (— 4, – 5, 
-~ rrje я , 11, 14), For r= — 4,-5,-6) 
ndicular from the point r. (5 2 8 
с: The оо ehe planc2x - 2y 4z+5= is (2.2.3 (B)3r+2+ 4r+3+5r+4+3=0 
(1,1, mtm s ds "zu ES 129 + 12=0=г=-1 
- The intersection point ofthe net s. (-2.2.2) , and the point on the line common to the plane is (- 1,-1,-1), 
cr er TE ЕМИ ES (C) Gr +2)? +(4r + 3) +(5r - 4) 229 
NO Е EISE ET lea 76 
50r? +76r=0 =г=0,г=—— 
Sol. (A) 9 (д), (B) 9 (9, (C) 9 (9). (D) Mv i % 
(A) If the required image is(x. у, p se $2418) For r = 0, the point is (2, 3, 4). 
xe$ $98, Fle. 2 1272479 (D)3r--2-- 4r*3-5r-443-20 
2 1 1 wee et = ar+4=0 > г=-2 


=-12ог(—-21,-7,- 5). *. The point on the line common to the plane is (-4, -5, -6) 
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JEE Type Solved Examples : 
Single Integer Answer Type Questions 


€ Ex. 66 If the perpendicular distance of the point (6, 5, 8) 
from the Y-axis is5X. unit, then A. is equal to 
Sol. (2) Foot of perpendicular from (6, 5, 8) on Y-axis is (0, 5, 0). 
Required distance — 6 – 0)? «(5 -5Y + (6 oy 
= JO unit 


> Sh =10 = A= =2 


9 Ex. 67 A parallelopiped is formed by planes drawn 
through the points (2, 4, 5) and (5, 9, 7) parallel to the coordi- 
nate planes. The length of the diagonal of the parallelopiped 
is 


Sol. (7) The length of the edges are given by a =5 –2 =3, 
b =9 -3 =6, c =7—5 = 2, so length of the diagonal 
= 5+36+1 


= 7 units 


9 Ex. 68 If the shortest distance between the lines 
= -6 
= 2-3 ates MS A Z is 4/30 unit, 


— = = an = 
3 -1 1 
then the value of X is 
Sol. (3) Given, lines are * $ 
г=31+8)+3К+А(3і-)+ к) — 
r =(-3i-7} + 6k) +1(-31 + 25+ 4k) 


-3 2 4 


where A, Н are parameters. 


Subjective Type Questions 


Shortest distance n 
_ [3-3 «0-85 + 6-3)k] 
~ [Gi - j + k) x C3 27 + 4k)] 
5 B6 + 225 +9 


= 270 =3V30 unit 


© Ex. 69 If the planes x – cy —bz =0, cx — y + az =0 and 
bx +ay — 2 =0 pass through a line, then the value of 
a? +b? +c? + 2abc is 
Sol. (1) Given, planes are 
х-су —bz=0 
сх-у+ат=0 (ш) 
bx*ay-z-0 (iii) 
Equation of planes passing through the line of intersection of 
planes (i) and (ii) may be taken as 
(x -су — bz) + A(cx - y + az) =0 
Now, planes (iii) and (iv) are same 
1+ А 226+ À -b*aX 
b a -1 


(i) 


(iv) 


By eliminating А, we get a? + b? +с? + 2abc =1 


x-4 y-2 z-k 


pier = 2 lies exactly on the 
plane 2x — 4y + z —7, the value of k is 
Sol. (7) The point (4, 2, k) must satisfy the plane. 


So, 8-8+k=7 = k=7 


© Ex. 70 If the line 


© Ex. 71 The equation of motion of rockets are 

x=2ty --—4t,z-4t, 
where the time 't' is given in second and the coordinates of a 
moving point in kilometres. , 
What is the path of the rocket? At what distance will the 
rocket be from the starting point O (0,0,0) in 10s. 


Sol. Eliminating 't' from the given equations, we get the equation of 
the path, 


or 


Thus, the path of the rocket represents a straight line passing 
through the origin. 

For =10s 

We have, х= 20, y = — 40,2 = 40 


|r| =|OM |= 4/52 + y^ + 22 
=,/400 + 1600 + 1600 = 60 km 


ө Ex. 72 Write the equation of a tangent to the curve x =t, 
y 5t, z = at its point M(1,1,1);(t 21). 
Sol. Here, r=ti+ t) 


and 


dr ^ 
—=i+2 à 
P^ +20 + 3ck 


Hence, the direction of 
the tang 
determined by the vector, ila hi 


dr A 
s], sit2}+ak 


Thus, the equation of the desired tangent is, 
х - - f - 
S Qut 


1 2 3 


e Я 
Ех, 73 Find the locus of a point, the sum of squares of 
whose distances from the planes х= z =0, x — 2y +z =0 and 
Nb yc 2 = 0 is 36, 
Sol. Given planes are y= 220 x -2y +: 0 
and х+у+г=0. 


Let the point whose locus is required be Р(а, B, ү According 
to question, 


Je vp, pe one vp lat Be vl ue 
2 6 3 А 


or Moe? + y! = 2ery) ea? + ap? + y? = дор ~ aBy + 20ү 
+ Aor? +P? + Y? + 20р + Wy +20ү) 236 x 6 
or ea + eV +6ү? =36 х6 
or a? +p? + y! =36 
Hence, the required equation of locus is 
x? + y? +27 = 96 


ө Ex. 74 The plane ax + by =0 is rotated through an angle 
о about its line of intersection with the plane 2 =0. Show 
that the equation to the plane in new position is 
ax + by E za? +b? tana =0 
Sol. Given planes are 
ax + by =0 (i) 
and z=0 (ii) 


~ Equation of any plane passing through the line of 
intersection of planes (i) and (ii) may be taken as, 


ax* by + kz = .. (iii) 
The direction cosines of a normal to the plane (iii) are 


a b k 
Jat + bP +k? Ja? bet Va? +b’ sk? 


The direction cosines of a normal to the plane (i) are 


a b 
Je "T Va? + i 


Since, the angle between the planes (i) and (iii) is ot. 
a:a* bib k-0 


a+ b’ 
a! + b? n k? 


k? cos! a = a" (1 ~ cos? a) + b?(1 - cos! а) 
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k= (a? + b°)sin? a 
cos! а 


On putting in Eq. (iii) k = + уа? + b? tan a, we get equation of 


plane as, 
ax + by + za? + b? tana =0. 


ә Ex. 75 Assuming the plane 4x — Зу +72 =0 to be hori- 


zontal, find the equation of the line of greatest slope through 

the point (2,1,1) in the plane 2x + y —5z =0. 

Sol. The required line passing through the point (2, 1, 1) in the 
plane 2x + y —5z = 0 and is having greatest slope, so it must 
be perpendicular to the line of intersection of the planes 


2x * y-5z-0 (i) 
and Ax -3y +7z=0 .. (ii) 
Let the DR's of the line of intersection of Eqs. (i) and (ii) are a, 


b, с. 
2a * b-5c-0 
and 4a-3b + 7c =0 
(as DR's of straight line (a, b, c) is perpendicular to DR's of 
normal to both the planes) 
К. 
4 17 5 


Now, let the direction ratio of required line be proportional to 
1, mand n, then its equation be 


x-2_y-l 2-1 
1 т п 
where, 2] + m — 5n = 0 and 4l + 17m + 5л =0 
So, Damon 
3 -1 1 
Thus, the required line i z2 yri Ses’ J 
3 =f 1 


ө Ex. 76 Does —— + L 4 


c 
S represents a pair 
of planes? 
a; b gut 

=y y-z 
7 ay -z)z -x) *&b(x - y) (z -x)* dx- y) (y -z) =0 
= -axy +ayz ~ az! & axz + bxz — bx? — byz 


Sol. Here, given equation is 


=0 
2-х 


+ Бух + сху – exz — су + суг = 0 
> bx? + су? +az? —(b + c -a)xy – 


(c +a—b)yz —(a + b-c)zx = 0 


-. Value of determinant; 
1 1 
b =g Gree) getto) 
1 
-;®+е-а) c -;є+а-® 


-Fla+b-) 652-5 a 
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i e 0 
= ez Алы c -;є+а-®) 
1 1 
-20+9-0 -;©+а-%) а 


[R, >R, +R, + Ry] 
=0 


Hence, the given equation represents a pair of planes, 


* Ex. 77 If the straight line~ a att SE T intersect 
m n 

the curve ax? + by? =1, z =0, then prove that 

alan — yl)? -b(Bn -ym)? 2 n?. 


x-a 


Sol. Here, „=®=Ё N 
l m n 
-. Any point on the given line 
(Al +a, Ат +В +Ал+ у) 
If it lies on the curve ax? + by? 21,2 = 0 


(as the point of intersection) 
а(а + А) +В + mA)? =1 (i) 
and An+y=0 (ii) 


From Eq. (ii), А = ZY must satisfy Eq. (i), we get 
n 


-p-a 


alna — H)? + b(nB –тү)> =n? 


€ Ex. 78 Prove that the three lines from O with direction 

cosines l, m, n; l2, m, n; and lz, тз, пз are coplanar, if 
L,(m ny —n my) + mi(n;l— [5 n3) + п(Ьт; = Вт) =0. 

Sol. Here, three given lines are coplanar, if they have common 


perpendicular. 
Let DC's of common perpendicular Бе l, m and n. 
Il, + mm, + nn = 0 wi) 
Il, +mm, + nn; =0 «= (ii) 
and ll, + mm, + nn; =0 .. (iii) 
Solving Eqs. (ii) and (iii) by cross multiplication method, we 
get 
ПЕРРИ 1 ЫЙ 
т Mm Ip x т; 
pos ma 
UPC MEME NETUS Rer 
тұту – поту mly-nd, lam -lym 


= 1 = Қтлу- пат), т = Кпуз — тіз), п = Куту — lm;) 
Substituting in Eq. (i), we get 

тл — пота), + Кл, — n4l;)m + Кт; — Im; )n; = 0 
=> A (many — mm) + minl- n4) + тту — lym) 


€ Ex. 79 A line makes angle, a, f), ү and with the four 
diagonals of cube, prove that 


4 
cos? а +cos” B cos? ү cos? 5 ac 


Sol. Let the cube be shown in the figure, where four diagonals exe 
ОР, AL, BM and CN and A(a, 0, 0) , KO, a, 0), СОО, 0, a), 1/9), а, a), 


M(a, 0, a), N(a, a, 0) and Р(а, a, a), hence direction cosines of ОР 
are 


а? Ja! + а + а? + а? тлер: +а? +а? d: +а? + а? 


(59 


к .'3 
The DC's of ALare(— 4 FER =} 
The DC's of BM are ( 2. = X) 
B BB 
The DC's of CN are ( 7. 7. - -5) 
Let the DC's of required line be (l, m, n) 
eee ыт а РЯ LAMER 
45^" Уз 
ушел $ 1+ m-n 


== = Ай Ое TAN 


cos? а + cos" B+ cos? y + cos! 8 
Tie man 4-14 men! edo mes) 
+(+ т лу) 


=å + т? + п?) = 4 
3 3 


* Ex. 80 Let PM be the perpendicular from the point 

Р(1, 2,3) to XY-plane. If OP makes an angle 0 with the posò- 
tive direction of the Z-axis and OM makes an angled with 
the positive direction of X-axis, where O is the origin, then 
find 0 and. 


Sol. Here, P be (x, y, 2) shown as, 


then, x = r sin Ө ‘сох ф, у ™ r sin O sing z œr eos UD 
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5r=5 
> г=1 
2.Соогӣіпаѓе of P(3, 3, — 9). 
— Distance between (1, 0, — 3) and (3, 3, — 9) 
= үз —1)? +(3 – 0)? +(-9 + 3)? 


=,44+9 +36 =7 


e Ex. 82 Find the equation of the plane which passes 
through a,x + by + сүт +d, =0,a2x +b,y +¢2z +4 =0 
я-а y-R x—y 


and which is parallel to the line 


= 1=гзіп Ө. соѕф,2 =r sin Ө sin ф,3 =r cos8 ^ : 
= 1! +22 & 3* « r? sin? Ө cos? $ + г? sin? 0 sin? 6+ r^ cos? Ө Sol. Given, ах + hy + àz + 4 =0 
=r’ sin? (cos? ф «sin? ф) +r? cos? Ө aj by + oe + 0.20 m 
SU ds VEE PEE sr and х-а Ly-Bor-l (ii) 
> r=+ 14 А se : i) is gi 
Equation of plane through the intersection of plane (i) is given · 
-. From Eq. (i), we have by : 
sin cos $ =+ =, (ax thy + аа + d) + Max tby + cz +44) =0 
14 or (a, + Ха,)х (b + Àbz)y +(с + Ас) 
Р М 3 iii 
sin Ө sin ф = ——, cos0 = * (d; + Adz) =0 (ш) 
14 Ла DR's of normal to Eq. (iii) аге 
] 4 (neglecting — ve sign as acute angles) (a, + Xa;), (b + Àb), (а + Ас) 
= 0 sin > 2 2 2. Eq. (iii) is parallel to Eq. (ii). 
sin8cosó 1 => Normal to plane (iii) should be perpendicular to line (ii). 
zi £ sin@ _ V5 (a, + Xa2)l +(b, +АЬ,)т+ (c + Acz)n = 0 
cos 3 (al + b.m + сүп) 
ET uj ROTE 
< DIXI "pec ie putting in (iii), we get 
= tan ф =2 and tan Ө = 22 
3: (ax + by + ez + di) (ad + bam + ст) - (al + b, + сл) 
5 (азх + у + = 
as tan i| NS 2 2y *cz + d2) =0 
T $-tan 2and6 -tan ( 3 Hence, the equation of required plane. i 


| і : € Ex. 83 Find the perpendicular di 
" slices Р : pendicular distance of a corner of a 
e Ex. 81 Find the distance of the point ( ) from the unit cube from a diagonal not passing through it. ^ 


-y-z= d parallel to the line, 
plane x — y — z =9 measured p Sol. Let the edges OA, OB, OC of the unit cube be along OX , OY and 


x-2 a у+2 = 2—6 OZ, respectively. Since, ОА = OB =OC = 1 unit 
2 3 —6 B OA=i, OB=j,0C=k 
Sol. Given plane is 
x-y-z-9 (i) 
-2 +2 z-6 
Given line AB is == = 2 == NT 


Equation of line passing through (1, 0, —3) and parallel to 
x-2 yt 2 biz 


2 3 —6 
x-1 y-0.z*3., эз 
: ЖЫ att „(ш 
is 2 3 RT (üi) 


Coordinate of any point on Eq. (iii) may be given as 
P(2r + 1,37, - 6r – 3) 
If P is intersection of Eqs. (i) and (iii), then it must lie on Eq. (i). Let CM be perpendicular from the corner C on the diagonal OP. 
(2r +1) —(3r) -(-6r - 3)=9 The vector equation of OP is 
or +1—3r+6r+3=9 r2Ads]s б) 
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OM = Projection of OC on OP 


= OC- OP A+1 p+ А+ pHi 
a Gti+&® 1 +8 _5и+4 
3 4 A41 pti 
Now, ОС? = OM? + СМ? T (+1) +5 _(и+1)+1 
> CM? =| 0C |? -OM? =1 1-3 A+1 utl 
Ё EE c =A +1) +9 29 +1) +1 
+1 
T eio. E A1 m 
; Qon _ш+1)-1 
A1 uti 
© Ex. 84 If a variable plane forms a tetrahedron of constant 1 rond 
volume 64k? with the coordinate planes, then find the locus б; CU AST — dd 
of the centroid of the tetrahedron. аа 02 auos. 
Sol. Let the variable plane intersects the coordinate axes at ES AG pl 
(a, 0, 0), B(0, b, 0) and С(0, 0, c). Then, the equation of the 7 1 
plane will be 1+ a 
EM A41 (и +1) 
++ =ш1 0) 1 
a b c Let = хапа —— =y 
Let P(a, B, y) be the centroid of tetrahedron OABC, then xi +1 
-у=2;9х-у=& =4 
a=2p=2 у= ға м, y "a у= &7х+у 
4 4 On solving, х= 2, y == 
n solving, х= —, y 
or а= 40,b=4B,c=4y 2 2 
A+1= = 
=> Volume of tetrahedron = Н (Area of AAOB) - OC E ^ ges ө 3 
64k? =1 1 b _ abc Clearly, if A 21 andp =1, 
kx ~3\2 * | 6 AB and CD bisects each other. 
з _ (4а) (4) (6) ^ Р -; 5 >) 
> 64k = = ELE T 222 
apy 2 2 2 
E E. Now, AP= (:-2 +( E) + -2 
А 2 2 2 
2.Кедиітей locus of P(a, В, y) is xyz = 6k". n 
= a PB 
€ Ex. 85 Show that the line segments joining the points =a = - 
(4,7,8), (— 1, — 2,1) and (2, 3, 4) (1, 2, 5) intersect. Verify Also, CP = - 3) < = : (+ = ?) 
whether the four points concyclic. P 2 
Sol. Here, A(4, 7, 8), B (- 1, — 2, 1), C(2, 3, 4) and D(1, 2, 5). If the lines = -PD 
AB and CD intersect at P, then let 2 . 
We know four points A, В, C and D are concylic, if 
AP - PB = PC -PD 
A 
(e 
D 
B 
Axa oo er adi But here, 
-А+4 -2+7 A+ : 
EAST REE 155 3 
Then, РА 1 =) dl gas and PEDE 


_(w+2 20 +3 Su +4 7. Points are non-concyclic. 
plyuexl'iel 
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, 2d' 0 (iii) 
e Ех. 86 If P be any point on the plane x my +nz =p > a(p+a)+b(g+B)+e(r+y + 


A 1 DR's of PQarea — p, B 7 q. Y -r 
and Q be a point on the line OP such that OP - OQ =p’, Since, PQ perpendicular on plane Eq. (iii), we get 
show that the locus of the point Q is 


Gp, Ы Pa Sal 
р(х +my +nz) = x? ty? 422, x 4 7 к (say) 
Sol. Let P(o, B. *) and Q(x, у, ту) ^ a=p+akp=q+ bk yartck 
DR's of OP are (c, B, ү) and DR's of OQ are (x, y, 21). Putting the values ofa, B and y in Eq. (iii), we get 
`2: О, Q and P are collinear, j a'(2p + ka’) + b' (2q + kb’) +el2r + Кс) + 2d’ = 0 
и Бар * (say) ..) = Ad pe lqecred)s-Kad^ b? + 0?) volte) 


л% »» z 
Since, Р(о, В, ү) lie on the plane 

lx + my + nz =p, 

la + mB + ny= p 


Since, P(a, B, ү) lies on plane (i), we get 
aa + bB+cy+d=0 
= a(p + ka’) + n(q +kb’) + c(r +ke’)+d=0 


Since, Р(о, D, y) lie on the plane Ix + my + nz = p, а, TER AL Rer) 
la+mB+ny+ р (aa’ + bb’ + cc’) 
=> klx, + kmy, + knz; = p [using Eq. (i)] ..-(ii) Putting the value of k in Eq. (iv), we get 
Since, OP -OQ =р? Aa p /q cr d) 

Ме +В + у. ау +22 = рі ; _ (€? +b? + с?) (ap + bq + cr +d) 


kx? + Ку? + kz? ]х} + y? + 22 = р? STEAD 
he Bi, me н - "Locus of Q (p, 4 r). 
= Kx + yi + а) =р ii) i.e. equation reflection of plane (i) in plane (ii) is, 
From Eqs. (ii) and (iii), we get 2(aa' + bb + cc')(a x * by * cz *d') 
bey + my, +z 1 - (a? + b’? +c?) (ax + by + cz +d) 
x*ytn P 


А ИАС ТАЕ. 

б иту жп) (а Eyi +) € Ex. 88 A point P moves on a plane Ž re +®=1А plane 

Hence, locus of Q a b. € 

=> px + ту + пг) = x° + y? +2? through P and perpendicular to OP meets the coordinate 

E axes in A, B and C. If the planes through A, B and C parallel 
€ Ex. 87 Find the reflection of the plane to the planes x —0, y =0 and z =0 intersect in О, then find 
ax + by - cz +d =0 in the planea' x +b'y +c’z+d’=0 the locus of Q. 
Sol. Given planes are Sol. Given plane is Sa Eua NO) 
ax+by+cz+d=0 (i) а b <¢ 

and ax+by+cz+d'=0 (ii) Let P(h,k, I) be the point on plane. 

Let P(a, B, y) be an arbitrary point in the plane (i) and Q (p, q, r) 5 h,K d ck (ii) 

be the reflection of the point P in plane (ii). Locus of Q will be a be 

the required reflection of plane (i) in plane (ii), let L be the = ОР - i +k +1° 


mid-point of PQ. 
DC's.of OP 1 


h k 1 
Vireo? {+ +1?' sj 
-. Equation of the plane through P and normal to OP is, 

hx a ky + lz 
Je +k? +P Je +h +P үн XU 
= [н +k + 1 


> hx + ky +12 =h? + К + 12 
hb + к + 12 
Then, [Кее ш) 
L lies in plane (ii), we get jak +1? 
B 0, ————— 
pto atb), e(Te =o we ee t 
“( 2 )+*( 2 2 
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csao EP) 
1 
Let Q(o, B, y), then 
gal tee 
h 
hk? +k? +1? 
pe 
k +k + 12 
П 
Мом, 4 La = der ao 
a^ В y (h? +k? + 12у 
e 1 
Bk +12 
From Eq. (iii), we get 
к= the? 
a 
h_ h+k +12 
mE 
h* +k + 12 
bp 
b +2 +1? 
сү 
bj + 2 + 12 


апі 


alm ele р | 


Kaka, kK ek +1? 


-. (iii) 


(iv) 


[from Eq. (ii)] 


i [from Eq. (iv)] 


€ Ex. 89 Prove that the shortest distance between any two 


opposite edges of a tetrahedron formed by the planes 
у+2=0,х+2=0,х+у=0, х+у+2 - 3a is 42a. 


Sol. Here, planes 


y+z=0,2+ x=0,x+ у =0 meet at O(0, 0, 0). 


Let the tetrahedron be OABC. 


Let the equation of one of the pair of opposite edges OA and 
BC be 

у+2=0х+2=0 wai) 
and x+y=0,x+y+z=v3a (Ш) 


ооу p1 
о 


arr PENNE 
(0, 0, За) Q B 


Eqs. (i) and (ii) can be expressed in symmetrical form as 
x-0 y-0 z-0 m 
3 71 -1 si) 
x-0 y-0 z-3a 
1 -1 0 
DR's of OA and BC are (1, 1, — 1) and (- 1, 1, 0). 


Let PQ be the shortest distance between OA and BC having 
direction cosine (I, m, n). 


-. PQis perpendicular to both OA and BC. 
1+ т+п=0 (у) 
1-т=0 (мі) 
On solving Eqs. (у) and (vi), we get 
of A 


...(iv) 


and 


Also, P+ т + п? =1 


K+K + 402-1 => kd 
T 


Y Ji, ca e 
i3 У v6 


Shortest distance between OA and BC, 
ie. РО = Length of projection of OC and PQ 
=|(х— ху)! + (у; - ym + (2; -2)n| 


2 |16: 2 mS 
ii d - d yet va Te 


= 42a 


[s] Three Dimensional Coordinate System Exercise 1: 
Single Option Correct Type Questions 


1. The xy-plane divides the line joining the points 
(-1,3, 4) (2 -5, 6). 
(a) Internally in the ratio 2: 3 
(b) externally in the ratio 2:3 
(c) internally in the ratio 3 : 2 
(d) externally in the ratio 3:2 
2. Ratio in which the zx-plane divides the join of (1, 2, 3) 
and (4, 2, 1). 
(a) 1 : 1 internally ` (b) 1:1 externally 
(с) 2:1 internally (d) 2 : 1 externally 
3. If P (3.2, — 4), Q (5, 4, — 6) and R(9, 8 — 10) are collinear, 
then R divides PQ in the ratio 
(a) 3 : 2 internally (b) 3 : 2 externally 
(с)2:1 internally (d) 2:1 externally 
A (3, 2 0), B (5,3, 2) and C (—9, 6, —3) are the vertices of a 
triangle ABC. If the bisector of Z ABC meets BC at D, 
then coordinates of D are 


a 


9 57 17 19 57.17 
MGE oez) 
8 16 16 8 16 16 
(c) (8. - 2t z) (d) None of these 
8 16 16 


5. A line passes through the points (6 —7, —1) and (2, —3, 1) 
The direction cosines of the line so directed that the 
angle made by it with the positive direction of x-axis is 
acute, are 


2-2 7] '2:2:4 
> ЧЕ Ин А ь)——,-,‚- 
oes 3 0753 
2.24 221 
A Cu E d) 5, =, - 
(о =. 3'3 (0.23 


6. If P is a point in space such that OPis inclined to OX at 
45° and OY to 60° then OP is inclined to OZ at 
(a) 75° 
(b) 60° and 120° 
(c) 75° and 105° 
(d) 255° 
7. 1;,m,,n, and lz, mz, n; are direction cosines of the two 


lines inclined to each other at an angle 0, then the 
direction cosines of the internal bisector of the angle 


between these lines are 

h+h mtm m*mo h*h m+m mtn 
(a) i ' 28 dun goon” 259 acon? 
ziaz aan. 2 2 2 2 


(с) һ-1, m ст тт (4) 1-1, f m-m. n-m 


8 
n. in— 2sin-  2cos— 2cos— 2cos— 
asin= 2sin. 202 2 2 2 


8. The equation of the plane perpendicular to the line 

Les d ER ; 2+1 sad passing through the point (2, 3, 1), 
1 -1 2 : 2 

is ь 
(a)r. (i+ j+ 2k) =1 
(o) r.i - j +2) =7 

9. The locus of a point which moves so that the difference 
of the squares of its distances frorn two given points is 
constant, is a 
(a) straight line 
(c) sphere 


Q)r. d -j* 2i) =1 
(d) None of these 


(b) plane 
(d) None of these 


10. The position vectors of points a and b are i — j +3k and 


3i+ 3j 43k respectively. The equation of a plane is 
r.(5i +2)— 7Ё)+9 =0. The points a and b 

(a) lie on the plane 

(b) are on the same side of the plane 

(c) are on the opposite side of the plane 

(d) None of the above 


11. The vector equation of the plane through the point 


2i — j - 4k and parallel to the plane 

r.(4i— 12j - 3k) -7 =0,is 

(а) r. (4i -12j-3k)=0 (Ы) г. (4 12) - 3k) =32 
(с) г. (4i – 12) - 3k) =12 (d) None of these 


12. Let L, be the line r 72i j- kc A (4 2k) and let L, 


be the another line г, =3i+j+p (i+j-k). Let rbe 
the plane which contains the line L, and is parallel to 
L;. The distance of the plane x from the origin is 


2 1 
(a) E (b) 2 
(c) Vë (d) None of these 


UE iat | ~2 - 
13. For the line adt. = 2 which one of the 


1 2 
following is incorrect ? 
(a) it lies in the plane x -2y *z-0 
(b) it is same as line X =} =Z 
L^ гй 
(c) it passes through (2, 3, 5) 
(d) it is parallel to the plane x~2y+z~6=0 


14. The value of m for which straight line 


3x -2y+24+3=0= 4x —3y + 42 + 1 is parallel to the 
plane 2x — y + mz — 2-0 is 

(a) -2 (b) 8 

(c) -18 (d)11 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 
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The length of projection of the line segment joining the 
points (1, 0, —1) and (—1, 2,2) on the plane x + 3y — 5z = 6, 
is equal to 


271 
2 2 
(а) ®үзз 


472 474 
(c) J (d) p^ 
The number of planes that are equidistant from four 
non-coplanar points is 
(a) 3 
(c)7 


(b) 4 
(d) 9 
In a three dimensional co-ordinate system, P,Q and R 


are images of a point A (a, b, c) in the xy, yz and zx 
planes, respectively. If G is the centroid of triangle POR, 
then area of triangle AOG is (O is the origin) 

(a) 0 (b) a? + b? + c? 


(c) : (a? + b? + с?) (d) None of these 


A plane passing through (1, 1, 1) cuts positive direction 
of coordinate axes at A, B and C, then the volume of 


tetrahedron OABC satisfies 
9 9 
Vs- b) V 2- 
(a) V < 2 (b) 2 
(c)V= 5 (d) None of these 


Iflines x = у =z and x = 7 =~ and third line passing 


through (1, 1, 1) forma triangle of area V6 units, then 
point of intersection of third line with second line will 
be 

(a) (1, 2, 3) 


4 8 12 
(c) (2. 3 х) 
The point of intersection of the line passing through 


(0, 0, 1) and intersecting the lines x + 2y + z = L 
-x +y—2z =2and x + y 22 x+z=2with xy plane is 


5.1 1,0 
of. Lo) (b) (1, 1, 0) 


gI 51 ) 
a -——20 
©(ф-°) ШЕ: 
Two systems of rectangular axes have the same origin. If 


a plane cuts them at distance a, b, c and a’, b’, c' from the 
origin, then : 


(b) (2, 4, 6) 
(d) None of these 


oP 3 
Co d.h xb. 

Ont un as s 
1 1 1 1 1 1 

Oo fe a yw aA” 


22. 


23. 


24. 


25. 


26. 


The line —— = — = is the hypotenuse of an 
5 


isosceles right angled triangle whose opposite vertex is 
(7, 2, 4). Then which of the following is not the side of 
the triangle ? 


(d) None of these 


Consider the following 3 lines in space 
L:r=3i-j+2k+ А (2i+ 4j — k) 
L,:r=i+j-3k +p (4i + 2j + 4k) 

L,::r-z3i *2j -2k- t(2i + j + 2k) 

Then, which one of the following pair(s) is/are in the 
same plane ? 


(a) Only LL, (b) Only 5L, 
(c) Only LL (d) LL and LL; 
Let r =a + М and r = b * jtm be two lines in space, 


wherea =5i + j+2k,b=-i+7j+8k,1=-—4i+j—k, 
and т = 2i — 5j — 7k, then the position vector of a point 
which lies on both of these lines, is 

(a)i+2j+k 

(b)2i+j+k 

(c)i+ j+2k 

(d) non-existent as the lines are skew 

L, and L; are two lines whose vector equations are 

L :r =À [(cos@ + 4/3)і + (V2 sin®)j + (соз Ө — V3)k] 

and L,: r =p (ai + bj + ck) 

where, À апа are scalars and с is the acute angle 


between L, and L3. If the angle a is independent of 0, 
then the value of & is 


x x 
(a) * (b) a 

x л 
(07 o7 


The vector equations of two lines L, and L, are 
respectively, 
r=17i-9j+9k+A (31+ j+5k) 
r=15i-8j—k+p (4i * 3j) 

I. L, and L; are skew lines. 

П. (11, 711, —1) is the point of intersection of L, and Ly. 
Ш. (711, 11, 1) is the point of intersection of L, and L;. 


and 


IV. cos"! (4) is the acute angle between, L, and L;. 


Then, which of the following is true ? 
(a) Il and IV (b) I and IV 
(c) Only IV (d) III and IV 


27. 


28. 


29. 


30. 


31. 


Consider three vectors p= i + j+k,q=2i+4j- kand 


са i+ j+3k. If p, q and r denotes the position vector of 
ee non-collinear points, then the equation of the 
plane containing these points is 


(a)2x-3y+1=0 (b) x -3y +22 =0 
()3x-y -z-3-0 (d)3x~y-2=0 


The intercept made by the plane г.п = q on the x-axis is 


q : 
(с) (i.n) q (à) 5 
) [ni 


If the distance between the planes 
8х +12у – 142=2 and 4х+6у-72=2 


can be expressed in the form s where N is natural, 
Ум 


then the value of NWS) is 

2 
(a) 4950 (b) 5050 
(c) 5150 (d) 5151 


A plane passes through the points P (4, 0,0) and Q (0,0, 4) 
and is parallel to the Y-axis. The distance of the plane 


from the origin is 

(a) 2 (b) 4 

(c) V2 (d) 242 

If from the point P (f, g, h) perpendiculars PL and PM be 


drawn to yz and zx-planes, then the equation to the 
plane OLM is 


Р Е ie Eau Tc 
iri OF g h 

xu e da t 
iyi (d) Гк k 0 


32. The plane XOZ divides the join of (1, —1, 5) апа (2, 3, 4) in 


the ratio А : 1, then A is 
1 
(a) -3 (b) E 


1 
(c)3 (d) $ 


, A variable plane forms a tetrahedron of constant volume 


64K? with the coordinate planes and the origin, then 
locus of the centroid of the tetrahedron is 
(a) ety? + 2? =6k (b) xyz = 6k? 


(с) x7 +y’ + 22 =4k* (d) x? + y^ +272 = 472 


„ Let ABCD be a tetrahedron such that the edges AB, AC 


and AD are mutually perpendicular. Let the area of 
AABC, AACD and AADB be 3, 4 and 5 sq units, 
respectively. Then, the area of the ABCD, is 

(a) 5/2 (b) 5 


5 
(05/42 (d) 2 
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35. 


36. 


37. 


38. 


39. 


41. 


Equation of the line which passes through the point 
with position vector (2, 1, 0) and perpendicular to the 
plane containing the vectors i + j and j + k is 
(a) r =(2 1, 0) + £ (1,-1, 1) 
(b) r =(2, 1, 0) + t (-1, 1, 1) 
(c) r =(2,1, 0) + t (1, 1, —1) 
(d) r =(2, 1, 0) + ¢ (1, 1, 1) 
Where, t is a parameter. 
Which of the following planes are parallel but not 
identical ? 
P, :4x -2y +6z =3 

:4x—2y—2z=6 
:—6x +3y -9z =5 
:2х-у-2=3 

(b) P, and Р, 

(d) А and P, 


A parallelopiped is formed by planes drawn through the 
points (1, 2, 3) and (9, 8, 5) parallel to the cóordinate 
planes, then which of the following is not the length of 
an edge of this rectangular parallelopiped ? 

(a) 2 (b)4 

(c) 6 (d) 8 

vector equation of the plane 
r=i—j+A(i+j+k)+p (i—2j+3k) in the scalar dot 
product form is 

(а) г. (5i —2j + 3k) =7 

(b) r. (Si + 2j -3k) 27 

(c) г.(51 -2j -3k) =7 

(d) r.Gi + 2j + 3k) 27 


(a) P, and P, 
(c) A and P, 


The vector equations of the two lines L, and І, аге 

given by L, :г= (21 +9] +13) + A (i +2j+3k) 

and L:r-(-3i +7) + pk) +p (~-i + 2j - 3k). 

Then, the lines L, and L, are 

(a) skew lines for all p € R 

(b) VHS qe for all p € R and the point of intersection is 
—1, 3, 4) 

(c) intersecting lines for p = —2 

(d) intersecting for all real p € R 


. Consider the plane 


(х, у, 2) = (0.1, 1) + À (1, 1, 1) + и (2, 10). The distance 
of this plane from the origin is 


1 8 
9 E 
( р 2 
ME (0-5 


The value of a for which the lines — & 


y-9 L 2-13 
2 3 


x- - 
and ex - z= = 2 intersect, is 
(a) -5 (b) -2 
(с) 5 (d) -3 
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x-1 -2 z-3 
= E = 5 which one of the 
following is incorrect ? 


(a) It lies in the plane x -2y + z 20. 


For the line 


(b) It is same as пет = > = = 
(c) It passes through (2, 3, 5). 
(d) It is parallel to the plane x —2y + z -6— 0. 
Given planes P, :cy+bz=x; 

Р, :а2+сх= у 

Py :bx +ay=z 


P,, P; and P, pass through one line, if 

(a) a? + b? +c? =ab + be + са 

(b) a? + b? + c? + 2abe =1 

(c) a? +b? + c? =1 

(d) a? + b? + c? + 2ab + 2bc + 2са  2abc 21 . 


44. 50302-4. 4x71, vet eed 
1 1 -k . k 2 1 
are coplanar, if 
(a)kz00r-1 (b)kz1or-1 
(c) k = 0 or -3 (d) k =3 or -3 
45, The line 7? = x 2571 intersects the curve 
xy 7 c^, in xy-plane, ifc is equal to 
(a) #1 OE 
(с) +V5 (d) None of these 
46. The line which contains all points (x, y, z) which are of 


47. 


the form (x, y, 2) = (2, —2,5) + А (1, —3, 2) intersects the 
plane 2x — 3y + 42 = 163at P and intersects the YZ-plane 
at Q. If the distance PQ is a b, where a, be N and a» 3 


then (a + b) is equal to 
(a) 23 (b) 95 
(c) 27 (d) None of these 


If the three planes r. n; = p, r.n; = pzand r.n, = ру 
have a common line of intersection, then 

pı (nz хз) + p; (пз X n) ps (n; X n;)is 

equal to 
(a) 1 
(c) 0 


(b) 2 
(d) -1 


. The equation of the plane which passes through the line 


of intersection of the planes r.n, = q,, r.n} =q; and is 
parallel to the line of intersection of the planes 

т.п; =q, and r.n, =q,,is 

(а) [mz ny ny) (r.n, – 4) 7 [n, пуп,)(т.п,-;) 

(b) (n; n; ns] (r.n, ~ q4) = [n4 n, n] (r.n; 7 9) 

(c) [n, n; n;](r.n, 7 94) 2 [n; n; nj](r.n; =q) 

(d) None of the above 


49. 


50. 


51. 


52. 


55. 


A straight line is given ЬБуг=(1+1)1+3/ j+(1—t)k, 
where t € R If this line lies in the plane x + y * cz =d, 


then the value of (c + d) is 
(а) -1 (1 
(c)7 (d)9 


The distance of the point (—1, —5, — 10) from the point of 


intersection of the line —— = B ETUR and the 
plane x - y 4 z -5is 

(а) 2/11 (b) V126 

(c) 13 (d) 14 


P(p) and Q(q) are the position vector of two fixed points 

and R(r)is the position vector of a variable point. If R 

moves such that (r — p) x (r — q) =Q then the locus of Ris 

(a) a plane containing the origin O and parallel to two 
non-collinear vector OP and OQ. 

(b) the surface of a sphere described on PQ as its diameter. 

(c) a line passing through the points P and Q. 

(d) a set of lines parallel to the line PQ. 

The three vectors i+ j, j + k, k + і taken two at a time 


form three planes, The three unit vectors drawn 
perpendicular to these three planes form a 


parallelopiped of volume 
DE (Ы) + 
3 4 
3— tama 
©з Os 


. The orthogonal projection A’ of the point A with 


position vector (1, 2, 3) on the plane 3x — y + 4z =0іѕ 


(71,3. -1) of-a) 


1 5 
© (}-3-1] 


The equation of the line passing through (1, 1, 1) and 
perpendicular to the line of intersection of the planes 
х+2у – 42 =0апі2х — y + 2z =0is 


(d) (6, -7, —5) 


x-1 1-y 2-1 x-1 1-y 2-1 
a) — = — = — =e = 
ee 7 ; ® = i х 

-1 - z- х= "ү жыз 
б ЖЕ set ару. вед, 
0 -10 -5 -10 0 -5 


A variable plane at a distance of 1 unit from the origin 
cuts the axes at A, B and C. If the centroid D (x, y. z)of 


AABC satisfies the relation + + 2. + = = K, then the 


x 
value of K is 
(a) 3 (b) 1 
(c) i (d) 9 


56. The angle between the lines AB and CD, where 


A =(0,0,0), В= (1,1,1), C = (-1,-1,-1)and D 2 (0,1,0) is 
given by 


(a) cos8 = l at. 
Ж (b) cos 8 РҮ 
ө = 2d 
(c) cos [s (d) cos 8 = 2A 
57. 


The shortest distance of a point (1,2, — 3) from a plane 


making intercepts 1, 2 and 3 units on position X, Y and 
Z-axes respectively, is 


(a) 2 (b) 0 
3 a2 
12 ( Дея 


58. A tetrahedron has vertices O (0,0,0), A (1,2,1), B(2,1,3) 


and C (—1, 1, 2). Then the angle between the faces ОАВ 
and ABC will be 
ET vi 
(b) cos (2) 


(а) cos"! (2) 
35 
(c) 30° (d) 90° 


59. The direction ratios of line Г, passing through P (1,3, 4) 
x-l. 


and perpendicular to line I, 


(where, I, and І, are coplanar) is 
(a) 14, 8, 1 (b) -14, 8, -1 
(с) 14, -8, -1 (d) -14, -8 1 

60. Equation of the plane through three points A, Band C 
with position vectors -6i --3j--2k,3i -2j-- 4k and — 
5i 7j *- 3k is equal to 
(a)r(i—j*7k)*23-0 (Ы) ті + j+7k)=23 
(Or(ü-*j-7k)*23-0 (dr(-j-7k)-23 

61. OABC is a tetrahedron. The position vectors of A, B and 


C are i, i + jand j + k, respectively. О is origin. The 
height of the tetrahedron (taking plane ABC as base) is 


(a) A OF F 
E (d) None of these 

922 | 

62. The plane x- y- z= 4 is rotated through an angle 90° 


about its line of intersection with the plane 
х+у+22 = 4. Then the equation of the plane іп its new 


position is 

(a) x + y + 42 =20 

(О x+y — 42 =20 
63. Let Axy» Ау, Ax be the area of the projection of a 

plane area A on the xy, yz, zx plane respectively 

Then А? = 

(a) AŻ, + Aj + A 


(b) x + Sy + 4z =20 
(d) 5x + y + 42 =20 


(b) JA + Ay + Ai 


(с) Ay + Ay + An (d) Ary + Ay + Arx 
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64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


Through the point P (h, k, I) a plane is drawn at right 
angles to OP to meet co-ordinate axes at A, B and C. If 
OP- ? then the area of the AABC is 

5 


p Э we 
( ) Shel (b) h 7 

p p 
(c) AKI (d) hd 
The volume of the tetrahedron included between the 
plane 3x + 4y — 5z — 60 = 0 and the co-ordinate planes is 
(a) 60 (b) 600 
(c) 720 (d) 400 


The angle between the lines whose Section cosines are 
given by the equations 1° + т? -n° =0,l+m+n=0is 


(a) cos! (24/3) (b) cos! 43 
©з | (5 
The distance between the line 


r=2i-2)+3k + (i—j+ 4k) and the plane 
r- (14 5j + k) - 5is 


10 10 
(a) "E^ (b) = 


10 10 
c)— d) ~= 
(c) ^ (d) 5 
The Cartesian equation of the plane perpendicular to the 
Ж i: =3 = 
line — 277 = z4 and passing through the origin 
is 
(a)2x - y +2z-7=0 
()2x - y + 22 =0 


(b)2x - y+2z=0 
(9) 2х-у-2=0 


Let P (32,6) be a point in space and Q be а point on the 


line r=(î — j+ 2k) + p (-31 + j + 5k) Then the value of 


H for which the vector PQ is parallel to the plane 
x — 4у +32 = 115 


1 1 
(а) 2 (b) = 
1 1 
(c) S (d) E 
A plane makes intercepts OA, OB and OC whose 


measurements are a, b and c on the OX, OY and OZ axes. 
The area of triangle ABC is 


1 
(a) 7 (ab + be + ca) () abc (a+ b +) 


©; 1 (ab? + bo? + e?a?i Cr l(o b cy 

The radi ej the circle in which the sphere 

x? +y? +22 42x — 2y — 4z — 19 = Qis cut by the plane 
х+2у +22+7 —0is 
(а) 2 

(с) 4 


(b) 3 
(d) 1 
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72. Leta=i+j and b 2i — k, then the point of 
intersection of the lines r ха = bxaandrxb-axbis 
(a) (3, 71,1) (b) G, 1, -1) 
(c) (-3, 1, 1) (d) (-3, 21, 21) 

73. The co- -ordinates of the point P on the line 
r=(i+j+k)+A(-i + j — k) which is nearest to the 


42 
w(-3-$.3) 
(d) None of these 


74. The 3-dimensional vectors v}, v;, v, satisfying 
Vi- Vi 74V, V? 7-2 Vi. V3 726 v5.V5 722 v5. V4 ——5 
V3. V3 = 29, then уз may be 
(a) -3i + 2j + 4k (b)3i -2j + 4k 
(c) -2i +3) + 4k (d)2i +3) 4k 

75. The points i — j 3k and 3i + 3j + 3K are equidistant 
from the plane r.(5i + 2j — 7k) - 9 - 0, then they are 
(a) on the same sides of the plane 
(b) parallel of the plane 
(c) on the opposite sides of the plane 
(d) None of the above 

76. А, В,С, D are four points in space. Then, 

АС? + BD? + Ар? + ВС? 2 


1 1 
2 2 ELI IR 
(a) АВ? + CD (b AB Ср? 
(c) = A E (d) None of these 


77. I£|xil» Dri] +1211, lyel>|*al +з, 1азі> 1з +13} 
then xi yj ak, xi yz] * zz k and 
хзї t ys] +23 k are 


(a) perpendicular 
(c) coplanar 


78. The position vector of the point of intersection of three 


(b) collinear 
(d) non-coplanar 


planes r.n; =q, n; =q2, T. n3 = q3, where n;,n; 

and пз are non-coplanar vectors, is 

(a) —€——— [qs (n, X n2) + 4 (n; X n3) + qz (п; x nj)] 
[n; n; пз] 

(b) ——À — [a (mi x nj) + go (n; x ns) + qs (п; х) 
[п n; пз] 

(c) -———— [q (n, x nz) + qz (n; X nj) + qs (n5 x п,)] 

[аз n, nz] 
(d) None of the above 


79. A pentagon is formed by cutting a triangular corner 
from a rectangular piece of paper. The five sides of the 
pentagon have length 13, 19, 20, 25 and 31 not 
necessarily in that order. The area of the pentagon is 
(a) 459 sq units (b) 600 sq units 
(c) 680 sq units (d) 745 sq units 


80. In a three dimensional coordinate system P, Q and Rare | 


81. 


82. 


83. 


images of a point A(a, b, c) in the XY they YZ and the ZX 
planes respectively. If G is the centroid of triangle POR, 
then area of triangle AOG is (O is the origin) 

(a) 0 (Da! + b? + с? 

(c) (a? +b? c) (d) None of these 

A plane 2x + 3y + 5z = 1 has a point P which is at 


minimum distance from line joining 
A(1, 0, — 3), B(1, — 5,7), then distance AP is equal to 


(a) 3/5 (b) 245 

(с) 4/5 (d) None of these 

The locus of a point n moves in such a way that its 
distance from the line = = = ват = = is twice the distance 


REOR asks 

(a) x? + y? +z? - 5x -3y -32 20 
(b x? + y! +22 e 5x € 3y +3z=0 
(с) x? + y? +z? -5xy 
(d) x? + y? + z? + Sxy + 3yz + 3zx = 0 


—3yz – 32х = 0 


A cube C = {(x, y, 2) |0< х, y, z S 1] is cut by a sharp knife 
along the plane x = y, y = 2,2 = x. If no piece is moved 
until all three cuts are made, the number of pieces is 

(a) 6 (5) 7 

(c) 8 (d) 27 


. A ray of light is sent through the point P(1, 2,3) and is 


reflected on the XY-plane. If the reflected ray passes 
through the point Q(3 2, 5), then the equation of the 
reflected ray is 


x-3 y-2 2-5 x-3 y-2 z-5 

(a) —— = —— = —— — = = 
0 1 9 1 0 —4 

x-3 -2 2-5 x-1 -2 -3 

(==. рт ЕЧ уыш 5б 4 ss 
1 0 4 1 0 4 


85. A plane cutting the axes in P, Q, R passes through 


(a — B. B — y, y —@) If O is the origin, then locus of 
centre of sphere OPQR is 

(ajax + By + yz 24 

(b) (a -B)x + B- у +(y-a)z =0 

(c) (а —B)yz + (B — y)zx + (y - о)ху =2хут 


1 1 1 
eot 


x? + y! ez!) = хуг 


86. The shortest distance between any two opposite edges 


of the tetrahedron formed by planes x + y =Q y +: = 
z+x=0,x+y+z=ais constant, equal to 


(a) 2a (b) * 
Or @ 5 
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87. The angle between the 


k pair of planes represented by (a) the direction cosines of three mutually perpendicular 
equation 2х? =2y? +427 + 6x2 + 2yz +3ху =0is lines 
(a) cos"! 1 (b) the direction ratios of three mutually perpendicular lines 
$96 г (5) cos"! | + 'hich directi i 
3 21 which are not direction cosines 
ETE! (c) the direction cosines of three lines which need not be 
(9 cos (3) (d) cos"! (x) perpendicular 
(d) the direction ratios but not the direction cosines of three 
88. Let (P. q. r) be a point on the plane 2x + 2y + z = then lines which need not be perpendicular 
the least value of pl q «ris equal to 93. 1f ABCD is a tetrahedron such that each AABC, AABD 
(a) 4 (5 (с) 6 (9) 8 and AACD has a right angle at A. If ar(AABC) = ky, 
89. The four lines drawing from the vertices of any КВАВ ела иоле y hen DELNA ER 
tetrahedron to the centroid of the opposite faces meet in (a) / + kie Ki (b) uL m 
a point whose distance from each vertex is ‘k’ times the Аек 
distance from each vertex to the opposite face, where k (OI Av + AZ -ks | (d) | ki-k-M| 
is 
(а) 1 (5! 3 5 94. In a regular tetrahedron, if the distance between the 
3 2 © 1 (9 4 mid-points of opposite edges is unity, its volume is 


1 1 
90. The shortest distance from (1, 1, 1) to the line of en 9 
intersection of the pair of planes xy + yz + zx + y? =0is 


1 1 
» (c) (d) —— 
(a) È ecl oF o 5 s 
3 95. A variable plane makes intercepts on X, Y and Z-axes 
91. The shortest distance between the two lines L, : x = k}; and it makes a tetrahedron of volume 64 cu. u. The locus 
у= к, and L; :х=Ку;у= k, is equal to of foot of perpendicular from origin on this plane is 
e| К -AEN | ® КЬ RR SEP OE ee OR 
(Дд KY + (Y 9) ДА к) +? О) духе 
2 
һ m п, P» qd п essa (121 =16 
z 
92, A= М m, n;|andB- А h реба (d) xyz (х+у+ z) =81 
з ms ns 3 3 Гу 96. IF P. А А 
"pes tie calidis ol de енеме em A Юс e „О, R, S are four coplanar points on the sides AB, BC, 
ї = 1,2,3. If(l, m,n) (lz, m2,n2)and (l3, ms, пз) аге CD, DA of a skew quadrilateral, then AP BQ CR DS 
the direction cosines of three mutually perpendicular PB QC RD SA 
lines, then (pj. 91. n X (P2. 42 r2) and (P3, 9з. гз) are equals 


(a) 1 (b) -1 (с) з (d) -3 


Three Dimensional Coordinate System Exercise 2 : 
= More than One Correct Option Type Questions 


—————À— — 


97. Given the equations of the line 3x — y +z +1=0and (c) Equation of the plane through (2, 1, 4) and perpendicular 
5x + y +32 =0 Then, which of the following is correct ? á to the givenlinesis2x - y +z -7 =0. 
f the equations of line is ) Equation of the plane through (2, 1, 4) and perpendicular 
(a) Symmetrical фоно e eq to the given lines is x + y -2z +5 = 0. 
=x к#= i 
x. dar дада Y 98. Consider the family of planes x + y + z =c where c is a 
£n 1 


parameter intersecting the coordinate axes at P,Q and R 
and a, f) and y are the angles made by each member of 
pel peer ү this family with positive x, y and z-axes. Which of the 


Ж ар 


4 following interpretations hold good for this family? 
- = › 


ctrical form of the equations of line is 
(b) зун $ 
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99. 


100. 


101. 


102. 


103. 


104. 
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(a) Each member of this family is equally inclined with 
coordinate axes. 

(b) sin? a + sin? B + sin? y=1 

(c) cos? a + cos? В + cos? y=2 

(d) For c =3 area of the АРОК is 3V3 sq units. 


Equation of the line through the point (1, 1, 1) and 
intersecting the lines 2x - y—z-2=0= xty+z-1 
andx -y-z-3-0-2x-«4y-z-4 

(a) x -120,7x + 17у – 32 - 134-0 

(b) x - 120, 9x + 15y -5z -19=0 

Ox-1=0 Pt inl 


3 
(d) x -2y + 2z -1=0,9x + 15y -5z - 19-0 


Through a point P (h, k, I) a plane is drawn at right 


angles to OP to meet the coordinate axes in A, B and C. If 


OP = p, A „is area of projection of AABC on xy-plane, 
А yz is area of ou of AABC on PU then 


5 
ur А» _|һ 
i| A= СУЫ - 


Which of the following statements is/are correct? 

(a) If n.a = 0, n.b = 0 and п.с = 0 for some non-zero vector n, 
then [a b с] = 0 

(b) There exist a vector making angles 30* and 45* with x-axis 
and Y-axis. 

(c) Locus of point for which x =3 and y = 4is a line parallel to 
the Z-axis whose distance from the Z-axis is 5 

(d) The vertices of regular tetrahedron are O, A, B, C where 
‘O’ is the origin. The vector OA + OB + OC is 
perpendicular to the plane ABC 


Which of the following is/are correct about a 

tetrahedron ? 

(a) Centroid of a tetrahedron lies on lines joining any vertex 
to the centroid opposite face 

(b) Centroid of a tetrahedron lies on the lines joining the mid 
point of the opposite faces 

(c) Distance of centroid from all the vertices are equal 

(d) None of the above 

A variable plane cutting coordinate axes in A, B,C is at a 

constant distance from the origin. Then the locus of 

centroid of the AABC is 


(a) x? y? * 2? =16 


(a) A= 


ы 


(b) x? + y^ 4 27? 29 


- 
114 1 1 
4 pe —P) a OXF 720 
oii il 


| 2o x= 
Equation of any plane containing the line 


y-yi.7-—71 
b c 
then pick correct alternatives 


is A(x -xy) t В(у- у) +С(2- 21) =0 


105. 


106. 


107. 


108. 


109. 


110. 


(a) 2.2 =©ӊ true for the line to be perpendicular to the 
a c 
plane 
(b) A(a * 3) + B(b-1)- C(c-2)-0 
(с) 22А  3bB + 4C =0 
(d) Aa + Bb Cc-0 


-1 
The line — = — = —— intersects the curve 


x? +y? =r*,z=0then 
(a) Equation of the plane through (0, 0, 0) perpendicular to 
the given line is3x + 2y -z = 


(b) r = J26 (с)г=6 
(9) г=7 
А vector equally inclined to the vectors i- j +k and 


i +j- k then the plane containing them is 


e iti- Eoj-k od - (i 
Consider the plane through (2 3, — 1) and at right angles 


to the vector 3i — 4j +7k from the origin is 
(a) The equation of the plane through the given point is 
3x -4y + 72 +13 = 0 


(b) perpendicular distance of plane from origin = 
V74 

" А 13 
(c) perpendicular distance of plane from origin —— 
p! g fra 

à А 21 
(d) perpendicular distance of plane from origin —— 
P gin 4 


A plane passes through a fixed point (a, b, c) and cuts the 


axes in A, B, C. The locus of a point equidistant from 
origin, A, B and C must be 


& с 
*—4—z-1 


(a) аут + bzx + сху = 2xyz (op 
M. JE: 


isst tas уа 
х z xg £ 
Let A be vector parallel to line of intersection of planes 


ul and P,. Plane P, is parallel to the vectors 2j j +3К and 
4j —3К and that P, is parallel toj- k and3i +3), then 
the angle between vector A and a given vector 

2i+ j — 2k is 


л Зл 
(а) 2) 


n л 
(b) T (c) © (4) T 


Consider the lines x = y = z and the line 
2x+y+z-1=0=3x + у +2 – 2 then 

(а) the shortest distance between the two lines is X 

(b) the shortest distance between the two lines is V2 

(c) plane containing 2nd line parallel to 1st line is y -z € 1-0 


(d) the shortest distance between the two lines £ 


111. If p,. P2, psdenote the perpendicular distances of the 
plane 2x —3y + 4z +2=0 from the parallel planes. 
(a) р + 8p, – ру =0 (b) p, = 16p; 
(с) 8p2 = д (d) д + 2p, + 3p, = 429 

112. A line segment has length 63 and direction ratios аге 3, 
—26. The components of the line vector are 


(a) –27, 18, 54 (b) 27, -18, -54 
(c) 27, -18, 54 (d) —27, 18, —54 
113. Theil i 5,473 R74. get od, ss 
1 1 -k k 2 1 
are coplanar if 
(a)k=0 (b)k=-1 
(c)k =2 (d)k =-3 


114. The points A (4,5, 10), B(2,3, 4) and C (1,2, — 1) are three 
vertices of a parallelogram ABCD, then 
(a) Vector equation of AB is 2i+ 3j+ 4k + À (i + j + 3k) 
(b) Cartesian equation of BC is х2 Sp at ace 
(c) Coordinates of D are (3, 4, 5) 
(d) ABCD is a rectangle 

115. The line x = y =z meets the plane x + y+z=1at the 


point P and the sphere x? + y? +22 =1at the points R 


and S, then 
(a) PR + PS =2 (b) PR x PS == 
(c) PR = PS (d) PR + PS = RS 


116. A rod of length 2 units whose one end is (1,0, — 1) and 

other end touches the plane x — 2y +22 + 4 — 0, then 

(a) The rod sweeps the figure whose volume is л cubic units. 
(b) The area of the region which the rod traces on the plane is 

2n. 
(c) The length of projection of the rod on the plane is 73 units. 
(d) The centre of the region which the rod traces on the plane 
22-5 


117. Consider the planes P, :2x + y +z c 4-0 
P, :y—z+4=0and P; :3x+2y+z+8=0 
Let L,, Lz, L be the lines of intersection of the planes 
P, and P}, Ps and P,, and P, and P, respectively. Then, 
(a) at least two of the lines L, L, and І, are non-parallel 
(b) at least two of the lines L, І, and L, are parallel 
(c) the three planes intersect in a line ? 
(d) the three planes form a triangular prism 

118. The volume of a right triangular prism ABCA,B,C, is 
equal to 3. Find the coordinates of the vertex Ay, if the 
coordinates of the base vertices of the prism are 
A(1,0, 1), B(2 0,0) and C (0, 1, 0). 
(a) (- 2 0, 2) (b) (0, – 2, 0) 
(c) (0, 2. 0) (d) (2, 2, 2) 
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119. Let a plane pass through origin and is parallel to the line 
= = PES LEFT f that distance between plane 


2 =f —2 
and the line is 5 Then, equation of the plane is ........ . 
3 


(a) x -2y +22 20 (b) x-2y -22-0 
(c)2x+2y+z=0 (9) х+у+2=0 

120. OABC is a regular tetrahedron of side unity, then 
(a) the length of perpendicular from one vertex to opposite 


face is V273 E 

(b) the perpendicular distance from mid-point of OA to the 
plane ABC is 1/ ¥6 

(c) the angle between two skew edges is л / 2 

(d) the distance of centroid of the tetrahedron form any 
vertex is V378 


121. If OABC is a tetrahedron such that 
OA? + BC? = OB? + СА? = ОС? + AB’, then 
(a) OA .L BC (b) OB 1 AC 
(c) OC L AB (d) AB L AC 


122. If the line = == = < intersects the line 


Bx + M1 — 29)y 2237 - = (o x X17 28) +22} 


then point (œ В, 1) lie on the plane 
(а)2х-у+2 = 4 (b)x*y-z-2 
(с) x -2y 20 (d)2x -y 20 

123. Let PM be the perpendicular from the point P(1, 2,3) to 
XY plane. If OP makes an angle 0 with the positive 
direction of Z-axis and OM makes an angle ó with the 


positive direction of X-axis, where O is the origin and 8 
and ф are acute angles, then 


2x5 өү: 

(a) tan8 = ^ fb) sins 9 diu r 

(c) tanó =2 d 8 жо 
(d) cos Ө cos ф T- 


124. A variable plane which remains at a constant distance P 


from the origin (0) cuts the coordinate axes in A, BC 
(a) Locus of centroid of tetrahedron OABC is 


xy! * yz +22 = 16 угу? 
р 


(b) Locus of centroid of tetrahedron OABC is 
xly! + yl 4 2252 = ey 

(c) Parametric equation of the centroid of the tetrahedron is 
of the form —— са cosec À Z cosec a 


a, B € (0, 2x) - (1/2, m, 31/2] 
(d) None of the above 


238 Textbook of Vector & 3D Geometry 


а) Three Dimensional Coordinate System Exercise 3 : 


~ Statement | and Il Type Questions 


a Directions (Q. Nos. 125 to 138) For the following 
questions, choose the correct answers from the codes (a), 
(b), (c) and (d) defined as follows : 


(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 


(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true, Statement II is false 

(d) Statement I is false, Statement II is true 

125. Statement I Let A (i+ j + k) and B(i — }+ k)be two 

points, P (2i + 3j + К) lies exterior to the sphere with AB 

as one of its diameters. 

Statement II If A and Bare any two points and Pis a 

point in space such that PA. PB > 0, ћеп the point P 

lies exterior to the sphere with ABas one of its 

diameters. 

126. Statement I If r- x + » + zk, then equation 

rx (21 - j * 3k) =3i+k represents a straight line. 

Statement II If r- xi + E + zk, then equation 

rx(i+ 2j -3k)-2i- j represents a straight line. 

127. Statement I Let Ө be the angle between the line 

=> =—— and the plane x + y -z - 5 


Statement II Angle between a straight line and a plane 
is the complement of angle between the line and normal 
to the plane. 


128. Statement I A point on the straight line 2x +3у — 4z =5 
and3x — 2y + 42 =7 can be determined by taking x =k 
and then solving the two equations for y and z, where k 
is any real number. 

Statement П If c + kc, then the straight line 

ax + by + cz + d =0, Kax + Kby + c’ z + d’ = 0, does not 
intersect the plane z = 0, where © is апу real number. 


-1 -3 =l 
129. Let the line L having equation = ey 7.2 


intersects the plane P, having equation x — y+z=5at 
the point A. 

Statement I Equation of the line L' through the point 
A, lying in the plane P and having minimum inclination 
with line L is8x + y-72-—4=0=x-y+z-5 
Statement II Line L’ must be the projection of the line 
L in the plane P. 


130. Given lines =~ =? = and erri 


Statement I The lines intersect. 
Statement II They are not parallel. 
131. Consider the lines L, :r 2a +À bandL,:r=b+ a, 
` wherea and b are non-zero and non-collinear vectors. 


Statement I L, and L, are coplanar and the plane 

containing these lines passes through origin. 

Statement II (a — b).(b x a) = 0 and the plane containing 

L, and L; is [ra b] = 0 which passes through origin. 
132. Statement I Pisa point (a,b,c). Let A, B, C be the 

images of P in yz, zx and xy planes respectively, then 

equation of the plane passing through the points 

A, Band Cis X3 «£24 

a b c 

Statement П The image of a point P in a plane is the 

foot of the perpendicular drawn from P on the plane. 
133. Statement I The locus of a point which is equidistant 

from the points whose position vectors are 3i — 2 jt 5k 

andi+2j-kisr(i-2j+3k)=8 

Statement II The locus of a point which is equidistant 

from the points whose position vectors are a and b is 


БЕСЕ 


134. Statement I If the vectors a and саге non-collinear 
then the lines r 2 6a — c + À (2c - a) and 
г=а—с+ (a + 3с) are coplanar. 


Statement II There exist А and u such that the two 
values of r in Statement I becomes same. 


135. Statement I The lines ~ А QE EI and 
-1 1 
=2 + 2 
E = = = ^ are coplanar and equation of the plane 


containing them is 5x + 2y -3z -8=0 


1 
perpendicular to the plane 3x + 6y + 9: 2 8- Qand 
parallel to the plane x + y - z 20 
136. The equation of two straight lines are 
xul tio о ИО АЕ а. 2+3 
2 1 =3 1 -3 
Statement I The given lines are coplanar. 


Statement II The equations 2x, — Yi =1 x, +3y, =4 
and 3x, + 2y, = 5 аге consistent. 


137. Statement I А plane passes through the point 
A (2, 1, —3). If distance of this plane from origin is 
maximum, then its equation is 2x + y —3z = 14. 


Statement II If the plane passing through the point 


A (a) is at maximum distance from origin, then normal 
to the plane is vector a. 
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138. Statement I At least two of the lines L,, L> and L, are 
non-parallel. 
Statement II The three planes do not have a common 
point. 


Three Dimensional Coordinate System Exercise 4: 


: Passage Based Questions 


Passage I 
(Q. Nos. 139 to 142) 
Let A (1,2,3), B (0,0, 1) and C(-1, 1, 1) are the vertices of 
А ABC. 


139. The equation of internal angle bisector through A to side 
BC is 
(a)r =i +2} + 3k +p (31 + 2) + 3k) 
(b) r=i+ 25+ 3k +p Gi + 4j 3k) 
(c) r =i +2} + 3k «p Qi +3) + 2k) 
(d) r =f +2ĵ+3k +p (31 3j 4 4k) 


140. The equation of altitude through B to side AC is 


(a)r =k + t(7i — 10] + 2k) 
(b) r=k+t(-7i + 10) + 2k) 
(c) r 2 k t (i –10) - 2k) 
(d)r =k + t Qi + 10j + 2k) 


141. The equation of median through C to side ABis 


(a)r =-i+j+k+ pGi - 2k) 
(b) r=-i+j+k+ р(3і 2k) 
(c)r=-i+j+k+ p(-3i + 2k) 
(a) r=-it+ j+k+pGi+2)) 


142. The area of (AABC) is equal to 
9 4, i7 7 
(a) Е (b) = (c) 2 (d) 2 
Passage II 


(Q. Nos. 143 to 144) 
Consider a plane x + у- z land the point A (1,2, 3). 
A line L has the equation x —1 * 3r, yz2-r, z=3+4r 
143. The coordinate of a point B of line L, such that AB is 
parallel to the plane, is 


(a) (10, —1, 15) (b)(-5. 4, —5) 
(c) (4. 1, 7) (d) (-8, 5, -9) 
144. Equation of the plane containing the line L and the point 
А has the equation 
(a) x -3y * 570 (b) x + 3y -7=0 


()3х-у-1=0 Nee nyc 


Passage III 
(Q. Nos. 145 to 148) 

Consider a triangular pyramid ABCD the position vector of 

whose angular points are A(3, 0,1) В(—1, 4,1). С(5, 2.3) and 

D(0, — 5, 4). Let G be the point of intersection of the 

medians of the ABCD. 


145. The length of the vector AG is 


(p. ay gH we 
3 9 4 
146. Area of the AABC (in sq units) is 
(a) 24 (b) 8/6 
* (с) 46 (d) None of these 


147. The length of the perpendicular from the vertex D on 
the opposite face is . 


14 2 
(а) — ons 
we a 
3 
(c) Ve (d) None of these 


148. Equation of the plane ABC is 
(a)x+y+2z=5 (b)x-y-2:-1 
()2x - y 2-22 = 4 (d) x - y -2z =1 


Passage IV 
(Q. Nos. 149 to 151) 

A line L, passing through a point with position vector 
p=i+2j+3k and parallel a =i 2j 3k, Another line L, 
passing through a point with position vector =2i + 3j+ 3k 
and parallel to b=3i+ j+2k. 
149, Equation of plane equidistant from line L, and L, is 

(а) #.(1-7)-5ҝ)=3 (b) F.(1+ 75+ 5k) =3 

(c) r.(1i -7j- 5k) =9 (d) r.(i € 7j - Sk) =9 
150. Equation of a line passing through the point (2 — А 2) and 

equally inclined to the line L, and L, may be equal to 


X24 y^3 z»2 x-2 
() RITU E (b) == =у+3=:-2 
x-2 :- Eom , ка 
(с) ati? 5 5 (4) кй д.2 > 2 
ao 3 2 4 3 -5 
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151. The minimum distance of origin from the plane passing 
through the point with position vector p and 


perpendicular to the line L, is 

(а) 1i (5) A 

(9 -= Ju (d) None of these 
Passage V 


(Q. Nos. 152 to 154) 
For positive l, т and п, if the planes x = пу+ mz, у= - nx, 
= тг + ly intersect in a straight line, then 

152. 1, m and n satisfy the equation 

(а) + т + п =2 (b) P + ті + п + 2Imn =1 

() FP + m + пі =1 (d) None of these 
153. cos! 1+ cos! т + cos! nis equal to 

(a) 90° (b) 50° 

(c) 180* (d) None of these 


154. The equation of the straight line в ^ To where the 
a c 


ordered traid (a, b, c) is 
(a) АД -r, 4A = т, ИД = п? 


918 4 andn 

-= and 
M Imm OMNE 
(d) None of the above  " 


Passage VI 
(Q. Nos. 155 to 157) 
Ifa -6i +7] + 7k, b-3i +2j—2k P(1,2, 3) 
155. The position vector of L, the foot of the perpendicular 
from P on the line r= =a+Abis 


(a) 6i +73 +76 (3i +2j- -2k 
(c)3i + 5j + 9k (d)9i 4 9j - 5k 
156. The image of the point Pin the line r=a + Ab is 
(a) (11, 12, 11) (b) (5, 2, -7) 
(c) (5, 8, 15) (d) (17, 16, 7) 


157. If A is the point with position vector a then area of the 
triangle APLA is sq. units is equal to 


(а) 3v6 (b) эт 
(с) 17 (a? 
Passage VII 


(Q. Nos. 158 to 160) 
A(—2,2,3) and B(13, — 3,13) and L is a line through A. 


158. A point P moves in the space such that 3PA = 2PB, then 


the locus of P is 
(a) x? + y! +27 + 28x – 12y + 102 —247 - 0 


(b) x? + y^ z? -28x + 12y + 102 -247 = 0 
(c) x? + y? +z? + 28x - 12у - 10z + 247 — 0 
(d) x + y? 4 2! -28x + 12у - 10 + 247 - 0 
159. Coordinates of the point P which divides the join of A 
and Bin the ratio 2:3 internally are 
m (2.-£5) (b) (4, 0,7) 
gmg 


32 1217 
oF) 


160. Equation of a line L, perpendicular to the line ABis 


(d) (20, 0, 35) 


x+2 -2 z-3 
(55-95. Е 
15 -5 10 
x-2 yt2 zt3 
bd 3 13 2 
x+2 -2 2-3 
«22-72 = 
3 13 2 
x-2 +2 2+3 
(92— -2— 
15 -5 10 
Passage VIII 


(Q. Nos. 161 to 163) 
The vector equation of a plane is a relation satisfied by 
position vectors of all the points on the plane. If P isa 
plane and fis a unit vector through origin which is 
perpendicular to the plane P then vector equation of the 
plane must be v. = d where d represents perpendicular 
distance of plane p from origin. 
161. If A is a point vectora then perpendicular distance of A 
from the plane r. ñ = d must be 
(a)|d + an] (b)|d -an| 
(с) |а| -d| (d) |d -â| 
162. If b be the foot of perpendicular from А to the plane 
r.n=d then b must be 
(а)а + (d -a.n) n 
(c)a * a.n 


(b)a -(d -a ñ) à 

(d)a-an 

163. The position vector of the image of the point а in the 
plane r.n 2 d must be (d #0) 
(а) -a.n (b)a-Xd -a ñ) â 
(с)а + Xd -a ñ) ñ (d)a + d(-a ñ) 


Passage IX 
(Q. Nos. 164 to 166) 
A circle is the locus of a point in a plane such that its 
distance from a fixed point in the plane is constant. 
Anologously, a sphere is the locus of a point in space such 
that its distance from a fìxed point in space is constant. 


The fixed point is called the centre and the constant 
distance is called the radius of the circle/sphere. 

In anology with the equation of the circle| z — c| = a, the 
equation of a sphere of radius a is | r — с| = а, where c is the 
position vector of the centre and r is the position vector of 
any point on the surface of the sphere. In Cartesian system, 
the equation of the sphere, with centre at (— g, — f, — h) is 
х? + y? +2? +2gx +2 fy+2hz + с=0 and its radius is 


164. Radius of the sphere, with (2, — 3, 4) and (- 5,6, — 7) as 
extremities of a diameter, is 


251 251 
(a) v (b) = 


251 251 
165. The centre of the sphere 
(х-– 4) (х + 4) +(у 3) (у +3) +z” = 015 
(а) (4, 3, 0) (b) (- 4, - 3, 0) 
(c) (0, 0, 0) (d) None of these 
Equation of the sphere having centre at (3,6, — 4) and 
touching the plane r-(2i – 2j — К) =10, is 
(x =g +(y- 6)? +(z+ 4)? = k?, where k is equal to 


166. 


(a) 3 (b) 4 
(c) 6 (d) v17 
Passage X 


(Q. Nos. 167 to 168) 
Let A(2, 3,5), B(- 1,3, 2), C(A, 5, ш) are the vertices ofa 
triangle and its median through A (i.e.) AD is equally 
inclined to the coordinates axes. 
On the basis of the above information answer the following 


167. The value of 2A – р is equal to 


(a) 13 (b) 4 
(c) 3 (d) None of these 
iection of AB on BC is 
168. ir ion m T 
(a) rs Cp 
(d) 48 
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Passage XI 
(Q. Nos. 169 to 171) 


The line of greatest slope on an inclined plane P, is that 
line in the plane which is perpendicular to the line of 
intersection of plane P, and a horizontal plane P». 


169. Assuming the plane 4x —3y +72 =0 to be horizontal, the 
direction cosines of the line of greatest slope in the 
plane 2x + y — 5z = 0 are 


170. The equation of a line of greatest slope can be 


Tatas E aD a 
Ws E ad 9 -1 1 
X e us 219° * 
с) — =—=— d) = =2=— 
©-; ДА "1 3 -1 


171. The coordinates of a point on the plane 2x + y — 5z =Ois 


V11 units away from the line of intersection of the given 
two planes are 
(a), 1, — 1) 
(с) @,-1,1) 


(b) (- 3, 1,1) 
(d) (3, - 1) 


Passage XII 
(Q. Nos. 172 to 174) 
Given four points A(2, 1, 0), B (1,0, 1), C(3, 0, 1) and 
D(0, 0, 2). Point D lies on a line L orthogonal to the plane 
determined by the points A, B and C. 
172. The equation of the plane ABC is 
(a)x+y+z-3=0 (b)y +z-1=0 
(c)x+z-1=0 (9) 2у +z-1=0 
173. The equation of the line L is 
(a) r 22k + Аі + k) 
(b) r 2 2k + A (2j f) 
(c) r =2k + AG + К) 
(d) None of the above 
174. The perpendicular distance of D from the plane ABC is 
(a) V2 (b) 1/2 
(с)2 (21/42 
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g Three Dimensional Coordinate System Exercise 5 : 


Matching Tyr Type Questions 


175. Consider the following four pairs of line in ColumnI 
and match them with one or more entries in Column IL. 


Column I .. Column IT 
(A) L; x-lety-tz-2- St (p non-coplanar 
І; = ze 1, -3)* 1, 2, -10) lines 
Gy „гї 4-3, 2-7 (9) lines lie in a 
3 2 =] unique plane 
p 554,976 Ft? 


(C) Li:x--6t, eet st (r) 
Іух = 1+ 2s, y=4-3s,z 


infinite planes 
containing both 


ere ЖҮ: А ае t the lines 
(D) Tis у= 2-2 (s) lines are not 
1 3 intersecting at a 
„х-3 / y-2 z-1 unique point 
uL AD d d 


176. P(0,3, – 2), Q(3,7, — 1) and R(1, —3, — 1) are 3 given points. 
Let L, be the line passing through P and Q and L; be the 
line through R and parallel to the vector V = i + k. 


А Column m 
(A) Perpendicular distance of P fom ГА (p) EX S 
(B) Shortest distance between / and L; (q) 2 


Column І 


(C) Area of the APOR (т) 6 
(D) Distance from (0, 0, 0) to the plane (5) 19. 
PQR 147 
177. Match the statements of Column I with values of 
Column П. 
Column I Column II 
(A) li = 2#1 24 iesin ©) an^ |$ 
If the line  — 5 X sin 25 
the plane 3x — 2y + 5z = 0, then A is 
equal to a a Ra РЗА 
(B) If (3, A, p) is a point on the line (9) 7 
2x + yt z-3202x -2y * z — then 5 
À +p is equal to р 
(C) The angle between the line x = у= 2 (r) -3 
and the plane 4x - 3y + 52=215 ——— 
(D) The angle between the planes (s) cos"! 8 
x*yt*z-Üand3x-4y-4 5z-0 ы 75 


178. Consider the lines given by L, : x +3y –5 =0, 
L;:3x-ky-1-0and L,:5x +2у - 1220. 


Match the statement of Column I with values of Column 
П. и 


Column І - Column П 


(А) 3 „І, and L5 are concurrent, if 


@ р=-9,-6,5 
5 


(B) OneofL, l and Lis parallelto (9) &.— m 29 
atleast опе ‹ of the other two, if 5 
(C) Li, І, and L form a triangle, if (0) & -5 
6 
(D) Li, L; and L do not form a (s) k=5 
triangle, if (0 k=0 


179. A variable plane cuts the x, y and z-axes at the points, 
A, B and C, respectively such that the volume of the 
tetrahedron OABC remain constant equal to 32 cu units 
and О is the origin of the coordinate system. 


Column II 
(p) xz = 24 


Column I 


(A) The locus of the centroid of the 
tetrahedron i ids 


(B) The locus of the point equidistant 


(д (x? + y +27) 
4 fromO,A,B andC is 


peel =192 z 
(C) The locus. of the foot of (т) »z=3 
perpendicular from origin to the 
plane is - 


(D) If PA, PB and PC are re mutually 
perpendicular, then the locus of P is 


() (G3. y гу 
= 1536 xyz 


180. Match the statements of Column I with values of 
Column П. 


Column I Column II 


(A) The area of the triangle whose vertices (p) 0 
_ are (0, 0, 0) (3, 4, 7) and (5, 2, 6) is 


(B) The smallest radius of the sphere (q) 70 
passing through (1, 0, 0), (0, 1, 0) and 3 

(S0 1)is — /. — 

(C) The value(s) of À for which фе - (г) |2 avs 
triangle with vertices 3 


A(6., 10, 10) В(1, 0, — 5) and 
C (6, — 10, А) will be a right angled 
. triangle (right angled at A) is/are _ 


(D) dis the рерге Ра from 


1 (s) 3 (65 
(1,3,4)to5— - 2— ^ 27 then 2 
-l 1 1 
value 1. 
BETE 
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181. Match the statements of Column I with values of Column II. Consider the cube 


Column I Column If ` 
(A) Angle between any two solid diagonal (р) бог"! X 
(B) Angle between a solid diagonal and a plane (q) соз”! ( + 3) 
© “Angle between plane diagonals of adjacent faces. (r) 3 a 1 1 DEM 
(D) The values of |a x b| Е 1 Е 


а) Three Dimensional Coordinate System Exercise 6 : 


=! Single Integer Answer Type Questions 


182. In a tetrahedron OABC, if OA = i, OB =i + jand 
OC=i+ 2j + k, if shortest distance between edges OA 
and BC is т, then /2m is equal to ... (Where O is the 
origin) 

183. A parallelopiped is formed by planes drawn through the 

points (2, 4, 5) and (5, 9, 7) parallel to the coordinate 

planes. The length of the diagonal of the parallelopiped 


184. 1f the perpendicular distance of the point (6, 5, 8) from 


the Y-axis is 5A units, then A is equal to ......... 


185. If the shortest distance between the lines 
es yes £02 and E73 „УТ? Lf Sis a0 
3 -1 1 -3 2 


186. If the planes x — cy — bz 20, cx — y + az = 0and 
bx + ay — 2 20 pass through a line then the values of 
a? +b? +c? + 2abc is 


187. If xz-plane divide the join of point (2,3, 4) and (1, — 1,5) in 


the ratio À : 1, then the integer À should be equal to 
188. If the triangle ABC whose vertices are 
` А(—1,1,1), B(1,—1 1) and C (1,1, — 1) is projected оп 
xy-plane, then the area of the projected triangles іѕ.......... 


189. The equation of a plane which bisects the line joining 


(1, 5, 7) and (-3, 1, —1) is x + y +2z=A, then А must 


190. The shortest distance between origin and a point on the 
space curve x —2sin t, y =2cos t, z =3t is 
The plane 2x — 2y + z + 12 = 0 touches the surface 
x! +y? +27 - 2x - 4y +2z-3=0only at point 
(-1, А, – 2). The value of À must be 


191. 


192. If the centroid of the tetrahedron OABC where A, B, C 
are the points (a, 2, 3), (1, b, 2) and (2, 1, c) be (1, 2, 3), then 
the point (a, b, c) is at distance 54A. from origin, then A 
must be equal to ........... 


193. 1f the circumcentre of the triangle whose vertices are 
(3,2, —5), (—3, 8, —5) and (—3, 2, 1) is (—1, A, —3) the integer 
À must be equal to 


If P,P, is perpendicular to P,P}, then the value of К is, 
where P,(k, 1, — 1), P; (2k, 0, 2) and P4(2 + 2k, К, 1) is 
Let the equation of the plane containing line 
х-у-2-4=0= х +у +22 – 4 and parallel to the line 
of intersection of the planes 2x + Зу + z = 1and 

x +3y +2z=2be x + Ay + Bz + C =0. Then the values 
of| A+B+C – 4|15............ 5 

Let P(a, b, c) be any point on the plane 3x + 2y+z=7, 
then find the least value of (a? +b? + c?) 


194. 


195. 


196. 


197. The plane denoted by P, : 4x + 7y + 42 + 81 = 015 rotated 


through a right angle about its line of intersection with 
the plane P,:5x+3y+10z = 25. If the plane in its new 
position be denoted by P, and the distance of this plane 


from the origin is d, then the value of Н (where [.] 


represents greatest integer less than or equal to k) is 


The distance of the point P(—2, 3, — 4) from the line 
x*2 2y*3 3z-4 


198. 


measured parallel to the plane 


4x + 12y — 3z + 1= 015 d, then find the value of (2d — 8). 


199. 


The position vectors of the four angular points of a 
tetrahedron OABC are (0, 0, 0), (0, 0, 2), (0, 4, 0) and (6 0, 0), 
respectively. A point P inside the tetrahedron is at the 
same distance 'r' from the four plane faces of the 
tetrahedron. Then, the value of 9r is 
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200. Value of À do the planes x - y +z * 1-0, 


Ax +3y +2z -3-03x + Ày +z - 2-0 form a triangular 


prism must be 


201. If the lattice point Р(х, y, 2); x, y, z» 0and x, y,ze I with 


least value of z such that the ‘P’ lies on the planes 


7x +бу + 22 =272and x — y + z 216 then the value of 


(x +y *z — 42)is equal to 
202. If the line x = y =z intersect the line 
xsin A + ysin B+ zsinC —2d* =0 


= xsin2A + ysin2B + zsinC — d?, where A, B, C are the 


internal angles of a triangle and sin sin 5 sin Са k, 
2 2 
then the value of 64k is equal to 


203. The number of real values of k for which the lines 
x y-l z PT ii: y-k z-2 


204. Let G,, С, and G; be the centroids of the triangular 
. faces OBC, OCA and OAB of a tetrahedron OABC. If V, 


= ——— = — are coplanar, is 


denotes the volume of tetrahedron OABC and V; that of 
the parallelepiped with OG;,OG; and OG; as three 
concurrent edges, then the value of 4V, / V; is (where O 
is the origin) 


. A variable plane which remains at a constant distance p 


from the origin cuts the coordinate axes in A, B, C. The 
locus of the centroid of the tetrahedron OABC is 


х?у? жу? +zĉx? =~ x?y?2?, then Mak is 
p 


. If (Ll, my, n} (lz, mz, nz )are D.C's of two lines, then 


(lm? – 15m)! (mn; — тат)? 
+ (nl; = пг) (llo + mm; + тп)? = 


. If the coordinates (х, у, z) of the point 5 which is 


equidistant from the points O (0, 0,0), А (n?,0,0) 
B(0, n*,0) C (0,0, n) obey the relation {Ax + y +z) + 1-0. 


If ne Z, then|n|= (-115 the modulus 
function). 


Three Dimensional Coordinate System Exercise 7 : 


Subjective Type Questions 


208. Find the angle between the lines whose direction 
cosines has the relation | + m+n = 0and 
21? «2m? - n? 20 

209. Prove that the two lines whose direction cosines are 


connected by the two relations al + bm + cn = 0 and 
ul? + vm? + wn? =Oare perpendicular if 


a^ (v  w)- b*(w + u)- c^(u v) 20 
2 2 2 
and parallel er 
u v w 


210. Find the point on the line 


distance of 34/2 from the point (1, 2, 3). 
211. A line passes through (2, — 1,3) and is perpendicular to 
the lines r-(i+ j — К) + A(2i — 2j k) and 
г= (2i - j - 3k) + u(i + 2j + 2k) obtain its equation. 
212. Find the equations of the two lines through the origin 


a -3 
which intersect the line <= = E = : at angle oft 


each. 


213. Vertices B and C of AABC lie along the 


.oxX42 y-1 z- 
line = = z- = =. Find the area of the triangle 
given that A has coordinates (1, — 1,2) and line segment 


BC has length 5. 


М A point P moves on the plane ~ +5 + 2 = 1 which is 
a c 


fixed. The plane through P perpendicular to OP meets 
the axes in A, B and C. The planes through A, B, C 
parallel to yz, zx, xy planes intersect in Q. Prove that if 
the axis bc rectangular, then the locus of Q is 


. Prove that the distance of the point of intersection of the 


i -2 +1 -2 
line = = 17 ==“ and the plane x - y+z=5 
from the point (-1, —5, — 10) is 13. 


Find the equation of the plane through the intersection 
of the planes x + 3y + 62 0and3x ~ y - 4z = 0 whose 
perpendicular distance from the origin is unity. 


. Find the equation of the image of the plane 


x -2y + 22 -3=0in the plane x + y 4 z -1720 
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Three Dimensional Coordinate System Exercise 8 : 
Questions Asked in Previous Years Exam 


(i) JEE Advanced & IIT JEE 


218. 


219. 


220. 


221. 


222. 


Consider a pyramid OPQRS located in the first octant 
(x20 y 20,220) with Oas origin and OP and OR along 
the X-axis and the Y-axis, respectively. The base OPQR of 
the pyramid is a square with OP —3. The point S is 
directly above the mid-point T of diagonal OQ such that 
TS =3. Then, 

[More than One Correct Type Question, 2016 Adv.] 


(a) the acute angle between OQ and OS is = 


(b) the equation of the plane containing the AOQS is 
х-у=0 
(с) the length of the perpendicular from P to the plane 
3 
containing the AOQS is -= 
g the AOQS is 8 
(d) the perpendicular distance from O to the straight line 
tut "I 
containing RS is Ey 
Let P be the image of the point (3, 1, 7) with respect to 


the plane x — y + z =3. Then, the equation of the plane 
passing through P and containing the straight line 


; eae Aaa: | 

[Single Option Correct Type Question, 2016 Adv.] 
(a) x+ y-3z=0 (b)3x+z=0 
(c) x - 4y +72 = 0 (d)2x -y =0 


From a point P(À, À, À), perpendiculars PQ and PR are 
drawn respectively on the lines y = x,z=1 and 
у=-х2=-1 If Pis such that ZQPRis a right angle, 
then the possible value(s) of À is (are) 

[Single Option Correct Type Question, 2014 Adv.] 


(a) 2 (b) 1 (с) -1 (d) —/2 
x 2 


А Nou TE ET d L,:x=a—= 
Two lines Lxx =5 = and L;:x "z on 


are coplanar. Then, Œ can take value(s) 
[More than One Correct Type Question, 2013 Adv.] 


(a) 1 (b) 2 
(©) 3 (d) 4 


A line І passing through the origin is perpendicular to 
the lines [More than One Correct Type Question, 2013 Adv.] 
(3+ Die (21420) + (4 +2t)k, -< t< 

1,:(3 + 25) + (3 + 25)j + (2+s)k, =< s< % 


Then, the coordinate(s) of the point(s) on l; at a 
distance of V17 from the point of intersection of | and 


l, is (are) 


223. 


224. 


225. 


226. 


(b) (71, 71,0) 


(c) (1,1,1) 


Perpendicular are drawn from points on the line 
x*2 y*l.7itheplane x + y + z 3 The feet of 
2 =l 3 
perpendiculars lie on the line 
[Single Option Correct Type шал, 2013 Adv.] 
= -2 x е UN. аш 
(a) X S et ORI a b) £22—- 
5 8 A 
x t 2-8 70Р ааг ЕЕ 
"Ty p ON 


Consider the lines L, == = = = =. 
L: ЕСА a EAT, the planes 
1 1 2 
P, :7x + y +2z =3, P, :3x + 5y — 6z = 4. Let 
ax + by + cz = d the equation of the plane passing 
through the point of intersection of lines L, and L; and 


perpendicular to planes P, and P}. 
Match List I with List II and select the correct answer 
using the code given below the lists. 
[Single Option Correct Type Question, 2013 Adv.] 
List I List II 
13 
c3 


n 
Ш 

Ф јрә 
А 


ee 0 
е 
= 


z 
"M E x = k are coplanar, then the plane(s) 


containing these two lines is/are 
[More than One Correct Type Question, IIT-JEE 2012] 


(a) y+2z=-1 (b) y+z=-1 

(с) у-2=-1 (d) y -2z 2-1 

If the distance between the plane A x — 2у+ 2 = and 

the plane containing the lines <> Е д TS ad 
3 4 


x-2 y-3 z-4 
3 4 5 
[Single Option Correct Type Question, IIT-JEE 2010] 


is V6, then |d| is equal ко... 
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Passage 
(Q. Nos. 227-229) 
Read the following passage and answer the questions. 
Consider the lines 


is =t Zt 
a] 1 2 

L: St Pb 
1 2 3 


[Passage Type Question, IIT-JEE 2008] 


227. The distance of the point (1, 1, 1) from the plane passing 
through the point (—1, —2, — 1) and whose normal is 
perpendicular to both the lines L, and L, , is 


(a) 2/4/75 unit (b) 7/V75 unit 

(c) 13/75 units (d) 23/475 units 
228. The shortest distance between L, and L; is 

(a) 0 unit (b) 17/43 units 

(c) 41/545 units’ (d) 17/543 units 


229. The unit vector perpendicular to both L, and L; is 
-~i+7j+7k -i -7j+5k 
(a) Seer (b) == 


-i +7j+5k 7i -7j-k 
LE A Lm г 


a Directions (Q. Nos. 230-231) For the following questions, 
choose the correct answer from the codes (a), (b), (c) and 
(d) defined as follows. 

(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 

(b) Statement I is true, Statement П is also true; Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


(ii) JEE Main and AIEEE 


233. If the image of the point P(1, — 2,3) in the plane 
' 2х +3y — 4z +22 = 0 measured parallel to the line 


ri [2017 JEE Main] 
(a)3V5 (b) 2/42 
(c) /з2 (4) 65 


The distance of the point (1,3, —7) from the 


plane passing through the point (1, – 1, — 1) 
having normal perpendicular to both the lines 


234. 


x-1 yta z-4 P SS E EU ы 
1 -R' d P wb. wd 
20 "M 
—— units b units 
@ d ri [2017 JEE Maln] 
(c) —— units (9) I. units 
UMS Va 


230. Consider three planes 
B:x-ytzz1,P:xty-z--1 
and P;:x—3y+3z=2 
Let L,, Lz, з be the lines of intersection of the planes 
P, and P}, P, and P,, P, and P}, respectively. 
Statement I Atleast two of the lines L4, Lz and L, are 
non-parallel. 


Statement II The three planes do not have a common 
point. [Assertion and Reason Type Question, IIT-JEE 2008] 


231. Consider the planes 
3x—6y-2z 215 and 2x *y -2z = 5. 
Statement I The parametric equations of the line of 
intersection of the given planes are x =3+14t, 
y=1+2t, z 2 15t. 
Statement II The vectors 14 i +2 j-- 15k is parallel to 


the line of intersection of the given planes. 
[Assertion and Reason Type Question, IIT-JEE 2007] 


232. Consider the following linear equations 
ах + by + cz =0, bx + cy t az =0, cx + ay - bz 20 
[Matching Type Question, IIT-JEE 2007] 


Column II 


The equations represent 
planes meeting only at 
.  asingle point 


Column I 
A. a+b+c#0and р. 
2. 2:3 
a + b + с =ab+ Ьс+ са 


B. a+b+c=Oand ре 
$245 
а? + b с * ab bc ca 


The equations represent the 
line x= y2z 


The equations represent 
identical planes 


C. a+b+c#Oand r. 
5 ый 
а + Ь? 2 x ab Ьс+ са 


The equations represent the 
whole of the 
three-dimensional space 


D. a+b+c=Oand r. 
а + Б + è= ab bc са 


235. The distance of the point (1, — 5, 9) from the plane 
X — y +z = 5 measured along the line x = y = z is 


(a) 3/10 (b) 104/3 [2016 JEE Main] 
(927 E 
45 3 
236. 1f the line, LL = x = lies in the plane, 
Ix + my -z =9, then 1? + m is equal to [2016 JEE Main] 
(a) 26 (b) 18 (c) 5 (d) 2 


237. The distance of the point (1, 0, 2) from the point of 
-2 y*1 z- 
aà = SA = z-2 and the 
4 12 


[2015 JEE Main] 


intersection of the line 


plane x - y * z = 16 is 


(a) 2/14 (b)8 
(c) 321 (d)13 


238. The equation of the plane containing the line 


2х — 5y +z 23, x + y + 4z = Sand parallel to the plane 


X t 3y +62 — 1, is [2015 JEE Main] 
(a) 2x + 6y + 122 — 13 (b) x + 3y + 62-2 —7 


(c) x + 3y + 62 =7 (d) 2x + 6y + 122 = —13 


239. The angle between the lines whose direction cosines 


satisfy the equations | + m +n =0and [2 = т? +n? is 


= ых 
Ы : [2014 JEE Main] 
(c) — 4) — 
< (92 
240. The image of the line 3-23? in the plane 
1 =» 
Бы ы a the line [2014 JEE Main] 
+ = = = 
QI. 2 (by SELVES 242 
1 -5 -3 -1 5 
OŠ шух-з у+з roi 
-5 -3 -1 5 


241. Distance between two parallel planes 2x + y + 2z = 8 and 


4x +2y+4z+5=0is [2013 JEE Main] 
3 5 

(a) - 9 
7 9 
e dy 

(c) ^ (d) : 

242. If the lines 

x-2 y-3 z—-4 x-i y-4_z-5 

E -k k 2 1 


are coplanar, then k can have 
(a) any value 
(c) exactly two values 


[2013 JEE Main] 
(b) exactly one value 
(d) exactly three values 


243. An equation of a plane parallel to the plane 


x —2y +22 — 5 = 0and at a unit distance from the origin 
is [AIEEE 2012] 
(a) x -2y + 22-3=0 (b) x -2y + 2z+1=0 
(с) x -2y +2z-1=0 (d) x -2y +2z+5=0 


í.X-1 $341 .z-1 gts ek 
244. If the line o pac cunis 
intersect, then k is equal to [AIEEE 2012] 
2 
(a) -1 (b) 3 
w? (a) 0 
: =1 2-3 
245. If the angle between the line x — ios ETE and the 
plane : 
32 = Aiscos `” E} then À equals 
i ar | 14 [AIEEE 2011] 
3 2 
(27 (b) = 
2 
©? OE 


3 3 
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246. 


247. 


248. 


249. 


250. 


251. 


252. 


241 


Statement I The point A (1,0,7) is the mirror image of 
МЫ - -1 2-2 
the point B(1, 6,3) in the line 7. = E x 
-lo z-2.. А 
Statement П The line z = = ea bisects the line 
segment joining A (1,0,7) and B (1, 6, 3). [AIEEE 2011] 
(a) Statement I is true, Statement П is true; Statement II is not a 
correct explanation for Statement I 
(b) Statement I is true, Statement II is false 
(c) Statement I is false, Statement II is true 
(d) Statement I is true, Statement II is true; Statement II is a 
correct explanation for Statement I 
The length of the perpendicular drawn from the point 
WE NNLLA uso 
—],'1)tot = = — = — 15 
іста [AIEEE 2011] 
(a) V66 (b) 29 
ORE (4) v53 
The distance of the point (1,-5, 9) from the plane 
х-у+2 = 5 measured along a straight line x = y = z, is 
[AIEEE 2010] 
(a) 345 (b) 10/5 
(с) 5-/3 (d) 3/10 
A line AB in three-dimensional space makes angles 45* 
and 120* with the positive X-axis and the positive Y-axis, 
respectively. If AB makes an acute angle 0 with the 
positive Z-axis, then 0 equals [AIEEE 2010] 
(a) 30* (b) 45* 
(c) 60* (d) 75* 
Statement I The point A(3, 1, 6) is the mirror image of 
the point B(1, 3, 4) in the plane x=y+2=5: 
Statement II The plane x—y+z=5bisects the line 
Segment joining A(3,1,6) and B(1, 3, 4). [AIEEE 2010] 
(a) Statement I is true, Statement II is true; 
Statement Il is the correct explanation of Statement I 
(b) Statement I is true, Statement II is true; 
Statement П is not the correct explanation of Statement I 
(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 
Е -1 T 
Let the Ner .J—* 3 =? 2 lies in the plane 
x *3y - az + B — 0. Then, (о, B) equals [AIEEE 2009] 
(a) (6—17) (b) (C67) (с) (5,—15) (d) (-5,15) 


The projections of a vector on the three coordinate axes 


are 6, — 3,2, respectively. The direction cosines of the 
vector are 


[AIEEE 2009] 
(a) 6-32 5-12 
5 ^5 
6 32 m 8 Заа 
© 5.-2,2 @ -4-3 
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253. 


254. 


255. 


256. 


257. 


258. 
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The line passing through the points (5, 1 a), and (3, b, 1) 


crosses the YZ-plane at the point (o z, =) Then, 
[AIEEE 2008] 

(a) a=8,b=2 (b) a=2,b=8 

(с) a=4,b=6 (d) a=6,b=4 

If the straight lines 

x-1,.y-2,2-3 4-2. уез. 2-1 
k 2 3 3 k 2 

intersect at a point, then the integer k is equal to 
[AIEEE 2008] 

(a) -2 (b) -5 

(с) 5 (d) 2 


Let L be the line of intersection of the planes 

2х+3у +2 =1апі x +3у +22 = 2. If L makes an anglea 
with the positive X-axis, then cos o equals [AIEEE 2007] 
(а) 1/45 (b) 1/2 

(c) 1 (d) 1/42 


If a line makes an angle of Е with the positive directions 


of each of X-axis and Y-axis, then the angle that the line 
makes with the positive direction of the Z-axis is 


[AIEEE 2007] 
(a) л/6 (b) 1/3 
(c) n/4 (d) 1/2 


If (2, 3, 5) is one end of a diameter of the sphere 
x +y? +z? —6x —12y—2z +20 = 0, then the coordinates 


of the other end of the diameter are [AIEEE 2007] 
(а) (4.9, -3) (b) (4, -3, 3) 
(c) (4,3, 5) (d) (4, 3, -3) 


The two lines x = ay + b, z = cy + d and 
x=a’y+b',z=c’y+d’ are perpendicular to each 
other, if [AIEEE 2006,2003] 


259. 


260. 


261. 


262. 


263. 


(a) aa’ + cc’ =1 (b) 4 « 5 2-1 
a" up 
() 5 4 5-1 (d) aa’ + cc’ 2-1 
а c 
The image of the point (—1, 3, 4) in the plane x — 2y = 015 


(a) (15, 11, 4) ^ ) 
[AIEEE 2006] 


(c) (8, 4, 4) 


If the plane 2ax — Зау + 4az + 6 = 0 passes through the 
mid-point of the line joining the centres of the spheres 
x?  y* +z? +6x – 8y -2z 2 13and 
x? +y? +2? —10x + 4y —2z = 8 then a equals 

[AIEEE 2005] 
(a) 2 (b) -2 
(с) 1 (d) -1 
If the angle @ between the line $ * 1 2371 2272 and 

1 2 2 


the plane2x — y + VÀz + 4 — 0 is such that sin Ө = 1, The 
3 


value of À is [AIEEE 2005] 
4 3 

(a) : (b) T 
3 5 

(c) = (d) ^ 

The angle between the lines 2x = 3y = — z and 

6x 2—y--4zis [AIEEE 2005] 

(a) 30° (b) 45° 

(c) 90° (d) o* 

The plane x +2y — 2 = 4 cuts the sphere 


x? +y? +z? —x+z-2=Oinacircle of radius 
[AIEEE 2005] 
(а) 2 


(с) 1 


(b) 2 
(d) 3 


Exercise for Session 1 


18 zJ3|k| 4. (,2, 3), (3 
- (1,2, ,4,5.(-1,6,- 
SS 6. (4, 5, 6) 7. А d 5 L6 7) 
&-1 90 n (2.51.2) (22,122 
12. /14 а » 
Exercise for Session 2 
lr 730 -j+ 3k + AQÍ - 2] + sky 
Lhrz2b-3]e 4k + AGE + 4j - SR) X722 2*3 2-4 
4 -5 
13 23 “4 
(3,3, ) 4. cos (2) 5.(-1,-1,-1) 
1 41 
6, zt 
43 7.10 
У Fa? A P 2-2 
=f 2 27 à] 2 09 
9,371, y-2, z+ 
i X i 10. (5, 8, 15) 
Exercise for Session 3 
1. 2x- y+32=9 241 i++ 6) 
3 
3.4x-3y * 2223 4. 5x + 18у+62=0 
5.х- 5у- 22+ 6-0,3x- y+4z-2=0 
6.(- 3, 5,2 7.5 (5) 
t d m (т 
8 y+ z=2 9.13 
10.17x - 47 y- 24z 17220 
11. 3x- y+ 3z * 10-0 
12.х- 2у+ 22 =0апіх- 2у+22-6= 0 
13. 25x + 17 у + 622 = 238 (acute angle bisector) 
х +35 у- 102 = 256 (obtuse angle bisector) 
14.x-8y+4z=7 
15.2x+2y+z=9 
Exercise for Session 4 
1. Centre (2, — 2, 0), Radius = [5T 
2.2? + y + z! -Ax e Ay - Az + 9 = 0, Centre (2, - 2, 2) 
3x4 y + 2? -2/3y-1=0 
4.9 + 9y? + 922 — S4x— 108 y+ 722 + 545=0 
S. A-43t3 
6.222 + 2y! + 227 - 6x + 2y - 42 = 25 
{їз 77 ТВ: ps: 
7. 2.2.-2) ii) —— (iii) 5 
of 2 ( 5 
Chapter Exercises 
1.(b) 2.) 3. (b) 4, (a) 5. (a) 6.(b) 
7. (b) 8. (b) 9, (b) 20.(с) 11. (6) 12. (а) 
13. (с) 14. (а) 15.(d) 16.(с) 17. (а)  18.(b) 
19. (b) 20. (а) 21. (c) 22.(с) 23.(9) 24. (а) 
25. (а) 26. (b) 27. (d) 28. (a) 29, (4)  30.(d) 
31.(a)  32.(d) 33. (b) 34.(a)  35.(a) 36. (с) 
37.(b) 38. (с) 39. (c) 40. (с) 41.(0) 42. (с) 
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Answers 


43.(c) 44. (с) 
49.(d) 50. (с) 
55. (d) 56. (Ы) 
61. (b) 62. (d) 
67. (а) 68. (с) 
73. (а) 74. (b) 
79. (4) 80. (a) 
85. (с) 86. (b) 
91. (9) 92. (а) 
97. (b,d) 
100. (b,e) 
103. (b,c) 
106. (c,d) 
109. (b,d) 
112, (c,d) 
115. (a,b,d) 
118. (b,d) 
121. (a,b,c) 
124. (a,b) 
127. (а) 128. (b) 
133. (а) 134. (а) 
139. (d) 140. (b) 
145. (b) 146. (с) 
151. (с) 152. (b) 
157. (b) 158. (а) 
163. (с) 164. (с) 
169. (а) 170. (b) 


175. (А) э ғ (В) ә q, 
176. (А) э r (В)  q, 
177. (А)-э д (В) ә ғ, 
178. (А) э s (В) 9, 
179. (А) э r (B) 9. 
180. (А) э s (В) r, 
181. (А) э (В) p 


182.(1) 183.(7) 
188.(2) 189.(8) 
194. (3) 195. (7) 
200. (4) 201. (4) 
206. (1) 207. (1) 


mon) 


45. (c) 46. (a) 
51. (c) 52. (d) 
57.(b) 58. (a) 
63. (a) 64. (а) 
69. (a) 70. (c) 
75. (c) 76. (a) 
81. (b) 82. (с) 
87. (c) 88. (a) 
93. (c) 94. (a) 
98. (a,b,c) 

101. (a,c,d) 

104. (a,b) 

107. (b,c) 

110. (a,c) 

113. (a,d) 

116. (a,c,d) 

119. (a,c) 

122. (a,b,c) 

125. (d) 

129. (b) 130. (d) 

135. (b) 136. (a) 

141.(b) 142. (b) 

147. (a) 148. (d) 

153. (c) 154. (a) 

159. (b) 160. (с) 

165. (c) 166. (b) 

171. (c) 172. (b) 


(C) > р, 
(C) p 

(С) 2 (r,t) 
(С) q, 

(С) э 4, 

(С) 2 4 

184. (2) 185. (3) 
190. (2) 191. (4) 
196.(7) 197. (7) 
202. (4) 203. (1) 


210. (-2,-1, amafi 33 A) 


11.ғ= @ї-1+збнрој ні. -2k) 


912.3 Fe Ж 
-l 


Ti 


EJ 
E 


(C) > (q.3(D) > (p.s) 


47.(b) 48. (а) 
53. (b) 54. (a) 
59.(c) 60. (а) 
65. (b) 66. (с) 
71. (b) 72. (Ы) 
77. (d) 78. (а) 
83. (a) 84. (с) 
89. (с) 90. (а) 
95. (а) 96. (а) 
99. (b.c) 
102. (а,Ь) 
105. (а,Ь) 
108. (а,с) 
111. (a,b,c,d) 
114. (a,b,c) 
117. (b,c) 
120. (a,b,c,d) 
123. (a,b,c) 
126. (d) 
131. (а) 132. (с) 
137. (а) 138. (d) 
143. (d) 144. (b) 
149. (d) 150. (b) 
155. (с) 156. (с) 
161. (b) 162. (а) 
167. (b) 168. (b) 
173. (с) 174. (d) 
(0) ә ғ 
(D) s 
(D)5 (p,s) 
(D) (s) 
(D) (s) 
186. (1) 187. (3) 
192. (3) 193. (4) 
198. (9) 199. (6) 
204. (9) 205. (2) 
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LUE i 
213. "ag units 216. 2x y-2:t3-0andx-2y-2:-3- 0 


217.x-8y+4z-7= 


218. (b, c, d) 


0 


219. (с) — 220; (c) 


221. (a.d) 222. (bd) 


223.(d) 224.(a) 225, (b,c) 226. 

ое т HE a ) 226.(b) 227.(с) 22%. (9) 
232, gnis (B) 2 (q); (C) (b); (D) > (s) 

233. (b) 234.(b)  235(b) 236. (d) 237.(d) 238.(c) 
239. m 240. (a) 241, (с) 242, (с) 243, (а) 244, (с) 
245. (d) 246. (0) 247. (d) 248, (b) 249. (с) 250, (a) 
S y me үз 253. (d)  254,(b) 255, (а) 256. (4) 

(a 8. 
MEL (d) 259, (4) 260. tb) 261. (d) 262, (с) 


Solutions 


1. 


Suppose xy-plane divides the line joining the given points in 
the ratio À : 1. The coordinate of the point of division are 
24-1 5А +3 6А + 4| 


KRL AFL’ AFL 
This point lies on xy-plane. 
6), 
* 4 з эй mss. 
A+1 3 


Hence, xy-plane divides externally in the ratio 2 : 3. 

Aliter We know that the xy-plane divides the line segment 

joining P (x, yi, zı) and Q (x2, у, z;)iin the ratio —z, : zz. 

Therefore, xy-plane divides the segment joining (—1, 3, 4) and 

(2, —5, 6) in the ratio —4 : 6 і.е. 2 : 3 externally. 

Suppose zx-plane divides the join of (1, 2, 3) and (4, 2, 1) in the 

ratio À : 1. Then, the co-ordinates of the point of division are 
[Bs 21 +2 е) 


А+ А+ А+ 
This point lies оп zx-plane 
2% +2 


=0>A=-1 


-coordinate = 0 => 
d A+1 


Hence, zx-plane divides the join of (1, 2, 3) and (4, 2, 1) 
externally in the ratio 1 : 1. 

Aliter We know that the zx-plane divides the segment joining 
P (ху, yy, 21) and Q (x2, yo, z2) in the ratio —y; : уг. 

..zx-plane divides the join of (1, 2, 3) and (4, 2, 1) in the ratio 
—2:2 i.e. 1:1 externally. 

Suppose R divides PQ in the ratio À : 1. Then, the coordinates 
of Rare 


ЕЕ 4X +2 pd 


А+ Atl’ A+] 

But, the coordinates of R are given as (9, 8, — 10). 
SA+3_, 4A+2_, 
ККД, De 

and dS A шол = Lena 
A+1 2 


Hence, R divides PQ externally in the ratio 3 : 2. 


D divides BC in the ratio AB: AC i.e. 3 : 13. Therefore, 
coordinates of D are 
3х-9+13х5 3х6+13х3 3х-3+13х2 “(2 57 z) 
3+13 3 13 3-- 13 8 '16'16/ 


. Let l, mn be the direction cosines of the given line. Then, as it 


makes an acute angle with x-axis. Therefore, | > 0. The line 
passes through (6, —7, —1) and (2, —3, 1). Therefore, its direction 
ratios are 

6-2—7*3,-1-10r 4-4,-20r2, -2, -1 


Hence, direction cosines of the given line are 3 E E 
3 


6. We have, а = 45? and B — 60? 


Suppose OP makes angle y with OZ. Then, 
cos? a + cos?B + cos? y 21: 


: 1\2 ny 
2 
— -=| +]-] *cos y=1 
(5) +6) 
=> cos? "— 
T 4 2 
=> y =60°, 120° 


7. Let OA and OB be two lines with direction l, т, mand 


Lb, m, пз. 
Let OA — OB — 1. Then, the coordinates of A and B are 
(h, m, m) and (Ip, mz, nz) respectively. Let OC be the bisector of 
Z AOB. Then, C is the mid point of AB and so its coordinates 
are 
(= m +m ntm) 

оа GET 


В (-lzmMaN) 


htl m+m тт) 
2 2 2 

© A (hmm) 

X 


gefh ы M+M пү+п; 
{> NU uu: 
D (Hamana) 


-. Direction ratios of OC are 1—2 h+ kth m + та. mtn 


2 2 
2 
Now, OC = E T 4) + (mim 2a m) +| жт | 
2 2 2 
oc=1 
2 
VE + тё + n) + (+ т + rd) + 200, mm; + тл) 
1 
= OC = ;" + 2с050 [-cos0 = hl, + mm, + mn, ] 
=) oc =~ 2 + 2cos0 = со: Уу 


-. Direction cosines of OC are 

1+1 mt+m nn 
2(0С)' 2(0С) ' XOC) 
L+h mtm nnm 


4039) %оз9) eos) 


or, 


8. The given line is parallel to the vector n = i — j + 2k. The 


required plane passes through the point (2, 3, 1) i.e., 21 + 3) + k 
and is perpendicular to the vector n = i — j + 2k. So, its 
equation is 

{r - Gi +3} + k)}-(i 3 + 2k) = 00000 
E r-(i-}+2k)=1 
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9. Le the position vectors of the given points A and B be a and b 15. Let A(1,0,-1),B(-1,2,2) 


чау and that of the variable point P be r. It is given 


Direction ratios of segment AB are < 2,-2,-3 >. 

1 -2)-5*- 11 

PA? — PB? =k _ 2x1+3(-2)-5( J NE : MR 
Abit жы MED соб ооз анан ЙТ dios 

|r -al* -|r - b? =k Length of projection = (AB)sin Ө 


121 
(152 + fal? ~2r-a} - [|r]?  |b-2r-b] =k - (2)? +(2)? +)" x his 
2r: (b - a) =k + |b? – ај? Jas _ [474 


2417—————- 
17-35 Y 35 


16. Let the point be A, B, Cand D 
The number of planes which have three points on one side and 


) 111g 


т-а) =À, where A = {k + |b —|al’} 


Clearly, it represents a plane. 


10. The Position vectors of two given points are а= i-}j+3k and the fourth point on other side is 4. The number of planes 
b=31+3}+3k and the equation of the given plane is which have two points on each side of the plane is 3. 
. r =(5i+2}-7k)+9=0 => Number of planes is 7. 
or rEnidzü 17. Point A is (a, b, c) = Points Р, О, R are (a, b, — c) (~a, b, c) and 
We have a.nt+d=(i-}+3k)-(51+2}-7h) +9 (a, — b, c) respectively. 
25-2-2149«0 = Centroid of triangle РОК is (2. Ls 3 =G= (s. Ё, 3 
and b.n *d - (9i 3] 3f) (51 2] —7k) 9 a inh 


=>A,0,G i i i ^ 
Sd EAM sone A, are collinear — area of triangle AOG is zero 


So, the points a and b are on the opposite sides of the plane. 18, Let the equation of the plane be 2 * Р Е Е Xx 
11. The equation of a plane parallel to the plane р 4 
r-(4i-12}-3k)-7=0is, M » yt 
* 4 E 
r-(4i iod Ad A=0 = Volume of tetrahedron OABC = V alia bc) 
This passes through 2i -j—4k 9 
AER Р 3 
(i -j—4k)-(4i -12)-3k)43.-0 Now, (abc)? > 5 23 (GM2HM) 
= (84124124 X-0 o Ке 
=> à 2-32 9 
А a > b £ 
So, the required plane is r-(4i-12j-3k)-32=0 assu d 2 
12. Equation of the plane containing L, 19. A(1, 1,1) 
A(x-2)* B(y—1)+C(z+1)=0 
where A+2C=0; A+ B-C=0 
=> A=-2C, B=3C, C=C 
= Plane is —2(x-2)+3(y-1)+z+1=0 
or 2x-3y-z-2-0 f 2) 
[6] 
i IET Ё В (A, 2A, ЗА) 
P^ ла] V7 Let any point of second line be (A, 2А, 3h) 
13. (1, 2, 3) satisfies the plane x—2y +2 =0 and also cos § = A sin@ = Ne 
: 2 
(1+2]+3h)-d-2}+ i) 0 : vaz 
D As ge Aoas = -(OA)OBsin Ө 
Since the lines er Nd p and 2 ) 
1 2 3 1% Jia У 
= -у3А S RE АЛ 
X.Y =? both satisfy (0,0,0) and (1, 2, 3), both are same. Given 2 795 v42 = = л=2 
123 So, B is (2, 4, 6). 
line is obviously parallel to the plane x—2y +z=6 20 Equation of lin 
14. Vector (3i-2}+ ke) x(4i-3}+ 4k) is perpendicular to 21 -)-- mk * quaBon of line x + 2y +z -1+ A(-x+ y -2z -2)2 0 (i) 
x x*y-2tpu(x*z-2)-0 ii 
3 -2 1 
(0, 0, 1) lies on it -@ 
zx 4 -3 4|=0 => m=-2 b 76% 


2-1 For point of intersection, z — 0 and solve (i) and (ii). 
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21. The planes are ~ + Č + 2 =1and 
a be 


E. 4t ai 
a b € 


Since the perpendicular distance of the origin on the planes is 
same, therefore 


= “1 

= 
1 1 1 1 1 1 
—-—4— — + — + — 
2 pb og ai oar gà 


22. Given one vertex A(7, 2, 4) and line 
x*6 y+10 z+14 
— з m в 
5 3 8 
General point on above line, B а (5A — 6, ЗА — 10, 8А — 14) 
Direction ratios of line AB аге < 5А — 13, ЗА —12,8A — 18 > 
Direction ratios of line BC are < 5, 3,8 > 


Since, angle between AB and BC is т 


cos _ б^ —3)5 + З(ЗА — 12) + 88А — 18) 


5А – 13)! 
Js? +37 + в?. |+ QA 2 12) 
+ (8A – 18) 
Squaring and solving, we have А = 3,2 
Rot yaad ent 
-3 6 


Hence, equation of lines are 


and 


23. LL, intersecting; L;L, parallel; LL, skew. 
24. X =p = 1 (point of intersection of two lines) 
э r=at+lorb+mie,r=i+2j+k 


25. Both the lines pass through origin. 
Line L, is parallel to the vector 
V, =(cos8 + V3)i + (v2sin8)j + (cos@ — /3)k and L is parallel 


to the vector 
V; =ai + bj + ck 
wid 
О: = 
BALA 


_ a(cos + V3) + (by2)sin Ө + dcos Ө — V3) 


1 2 
rrr cos 0 + ~) + 2sin' 0 


+ (cos0 – V3) 
(а + c)cos0 + by2sin@ + (a — c)V3 


a! «b! «c /2+6 
In order that cos a in independent of 0 
a+c=0 
and b=0 
З У 


26. 


27. 


28 


29. 


30. 


31 


32. 


Given lines are skew lines and angle between them 


cos”! 12+3+0 
= L 
Jas [25 
cos 
= 
зз 
Equation of plane 
x-1 y-1 т-1 
1 3 -2 |=0 
0 0 2 
S (x. y. 2) 
h 
aea- t? 
E 20x-3-y1)20 
=> 3х-у=2 
q 
int ta; 
intercept = т 
ninaq = y= 
і.п 
Д а4х+ бу ~ 72-1 = 0 
Р = 4х + 6у - 72-20 
ds : 2: 
Jiev3ex49 Vior 
Hence, 101102 102 5151 


x and z-intercept of the plane is 4 and it is parallel to y-axis, 
hence equation of the plane is x + z = 4. 
Its distance from (0, 0, 0) is 242. 


Coordinate of L(0, g, h) and M(f, 0, h). Now, to find the 
equation of OLM. 


*0O(00,0  eP(xy,z) 


*l(0,g,-h  €M(0,h) 


* yr 
- 0 g лао 
foh 
=> (gh)x + (fh)y - (qf): = 0 
ж: Vd 
or f + ER =0 
y-coordinate of P is zero. 
T Q9 +1) 
wn ТҮРКҮГҮ 2,3,4 
E A= ч 
3 
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X 
33. Яалаа ew 


Xp-4uy,-4wz,-24w 


i 0 0 
у= |о 4v o „(#)» 
0 0 4% * 
(м) аю 
6 2 
^" 39. 
x 
Yı 
xyz 26k? 


Bib, 0, 0) 


Area of ABCD = =| BC x BD| 
ee a "As a : 
=1\( - exti - doe bd j + bcc + dci | 
1 


= „у= + cld? + db? 
Now, 6 = be, 8 = cd, 10 = bd 
bc? + с?  d'b? =200 
On substituting the value in Eq. (i), we get 


A- 2200 -542 


35. r=2i+ j+ 0k e (i j)xG+k) 


(d) 


38. 


40. 


m 253 


to two non-collinear vector 


Plane through a and parallel 
(takes dot with b x c both sides) 


(r-a) (bx c) =0 


(r -ü - -6i - 2j -3k) =0 


ie. 
= r-(5i -2j-3k) =7 
Intersecting, if 
5 2 13-p S- 2 1p 
fS AK Slew 0 
-1 2 -3 -1 2 -3 
-4(-15 4 13 - p) =0 
p-2-2 
Aliter 
(A +2) = (и +3) (0) 
2% + p-2u +7 (ii) 
ЗА +13=p-34 і) 


From Eq. (i) i = (-А + 5) 
On putting in Eq. (ii), 2A + 9 = – А + 5) + 7 


^ =-3 
Now, from Eq. (iii), -9 + 13 = p+ 6 
p--2 


r=a+yb+pe 
Taking dot with b x c 
[r b c] = [a b c] 
b - (1, -1, 1) and c = (2, — 1, 0) 


[where, a = (0, 1, 1)) 


D uu 
[abc]=|1 -1 1|20-(0-2) - 1-214 2) 23 
2 -1 0 
© y 
and [rbc]2|1 -1 1 = x(0 + 1) - y(0 - 2) + z(-1 + 2) 
2-10 
=х+2у +2 


Hence, equation of plane is x + 2y + z 23 


are 


2-а 9-7 13-(-2) 


p= 


=(2,1,0) + (k - j + i)=@ 1,0) + (711) MH) 2 з | 
2 2.2 + 
36. Opti ,- =~ F= a Б 
Option (а), ; 3*9 2 3 
Option (b).2 2 2 =2 =2 identical 42 xj Acto 
za RES - On (1, 2, 3) satisfies the plane x — 2 = 
i pa we eM К Ansa F y + z = 0 and also 
Option (c), "ak кын жс (1+2) +3) (1-2) + 1920 
Option (d),2 =2 * —6 Since, the lines X 1 2 72 . 2 73 
х=9х=1 a °З 
=8 у= Lim z 
37. y-&y-2 and Ž =% = Ž both satisfy t + 1 and 3t + 3. 
z=5,z=3 


Edges of the cuboid are 8, 6 and 2. 


Hence, both are same. 
Given line is obviously parallel to the plane x -2y +2 =6 
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1 -c -b 
43. Infinite solution |c .-1 a |=0 
b a -1 
= a! +b’ e c =1 


Note that 3 such planes can meet only at one point i.e. (0, 0, 0) 
or they may have the same line of intersection i.e., at infinite 
solution. 


The given lines are coplanar, if 


2-1 3-4 4-5 1-1-1 
1 1 -k |=0 2 |1 1 -k|20 
k 2 1 k2 1 
1 0 0 
> 1 1 1-k|-0 
kk+21+k 
= 2(1 + к) —(k + 2)0 - к) =0 
if k? +3k=0 = k=Oor-3 
, Putz = Qin the line given x =5 and y =1 
= 5-1=с° 
Equation of the line is *—* 372 -2-3 „у si) 
Hence, any point on the line (i) can be taken as 
x=A+2 
y =—-(3A +2) 
z=(2A + 5) 
From some À point lies on the plane 
2x —3y + 4z =163 0) 
ДА + 2) + 33А + 2) + 42А + 5) = 163 
19А = 133 
=> А =7 
Непсе, Р = (9, –23,19) 
Also, Eq. (i) intersect YZ-plane іе, x = 0 
A+2=0 
Hence, A=-2 


~ 00.41) 
So, PQ = {|92 + 27° + 18" 
29] +3? +2? =9V14 
> a=9andb=14 
Hence, а + b =9 + 14 =23 
Equation of the plane passing through the line of intersection 


of the first two planes is r-(m, + Amz), = р, + Арг. where A is a 
parameter 

Since, three planes have a common line of intersection the 
above equation should be identical with r- n, = ру for some А. 
That is for some A, 


n; + An; = kn; E! 
and Pi + Ар; = kp, .. (ii) 
From Eq. (i) 

n; X n, + An; Xn; =0 
and n; X nz = kn, X nz (Шш) 


From Eq. (ii) 


М 


(р + Ap;)(n; X n3) = kpi(nz X n3) 
= p(n; X nj) NU 
р(п X n4) + рп x n3) + pini + n;)-0 
=> pí(n; Xn) + p(n; X nj) + pin; хп) = 0 
[Using Eq. (iii)] 


. Equation of any plane through the intersection ofr-n, = 


and r- n; = q; is of the form 
ren, + Ап =q + Ад ..Ai) 
where À is a parameter. 
So, n, + An; is normal to the plane (i). Now, any plane parallel 
to the line of intersection of the planes r- n; = 9; and 
r-n, =q; is of the form. ч 
r-(m3 + пц) =q + Ид, hence we must have 
n, + Ап = k(n, + Ип, ) for some k 


E [n; + Хп]: [n3 x n] 2 0 
= [n, n; n,]* Мп,п;п,]=0 
pi =- m ns n4] 

(nz n; n] 


On putting this value in Eq. (i), we have the equation of 
required plane as 
[n; пзп, ] (гоп, 
[а n; n,] 
=> [n; n, nj](r- n; - q) 

7 [n, n; n,J(r-n; - q2) 


Equation of line is 


rm-q- =q) 


r=i+0j+k+xi+3j-k) (i) 
Eq. (i) lies in x + y + cz =d 
D 1+0+c=d 
^ l+c=d 
Also, 1:1 1:34 4-1) =0 
c=4 
КА 1+4=4 —d-5 
> (с+ 4) =4+5=9 
Aüypontón t 5.21, 172 „у. 
2 4 12 


(2r + 2, 4r - 1, 12r + 2) 
which lies on x -y +z =5 
(2r + 2) —(4r ~ 1) + 12r - 2255 
r=0 
..Point on the plane = (2, —1, 2) 
Distance between (2, —1, 2) and (-1, -5, —10) 
= (2+ 1 +(-1 + 5)? + (2 + 10) 
=13 
R(r) moves on PQ, 
R(r) 
—  ————_— 
P(p) Qq) 
(i+ ) xG- k) =i -j + k = Unit vector perpendicular as to 
the plane of i + Jand J + kis - ja k). 


Similarly, other two unit vectors are 


1 1 ^ 
Bas jo Cited. 
У =[а, а, а=] 1 l= 
345 
Aliter 
Leta=i+jb=j+kandc=k4i 
Now, [axb,bxcexa] = [a b с]? 
1 1 of 
=}0 1 1) =[1(1)-100-1)F =4 
10 1 
Hence, actual volume with unit vectors 
A Rr oe 
|\ахыЫ|Ьхс||сха| 


Now, [а x b | = fa^? - (a: b)! = J4 -1 = ete. 


Voti = з 
345 
53. n 23i - j « 4k 
Line through A are parallel to n is 
r=i+2j)+3k+AGi-j+ 4k) 
=3A + 1,2 А,3+ 4А (i) 
n A (1, 2, 3) 


Hence, Eq. (i) must satisfy the plane 
3x-y+4z=0 
WBA -1) -(2- 1) + 48 + 4A) =0 
26А + 13 =0 


ia-i 
2 


Hence, A' is (3. >, 1) which is the foot of the perpendicular 
from A on the given plane. 

54. On solving x + 2y — 4z = 0 and 2x — y + 2z = 0, we get 
One point Р on line is (0, — 10t, —5t) and = (1, 1, 1) 


Direction ratio of PQ = (1, 1 + 104,1 + 5t) 
0—10-100t -5 -25t = 0 


3 
> t=-— 
25 
6 3 
Ра|0,-,- 
+ (955 
1 ot. Tx -1 
Hence, required equation 1 — = > =. 
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55. Let ~ + Ў + 2 =1 be the variable. 
m b 


Then, the coordinates of AABC are A(a, 0, 0), B(0, b, 0) and 
C(0, 0, c). 


b 
The centroid of AABC is (2. T 3 


56. Direction ratios of AB are 1 :1:1. 


Direction ratios of CD are 1 :2: 1. 
Angle between AB and CD, 
1х1+1х2+1х1 4 
cos 8 = —————————— = 


V3 v6 32 


57. Equation of plane is + 24 с = 


AAN 


<. Required distance 1 З = 
Тү fiy {ү 
Ш*Ш*2 
1 2 3 
58. Angle between the faces = Angle between the normals 
n, = Vector normal to face ОАВ 


ijk 
=OAxOB=|1 2 1 
213 


nz = Vector normal to face ABC 


=5i-j-3k 


- 
- 
н wx 


Angle between faces = cos! 1:12 _ oo, "(S) 
[ni] [n7] 3 
39. О=(1+2%2+3Аз+ 4X) 
Direction ratio оЁРО = 2А, ЗА —1, 4A -1 
Now, (2A)2 + (8x —1)3 + (44 -1)4 = 0) 
29) 27 


hel 
29 
Direction ratio of line PQ is (14, -& -1), 
60. Equation of the plane passing through three points A, Band C 
with position vector a, b and c is 


raaxb+bxe+exa)=a:bxe 
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So that, ifa, b, c represent the given vectors, then 


* ^ 


1o k 
axb+bxc+cxa=/-6 3 2 
3 -2 4 
i j k i jk 
+/3 -2 4/415 7 3 
5 7 -6 3 2 
=-13i + 13j - 912k 
-6 3 2 
and а-захс=| 3 -2 4/=299 
Sg 


So, the required equation of the plane is 
г.(-131 + 13j— 91k) = 299 or r-(i - j + 7k) +23 =0 


61. The volume of tetrahedron 


--(OA OB 0c) == 


о о 
1 be 
= 1 0|=—units 
6 ‘ 6 
Е | 


о – н 


Area of the base 72d *j-DxG«k-i| 


m 


Ya. 
=~(1+k|=— 
2 | v2 
Height = 3x Volume 3/2 1 
Area of base 6 V2 


62. x-y-z-4=0,x+y+2z-4=0 
Required plane is of the form 
(х-у-2- 4) + Җх+у+ 22-4) = 0 
Since, this plane is perpendicular to the plane x - y -z - 4-0 


она +0 10-0) + А 10-0) 0А 5 


-. Required plane 5x + у + 42 = 20 
63. Let I, m,n be the direction cosines of the normal to the plane 
on which lies the plane area A. 


Then, A,, = projection of A on the xy-plane 
= Acos 0, where a. is the angle between the plane 


and xy-plane. 
10+m0+n1 


1 
Since, the normal to the xy-plane has direction cosines (0, 0, 1) 
. Ay =A, 
Aya = A 
А„ = An 
ЛАР + А? + А}, = А? 
64. Equation of the plane through P(h, k, L) perpendicular to OP is 
xh yk + zl =h? +k? + 12 = р? 


cosa = 


Similarly, 


where, pk + кї + 12 
х У х... 

=> oe a 
hok [P 


2 5 1 г „2 
PEE A АЕ Т СА 
Zh k 2 1 

2 2 

PEER Ea 

OMNE. 


xd. - zÆ 
са ү wer 2 вк 2hkl 
p 
H ABC) = —— 
ence Ar(D. ) Ы 
65, Equation of the given plane сап be written as 

M dtes ИЕА 
20° 15 -12 


which meets the co-ordinates axes in points А(20, 0, 0), 

B(0, 15, 0) and C(0, 0, — 12) and the co-ordinates of the origin 
are (0, 0, 0). 

^. The volume of the tetrahedron OABC is 


20 0 0 
Slo ae 6 |. = = X20 X 15 x(-12) — 600 
0 0 -12 
66. 1+ m+n=0,1? + тг п? =0 
=> Ü-m-(--my-0. 
=> 2lm = Oi.e.,l=0o0rm=0 


If! =0,m=-—nandifm=0,l=—n 

Since d.r.'s of the two lines are 0, 1, — 1 and 1,0,-1 

0х1+1х0+(—1)х(—1) 1 
КТЕ ARE. ae 


cos 0 = 


EY ed 
3 
67. â - j « а). (1+5) + k)=0 
Therefore the line and the plane are parallel. A point on the 
line is (2, --2, 3). Required distance is equal to distance of 
(2, —2,3) from the given plane = [2+ S-2)4+3—5| = 2 
12652 +12 V27 
68. -- Plane is perpendicular to the line 
2. Equation of plane is of the form 2x — yt2z+k=0 
` If passes through origin ^. k = 0 
te 2x-y+2z=0 
69. РО = i(-2 -31) + u —3) + Кр — 4) 
PQis parallel to x — 4y + 3z 21 
= 1-2-34)- 4 -3) + 361 — 4) = 0 


1 
> =- 
р 4 


70. Plane meets axes at A(a, 0, 0), B(0, b, 0) and С(0, 0, с). 


Then area of ABC = | AB x AC| 


| Caf + bj) x (Caf xek) | 


(ab? + b*c* + ca? 


71. Centre of the sphere is (-1, 1, 2) and its radius 
241414441925 

CL, perpendicular distance of C from plane, is 

| -1+2+4+7 


TTT БЫ 


Now, AI? = CA? — СІ? =25 -16 =9 
Hence, radius of the circle = 4/9 23 


72. Let rxa=bxa 

=> (r-b)xa=0 
> г= 6+ ѓа 
Similarly, other line r =а + kb, where t and К аге scalars. 
Now а+ К =Ъ + ta 
> t=1,k=1 (equation the coefficients of a and b) 

r=a+b=i+j+2i-k 

=3i+j-k 
ie. (3, 1,-1) 
73. Let the point P be (x, y, z), then the vector xi + у) + zk will lie 
on the line А 
=> (x - i + (y -1j + (z -1)k 
=-hi+Aj-Ak 

= x=1-A,y=1+Aandz=1-A 
Now point P in nearest to the origin. 
=> р=(1- А) + (1 + А) +(1-A)? 

dD 

= =-41-A)+Al+A)=0 
=> aA 41-2) 

1 

А =- 

- 3 
242 
int is} 7, =, 7]. 

=> The poin (2 т 2) 


74. We have, | v, | =2,| vz | = /2 and| vs | = 29 
If@ is the angle between v, and vz, then 


2.2 cos @ =-2 
=> cos 9 =e = @ = 135° 
№ 
V2 
Let v, 22i, v; =-Î + jand v, =ої + В) + yk 
Since vy vi 26 =20 
=> a=3 


Also, vyvim-52-0 +B 
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75. 


76. 


= В=-2 : 
and v, v =29=07 + p^ + ү? 
> y=r4 


V3 -23i-2]t 4k 


The given plane is r-(5i + 2j - 7k) = -9 

Length of the perpendicular from i — ĵ + 3k to it is 
-9-(-j*3k)Gi-2j-7k) -9-5*2*421 . 9 
eae v7.48 
Length of the perpendicular from 3i + 3j + 3k 
-9-0i43j43k)(Gi-2j-7k) -9-15-6*421 — 9 
9 Ө +э} eset J k = =- 


Thus, the length of the two perpendiculars are equal in 
magnitude but opposite in sign. Hence, they are located on 
opposite side of the plane. 


Let the position vector of A, B, C, D be a, b, c and d 
respectively. 
Then, AC? + BD? + AD? + BC? 
=(с-а):(с-а) + (d – b)-(d — b) 
* (d - a): (d —a) + (c — b)-(c — b) 
-2|cl* + |а [2 –2а:с+ | d | b]? 
—2d-b+|d|?+[al?—2a-d+]e/? 
+|b|?-2b-c 
zlal* 4 |b —2a-b «| e? | df? 
-2e-d +a? «|b «| ef! +14 
-2a:b -2c.d-2a.c —-2b.d 
—2a.d -2d.c 
= (а – b)-(a - d) + (c - d)-(c - d} 
*(a*b-c-d)(a-b-c-d) 
= AB! + С? + (a+ b- c- d)(a * b-c-d) 
> АВ? + CD? 


al 


SMW д 
If the given vectors are coplanar, then х ya z2|-0 
ху ys 23 
The set of equation 
XXtyytzz-0 
XxX + узу + zz =0 
XX + yay + 252 =0 
has a non-trivial solution. 


Let the given set has a non-trivial solution x, y, z without loss 
of generality, we can assume that x > y 2 z. 


For the given equation x,x + ууу + түт = 0, we have 
Xx--yy-zz 


= [ах | = [уу + zzISlywl*lzz| 
= [ух |< [ух |+ [ух 
= {х|<|у,|+|х | 


Which is a contradiction to the given inequality. 
Ix |> у |+] | 
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Similarly, the other inequalities rule out the possibility of a 82. Q-(r.r.-r) 
non-trivial solution. »-* 
Therefore, the given equations have only a trivial solution. PQ perpendicular 1 сы ch "d zl 


So, the given vectors are non-coplanar, 
" = (a -r):1+@-r)-1+(y+r)(-1)=0 


78. The vectors n, x nz, n; X n; and n, x n, are non-coplanar a+B-yY 
vectors, so every vector can be written as а 3 
r=a(n, X nz) + b(n, x nj) + (n, x nj) 2 2 
Substituting this value in r- п, = q, a,b, we get = 3 udi lil at a 
a(n; X nj): nj + b(n X nj) nj + (n; x n):nj =q But PQ -2 
Ф {perpendicular distance from Р(0, В, y) to plane x + у + z = 0) 


n nz п; saer! 


b(n, п: пу) =ф = b= 
2 25 
абур + ү! cabe Bre w)=44 КД 


Since, the required point of intersection will have the position 
vector, 
a? + p? + Y? + sap + зу + зух = 0 
„ The cut x = y separates the cube into points with х < y and 
those with x > y. 
2. So, number of pieces equals to the number of ways of 
arrangements of x, y and z which is3! = 6. 
Aliter Since in each coordinate there is inequality x > y > z. 
So, number of pieces = number of ways of arranging x, y, z =6 


= (n; n; n3) [q(n, x mz) + q(n; x m3) + даз x п,)] 83 


79. Sincer? + 52 =e? 
=e =31 оге = 1915 not possible. 


Therefore, e equals 13, 20 or 25. 
The possibility for triplet {r, s, e} are {5, 12, 13}, {12, 16, 20}, 


15, 20, 25}, {7, 24, 25}. 
f M ) 84. Here P and Q lie on the same side of XY plane 
b Image Р(1, 2, 3) on the XY plane is P'(1,2, – 3) 
a Reflected ray is PQ => 353 27 72,2 75 
c 0 8 
= 2S) YER euo 
s 1 0 4 


Let Ž +2 + ® =1 be required plane. 
a b 6 


g P 85. 


Since 16, 15 and 24 do not appear among any of pair wise 
differences of 13, 19, 20, 25, 31 


Let the sphere be x^ + y? + z? + 2ux + 2vy +2wz +d =0 
d = 0 if it passes through origin. 


80. 


=a = 19, b =25,с =31, d =20, e =13 

Hence, required area = 745 sq units. 

Point A is (a, b, c) 

= Points P, Q, R are (a, b, — с), (— a, b, c) and (a, — b, c) 
respectively. 


b 
= Centroid of triangle POR is (© =, 3 


ЧЕ Consider the edges ОА, BC whose equations are ЕС ЗАР 2s: 
^c (2.5.5) -1 1 1 
333 x-a y*a 2-а 
— A, O, G are collinear — Area of triangle AOG is zero. U- 4 P 1 


86. 


Also, a = — 2u, b = – 2v, c = — 2w 
a-p,B-tT, y-a _ 
—2u -2v -2w 


and 1 


Locus of centre (— u, — v, — w) is L(a — B)yz =2xyz 
On solving the given planes, the vertices are O(0, 0, 0), 
A(- a, a, a), B(a, — a, a), C(a, a, — a). 


81. Let line joining AB meet plane 2x + 3y + 5z = Lat P. Now, find S.D. between the lines. 
TA »- (Ez ak Rcs) Е 87. The angle between the pair of planes is 
AÀ*1AX-41 A+] PB ах? + by? + cz? + 2 југ + 2gzx + 2hxy = Vis 
-5À 7. -3 
5 53 2 2 2. pe ЕЧ 
ae. (=) 0 |2 f +z I ab — bc =| 
at+b+ 
2(+ 1) – 15А + 35А -15=A +1 88, : 
2 . н 2p+2q+r=6 
5 лас 7i +2) + К) (рі + д) + rk) =6 
=> P =(1,-2,1) (аЬ)? <Ja? |b]? 
су АР 2245 = 6? Sp! + 42 +r?) 


р+к 54 
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à А Sx IR E 
95. The plane equation in the intercept forms is re hie 1 
Volume о tetrahedron OABC is 


v2 25 сы => abc =384 
6 


89, 

9. Let A(x, у, а), В(хь Ya т), C(x Ys, 23), (ха, уу, z4) be the 
vertices of tetrahedron. If E is the centroid of face BCD and Gis 
the centroid of ABCD then AG =3/ 4 AE) 
es K 23/4. 

90. 


х+у)+ = А М 
OE siete b Foot of perpendicular from (0, 0, 0) on this plane is 
x+y=0 = drsareb, =(1,1, 0) ie ae 1 ox 
and y+z=0 = dr'sareb, =(0,1,1) 1/a 1/b Mc l,1l,l 
5 ijk a^ d 
Now, b,xb,=]1 1 0|-(,-1,1) Ра КЕ РК rut 
01 1 а' b c 
d 95: 1 1 
ап a; —a, = (1,1,1) - (0,0, 0) =(1,1,1) апі nates 
1,1,1) x(1,-1, —2. 0, 
gp = 6-11) x0. =1, 01 саа) deme 
|, 71, 1)| 10, 71,2) > == ; 
44* 0*4 8 А k 
-i => rey +z = 
vio 2 24 y? +22) =k =abe 384 xyz is the required 
^ n(x? + y? z^) =k = афс xyz =384 xyz is the req 
91. L || L; Then required distance = distance between (А. Ke, 0), locus; 


(ks, ks, 0) 


96. Let A(x, уз. 21). B(x2 уз, Z2) 


С(хз, уз, 23), D(X. Ya» 24) 
and the equation of the plane containing Р, О, R and S is 
ax + by + cz + d = 0and kg — ax, + by, +z, +d 


74 — ky)? + (ka - ky)? 
92. Leta =hi+ т) + пк ъ= + т} + nk 


and c = li + mj + nk 


р 1 AP BQ CR. DS. К, — Ky, —Ks Ri 
i 6. аА 5 es ds Vide: diu ee РЕС | 

унн a,b,c are three mutually perpendicular unit PB QC RD SA К, К, К, К, 

Then, pitgjtnk=bxc=a 97. Let a, b and c be the DR's of the given line. Then, 

(~ b x c parallel to a and b х c, a are unit vectors) we have 3a—b+c=0 

Similarly, рі + 4) + К =сха=Ь 5a+b+3c=0 

and pitqjtnk=axb=c On solving, we get = 7 = ©. 

These vectors also кеша perpendicular unit vectors. Айран gives ie kate iba iln ава 
93. Let us suppose A be origin. (x, у, 0), then 3x, — у, + 1 = 0and5x, + y, =0 


94. 


ar(AABC)* + ar(AACD)* + a(AABD) = ақАВСр)? 
Hence the result follows. 
a, b, cbe P.V. of A, B.C | a| »| b| -I c| - К 


a b+c 
= = || OE|  —— 
OD 5 |! | 2 
Given, |ngj-i | **2-* =1 > |b+c-a|=2 
TP oL 1d 
2 „з= us =4 
E 3k Zu ^ ) 
о 
B E C 
=> K = 2 


1( V3 гр 
Volume = ; (base area X height) = (Sor x i) = 5 


98. 


On solving, we get x, --PA TA 
8 
Hence, the symmetrical form of the line is 
xài god 
8 "4 8.2 


1 1 -2 
Equation of plane through (2, 1, 4) is 
a(x —2)+ Қу -1)+ dz- 4) =0 
when a = 1, Б =1 апіс = –21 
х-2+у-1-4: – 4) =0 
x*y-2:45-20 
Vector normal to the plane 
n=i+j+k 


V,=i.vV,=j}V, =k 


> шанта 


Similarly, sinB = 7 and iny= 
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У sina =1 
У, cosa =2 


Also, plane is equally inclined with the coordinate axes. 
Also, A =o" +92 + 9? 2 


99. 2x -y -z -2* Xx + y + z — 1) = 0 satisfies (1, 1, 1) 
2-1-1-2+ 3-1) =0 
A=1 
x=1 
х-у-2-3+ (2х + 4y -z—4)-0 
—4+ 101) =0 
р =4 
х-у-2-3+ 42х+ 4y –2 – 4) =0 
9х + 15у -5z – 19 =0 
From Eqs. (i) and (ii), we get 
х-1=0,9х + 15у – 52 - 19-0 
a-0andc-3b ` 


Hence, 


and 


100. op =f? + к « 
Direction ratios of OP are В E 1) 
Рр Р 
2 
+ 


Equation of plane is bal + 
p 


2 2 2 
p p p 
Р 0, o |, B| o, &, o|.C| 0.0 


101. (a) Since, n-a=n-b=n-c=0 
2. a, b and c are coplanar 
vs [a, b, c] 0 
(b) cos?30° + cos? 45? + cos*y =1 
», sintr =2 + 123 which is not possible, 
4 2 4 
(c) Obvious 
(d) AB x BC is perpendicular to the plane ABC. 
AB x BC = (OB – OA) x (OC - OB) 
= OBxOC-OA x OC + OA x OB 
= OA x OB+ OBx OC + OA x OB 
ie. aX b+ b x c+ cxa is perpendicular the plane ABC. 
(a+b+c)x(axb+ bxc cxa) 


-. (ii) 


102. 


103. 


= ((a b c): c]b – (а +b + c):a]b 
+ ((a + b + c): c) b- ((a + b+ c): b} xc 

+ ((a + b+ с)-а}с— {(a + b + с)-аја 

=(а + b+ c) (b-c)a * (a * b+ c) 
(c-a)b + ((a + b+ с): (а – b)]c 

=(a-b-a-c+ Ь? – ca + (b.c- ba 
+ (c? -a?)b + (a? – b? + c-a- c- b)c - 0 


Thus, the statement is true. 
Let A(a), B(d), C(c) and Id) be the vertices of a tetrahedron, 


then centroid of the tetrahedron is 
atb+c+d 


4 


centroid G, of the face BCD is Бес 


Now, centroid of the tetrahedron С, divides AG, in the ratio 
3:1. 
Ab+e+d)+a_a+b+cta 


Le. 
3+1 4 
.. C lies on АС. 
(b) The edges AB and CD. Let E be the mid point of AB and F 
be the mid point of CD 
..Positive vector of E is ^ 
Positive vector of F is = Ta 
A 
B D 
; P .atbtctd 
Mid-point of EF is с which is the centroid of the 
tetrahedron ABCD. 
Let the plane be ~ + Dyfi 
a b c 
1 Te ui 8 
г Zz + rd + 3 =1 


=1 о 
2 2 2 
Ш" 
а b c 
The plane cuts the coordinates axes at A(a, 0, 0), B(0, b, 0 
«(0, 0, c). The centroid of AABC is PAINS 


(let) 


104. 


105. 


106. 


107. 


108. 


109. 


When a line lies in a plane, then it is at right angl 

Ў es to the 

ME to DAN Here, d.r's of the eg os b,c >and 
numbers of the pl bei 2 

So, we must aA + ВВ Сое DER ere 


For the given curve z = 0, therefore, the line and the curve 


meet where 2 Y *1 0-1 
3 


2 -1 
: x-2 *1 
ie. where  — =] Уур where x 25, y =1 
3 z 


So, the given line and the given curve meet in the point 
e bis 9. Since, this point lies on the curve also, therefore, 
SHI sr 


= r? = (V26)? 
= r=+ 26 


A vector coplanar with given vectors is 
(1+ A)i + (A –1)) + (1 2 A)k Since it is equally inclined to 
the two given vectors 
(1+A)i+(A-1j+0-k G-j+hy 
Па+А + (А -j+ -Ak VB 
_ O+di+(A-Dj+0-A)k (+3) 
|Q+Aji+(A-1)3+0-A)k] У 
* А=1 
Required vector is2i or Î 
The equation of the plane through (2, 3, —1) and perpendicular 
to the vector3i — 4j + 7k is 
Hx -2)  C4Yy -3) + 76 - C1) =0 
or 3х – 4у +7z+13=0 
Distance of this plane from the origin 
_[3x0-4x0+7x0+13]_ 12 


Уз? + (-4)° +7? v74 


Let A, B, C be (a, 0, 0), (0, В, 0) and (0, 0, y) then the plane ABC 
52.7 +21 
w АЁ, 

Since it always passes through a, b, c 

€ Р. 

a p v 
If p is (u, v, w) then OP? = AP? = ВР? = СР? 
и + у + w? =(u-a)? +v + м2 
y 
2! 


12 


No 


=> 


u 
=... а= -,В = 
zP 


y= 


wiz 


On putting a, В, y in (i), we get 
a b,c 
—+-+—=2 
и у w 


CA 


а b 
=> Locus of(u, v, w)is — + — + 
x у z 


Normal of plane А is 
n, = (2j + 3k) x (4j - 3k) = 18i 
Normal to plane P, is d 
n; -(j К) x Gi + 3j) 23i -3j - 3k 
7. A is parallel to (n, < nz) = + (-54j - 54k) 
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110. 


111. 


112. 


113. 


114. 


261 


2 Angle between A and 2i + j — 2k is 
(-54j + 54k)-(2i + j 2k) TE 


cos8 = t 54-23 V2 
an ar 
4 4 


Any plane through the second line is 
2х+у+2-1 + х + у + 22-2) = 0 
If this is parallel to the first line, then 
(2+ 3k)+(1+ к) + (1+ 2k) =0 
2 


k=-= 


zx 3 


2 
= Plane is2x & y & z -1- Ox + у + 2z-2)=0 


or y -z + 1 = 0. The required SD must be distance of this 
plane from any point on the line x = y =z say (1, 1, 1) 


Б 1-141. .. 1 

=> = = 

40? +1? + (-1)? v2 
1/2 1 8 


4 CN. B „АЁ. 
Р: р у= 2j 7^ у 


For these values all the choices are easily verified. 


Let the components of the line segment vector be a, b, c, then 
a? +b? + c? = (63)? 0) 
d. b.e 
also —=— =-= \ (say) th 
аа А 


a-3À,b-—2X and c=6A 
and from (i), we have 
9A? + 4A? + 362? = (63) 
> 492? = (63)? 


= hat =+ә. 


The required components аге 27, —18, 54 or —27 ‚ 18, 54 
The given lines are coplanar if 
2-1 3-4 4-5 


O=| 1 1 -k 
k 2 1 
1 -1 -1 1 0 0 
-|1 1 -К|=|1 2 1-К 
BIZ? 1 k k+2 1+k 


or if2(1 + К) -(k + 20 - К) -0 
or if k? + 3k = 0 or ifk =0, -3, 


Direction ratios of AB are 4 — 2,5 —3,10 — 4 or 1, 1, 3. So AB in 
parallel to the vector i + j + 3k and passes through B (2, 3, 4), 
the vector 2i + 3) + 4k, its equation is 
2i 3j e 4k + AĜ + ] e 3k) 
Similarly, BC passes through the points B (2, 3, 4) and its 
direction ratios are2 — 1,3 — 2, 4 + 1or 1,1, 5. 
So its cartesian equation is 

x-2 2-4 

1 ya. 


y-3 
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Next, i£ D is (a, A c) then since ABCD is a parallelogram mid 
point of AC and BD is same, (diagonals of a parallelogram 
disect each other) 

(= bes c+ ) Е ? : 
"als co. vy Jeu 


2 2 222 


= (4 Nc) 2( 45) 
AB is not perpendicular to BC because 
INLF+IUNL+3N5e0 


ABCD is not a rectangle, 
115. The coonlinates of P where the line x = y == meets the plane 
Nt y+ Fs PH are(UA VA 13) and the co-ordinates of Rand S 


where the line meets the sphere x? + y? + 2? =] are 
Q/ 53, 1/ S 1/ V3) and (-1/ 43, —1/ 48, 21/3) 


So that PR = {3 6-5) (5-1) 
3 «3 М9: .3 
and mesi) 
3 «3 
е ( ‘) 2 
> PR: PS Б == 
3 9 3 
PR € PS =2 
FEREN -SRH сч адо 
and RS —QU/N31/N3) x322 


So that, РК + PS = RS 
116. The rod sweeps out the figure which is a cone. 
A (1,0, -1) 


The distance of point A(1, @ — 1) from the plane is 


sis А 
ае. Snnt 
v9 


The slant height / of the cone is 2 units. 
Then the radius of the base of the cone is 
4U -1 2 4-1 =. 


Hence, the volume of the cone is тез -1= cubic units. 


Area of the circle on the plane which the rod traces is 3л. 
Also, the centre of the circle is (x, y, z} 


Then ae) east 
i ue. d 
~ At-0-2+4) 
1 +02): + 2? 
22 -5 
ог (х,у, 2) = | 


117. Observe that the lines L4, L; and L, are parallel to the vector 
(1, — 1, - 1). 
Also, A = 0 = A, and hc; - be, #0 


118. Volume = Area of base x height 
Аца, b. c) 


8 5 C 
(2. 0, 0) (0, 1, 0) 
= ху ху xh 
һ = б 
(АА) =h? =6 
А,А-АВ=0 
A\A-AC 50 
AA,:BC-0 


On solving, we get position vector of A, are (0, — 2, 0) or (2, 2, 2). 
119. Let the equation of plane be Ix + my + nz = 0, where l, m, n be 

Фс >I? + ті + n? =1 (i) 
x-1 _ y+3 up 


Given line => 2] -m-2n=0- (ii 
2 -1 -2 Gi 
Als |l -3m -n E 
P+mi+n? 3 
5 or 
= senha е-е) 


Solving (i), (ii) and (iii), we get equation of plane as 
x—2y+2z=0 or 2x+2y+2=0. 


(a) Height = h = m -E 
3 3 


AE otf a р 
(Required distance = ( (2) Z 


120. 


< 


(c) Angle = £ 


(d) Required distance = KO 4 8 = |3 


\з 
121. Let OA = a, OB =b, OC = c then 

a-a + (b - c) (b - c) 2 b-b + (c - a)-(c - a) 

= =2b-c=-2c-a (a-b) c =0 

or ВА-ОС =0 

Hence, AB 1 OC similarly BC L ОА and CA 1 OB. 
122. Intersection of line with both the planes are the same 


3 -6 
= ее m oS 
P + (1 - 2a) +3 at- BP) +6 
=> W- + ҳа -2! 202a -2p-1 


123. If P be (x, y, 2) then from the figure, 


x = тзїпӨ соѕф, y = rsinOsing z = гсоѕе 
= 1=rsinOcos$,2=rsinOsind,3 = rcos8 


SP+? rareti 


n 1 
sin Ө "hien. sin sin $ = cos @ = 


Р(х, y, z) 


x M 
(neglecting negative sign as Ө and ф are acute) 
sin8sinó 2 ч 


-2--t =2 
ѕіп Ө соф 1 "m 


Also, {апӨ = xs 
3 
124. Let (I, m, n) be the direction cosines of the line perpendicular to 


the plane. 
=> Equation of the plane Ix + my + nz = p 


agre P NEC ER 
TEE 
1 т п 
A(p/ 1, 0, 0), В(0, p / m 0), C(0, 0, р/ п) 
Centroid of tetrahedron OABC is 


®»ә=[Ё р. Р) 


=1 


4l' 4m' 4n 
Using, [? + т? + п? =1 
16 
x?y? + у? + 27x? = m xy*2? 
p 


1 1 1 16 
=> Uittoyg oz. 
xt у z p 


Put x= P secasecp, y= P seco соѕес B ,z = Е соѕес o. 


J 
2 2 2 
6 
ORORO 
x y z p 
[cos*a cos? B + cos’asin’ h + sin^a]] 
16 
= {costa + sin?a] = = 
p p 
125. Statement I PA: PB 29» 0 


Г.Р is exterior to the sphere 
Statement II is true (standard result) 


ij k 
126. Statement HI r x(i+2j-3k)=|x y z 
12 -3 
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i(-3y – 22) - J-3x - z) + k(2x - у) 
-3y -2z =2,3x+z=-1,2x-y =0 
ie. —6x —2z =2,3x +z =1. 
«Straight line 2x — y = 0,3x +z = –1 
Statement I 


"ER" 
rx(i-j+3k)=|x y z 
2 =t 3 


= iy + z) - (х - 22) + k(-x - 2y) 
Зу +z =3,3x – 22 = 0,-х-2у =1 
3x – 203 —3y) = 0 
3x + 6y =6 
= x+2y=2 
Now, x+2y 2-1, x + 2y =2 аге parallel planes. 
^r x (2i ) + 3k) 23i + kis not a straight line. 


2-342 1 


Jas | m 


-. Statement I is true, Statement II is true by definition. 
128. Statement 1 
Зу – 42 25 -2k 
—2y + 42 =7 - ЗК 
31- 


127. sind = 


^ x=k, y =12-5k,z = 
real value of k. 
Statement I is true. 


Statement II Direction ratios of the straight line are 


< be’ —kbe, kac — ac’, 0 > direction ratios of normal to be plane 
«0,01» 


Now, 0 x (bc — kbc) + 0 X(kac - ac) -1x0-0 
*. The straight line is parallel to the plane. 
Statement II is the true but does not explain Statement I, 


3k is a point on the line for all 


129. Equation of the plane, perpendicular to the plane P and 
containing line Lis 8x + y —7z = 4. 


130. L, and L, are obviously not parallel. 
Consider the determinent 
2-4 1 
р=|2 4 -3 
1 3.32 
=28 + 9) + 4(4+3) +16 — 4) 
=34+28+2 
D#0 = Skew 
Hence, Statement I is false. 
131. n -axb. Equation of the plane 


n 


B a 


Rin 
b 


(с-а): (ах) 20 
[ra Ы =0 


264 Textbook of Vector & 3D Geometry 


132. 


133. 


134. 


135. 


136. 


137. 


Statement II is not true because image of P in a plane is a point 
M such that PM is perpendicular to the plane and the 
mid-point of PM lies on the plane. 


The point A, В, C are respectively (-a, b, с), (a, — b, c) and 
(а, b, ^ c) 


x 1 x 
which lie on the plane = - : + 2 =1and thus Statement I is 
c 
true. 


In Statement II, let r be the position vector of the point on the 
locus, then 


|r-a|s|r-b| = (r-a) =(r - by 


=> [е2 + |а |2 -2r:a =| |2 + b* -2r.b 
=> 2r-(a~b)+|b|?-Jal? 20 
=> 2r-(a—b)+(b-—a)-(b+a)=0 
> r-t) а-о 


Showing that Statement II is true using it for Statement I. 
we r the required locus as EN 
"- 0-08 
ries = ы; 
Qi -2j + 5k -(i + 2}-k)=0 
=> [r - 2i + 2k)-(2i — 4j + 6k)] =0 
E r-(i—2j]+3k)=2x1-0x24+2x3=8 
and thus Statement I is also true. 
Since а and c are non-collinear. Equating the coefficients of a 
and c in the two values of r we get. 
6- =1+p,2ù -1=34 -1 > A=3,p=2 
So there exist values for À and p such that the two values of r 
are same showing that the lines intersect and hence they are 
coplanar. Thus, statement I and statement II both are true and 
the first follows from the second. 


1-2 0+1 -1-0 -1 1 -1 
Ѕіпсе,| 1 -1 1 z|1 -1 1]/|=0 
1 2 3 bow. 


The lines in Statement I are coplanar and equation of the plane 
containing them is 
х-1 y 2+1 
1 -1 1 |=-(5х+2у – 32-8) =0 
1 2 3 
So Statement I is true. 


Also, Statement II is true because ; = = 2 and1+2-3=0 


But does not lead to Statement I. 
Any point on the first line is (2x, + 1, xy – 3, —3x, + 2). 
Any point on the second line is (y; + 2, —3y, + 1, 2y, —3) 


If two lines are coplanar, then 2x, — y; =1, xy + Зу, =4 and 
3x, + 2y, =5 are consistent. 


А 2 1 -3 
The direction cosines of segment OA are ^ d d 
Ы У 14 A 14 a J 14 
ОА = 414 


This means OA will be normal to the plane and the equation of 
the plane is 2x + y —3z = 14. 


138. 1£1, m, n denote the direction ratios of L, and! + m -n = 0 апі 


1-3m+3n=0>1=0,m=n 

= direction ratios of L are 0, 1, 1 similarly for L, and L}, we 
find that the direction ratios of both are 0, 1, 1 showing that L,, 
Ly, L, are parallel, thus Statement I is False. 

Statement Il is True, because solving the given equation we get 


x=0,y-z=-landy -z= РЯ which is not possible. 


Solution (Q. Nos. 139-142) 
139. Here, AABC is an isosceles with AB = AC 


So, internal bisector of A is perpendicular to BC. 
A (1,2,3) 


В(0, 0,1) M2 C(-1, 1, 1) 
AAMB = AAMC (RHS rule) 
M is mid-point of BC. 
So, Ms (3. 21; 1) 
2 2 


-. Equation of internal bisector through A to side BC is 
r=(i+2j «3 (ii + T * 2k) 
= r -(i +2} + 3k) + ц(3ї + 3} + 4k) 
Aliter Equation of BC is r = К + A(i — j) 
Let position vector of M on BC be r. 
Now, AM = Position vector of M — Position vector of A 
204 -1j + k) -(î + 2j 3k) 
= (А -1)i -(A + 2)) - 2k 
Since, AM-(i-})=0 = А= 21 
2 
Position vector of point, M = zi 53 +k 
2 2 
Equation of internal bisector through A to the side BC is 
r=(i +2} +38) HERET 
2 


E rz (i 2) +3) +pGi+3}+ 4k) 


140. Now, equation of AC is 


r -(i 2j e 3k) AQ J 2k) 


A(1,2,3) 
3 N 
B(0, 0, 1) C(-1, 1, 1) 
Also, BM =(1 + 2A)i+(2+A)} 20 + А) 


BM: Qi + j + 2k) =0 


=> Al + 2A) + Q2 X) + 41+ A)=0 
= Nica 
9 


т ^ e 
Position vector of N = ZA + 10) + 11k 


Equation of altitude through B to side AC is 
" 7. 10 lla a 
ге Кк) 
( ТГ 
r + t(-7 +10} + 20) 
141. Clearly, mid-point L of AB is (> 1, 2} 


Equation of median through C to AB is 
A (1, 2, 3) 


ва 


B(0, 0, 1) C(-1, 1, 1) 


reciia n+ o2i +h) 
> r=(-i+ j+k)+ pi + 2k) 
32 +32 - (V2)? 


142. We have, cos A = 20) 


Solution (Q. Nos. 143-144) 
143. Line 51-2 2.2 


—zr 


-1 4 


Any point B z3r + 1,2—г,3+ 4r (on the line L) 


AB -3r, -r, 4r +6 
Hence, AB is parallel to x + y -z —1. 
Hence, 3r-r-4r-6-0 
| 2r=-6; г=-3 
Hence, B is(-8,5, —9) 
144. Equation of plane containing the line L is 
A(x -1) + Bly -2) + C(z -3)=0 
where, 3A-B+4C=0 
-.Eq. (i) also contains the point A(1, 2, — 1) 
Hence, С=0,3А = В 
Equation of plane x – 1 *Xy-2)29 
x+3y-7=0 
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Solution (Q. Nos. 145-148) 


$ oq Үү s 
145. Lc? = (5) +) x 


9 


146. AB = 4i + 4j + 0k 
AC -2i + 2j + 2k 


38 


=-8-i -j + 2k)=8î + j-2k)- n 
“Area of ABC = 7| AB AC | = 4/6 


147. h=| Projection of AD on п | 
AD = -31 -5j + 3k 


_|AD-n |_| C3i -5j +3) + j-2k) 
ar} ae 
р 25-е 
d 4 | 46 


148. Equation of the plane ABC 
A(x —3) + By + (z-1)-0 
where, A=1,B=1,C=-2 
^ x-3+y-2z7+2=0 
xXx+y-2z=1 
Solution (Q. Nos. 149-151) 
149. Line L is parallel toa =i + 2j -- 3k 
Line І, is parallel to b 23i + j + 2k 
Normal to the plane perpendicular to line L and L, is 
axb -(i 4 7j - 5k) 
and plane passes through the point with positive vector 


=23{+3]+2Ё 
2 2 


(ii) Equation of plane is r-(i + 7) – 5k) =9 


150. Angle bisector of vector a and b is, 
1 ^ 
n7 73-5) 
1 
= i 
and г; Tx + 3} + 5k) 


265 
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Hence, the plane with either (2, — 1, — 1) or (4,3, 5) as the 
direction ratio of normal and passing through (2, —3, 2) is the 
required plane. a 


aes Equation of line is *—* „УЕЗ 3-7 
-1 -1 
and Xc2 ap cs tat) 
4 3 5 
х= —— а x-2 y*3 z-2 
4 3 5 


151. ~. Equation of required plane is 
r-(i+ j+2k) 2 (2) 3k) 


=> г.@ї+)+2Ю)-11=0 


А Р 11 11 
7^, Required distance =|————_| = -= 
У9+1+4| v14 


m Solutions (Q. Nos. 152-154) 
The three plane intersect in a straight line. All three plane pass 


through origin (clearly). 
Ll hm 
n -1 1 {= - I?) + n(7n - Im) - m(nl + m) 


m l -1 
1210 + т? + п? + 21тп 
Let] = cos Ө,, m = соѕӨ,, n = cos Ө; [since, J, т n є (0, 1)] 
со520, + cos^0; + cos^0, + 2с050; cos0; cos0, =1 


cos?0, + (2со50, созӨз)со$Ө, + соѕ20, + cos*0, 21-0 


cos Ө; 
—2cos0; cos0, + 4/4со520, cos*@, — 4с0320, — 4cos^0, + 4 
us CA CORDICORUS NSO ES re 
2 
= — cos0; cos0, + A - cos; 1 — cos^8, 


= соѕ0, =(cos@, cos0; — sin;sin0,) 
=> cos@, = —cos(82 + Өз) 


0, +6,+0,;=% 
у-2 


пу + mz = 


п?у + mnz =y -lz 
(14 mn)z =(1- n?)y 
1-0 


lx - nly = my — mnx 
(1+ mn)x 2 (m + nl)y 


3, rmn 
x mnl 
puis 2-5 


Я л т 
my – mlz = nz -nly = 
z m*nl sinO,sin, _ віп; 


(т + nl)y = (n + ml)z 


x m-*mnl sin, 
y l*mn ЫлӨ, 
LN NE AME RC AES 
sinÓ, sin0, sin@; 
€... 3 El 
1-0 BUE. J- 
152. (b) 153. (c) 154. (a) 


Solution (Q. Nos. 155-157) 
155. Let the position vector of L bea + Ab 
=(6 + 3А) + (7 + 22)3 +0 – 22) 
So, PL =(6 + 3A)i + (7 + 24)ĵ + (7 –22) — 6 +23 + 3k) 
=(5 +31) î + (5 + 2A) j + (4—22) k 
Since, PL is perpendicular to the given line which is parallel to 
b -3i 4 2j - 2k 
=> 3(5 + 3A) + 2(5 + 2A) —2(4 - 27.) 20 , 
=À =- 1 and thus the position vector of L is3i + 5j + 9k 
156. Let the position vector of Q, the image of P in the given Eze be 
xi + y,j + zik then Lis the mid-point of PQ. 
i+2j+3k+xi+yj+=k 


> 31+5j+9k= : 
*1 -2 
Mr ES с LS 
2 2 2 
> х =5, y =8 2 = 15 


=> Image of P in the line is (5, 8, 15) 
157. Area of the APLA = БЫРЦАЦ 


= | +35 + ek||-si - zi 2K 


-lA3T2 Brari- anas 
Solution (Q. Nos. 158-160) Я 
158. Let P(x, у, z) be any point оп the locus then 3PA = 2Р5 
= 9(РА)?= 4 (РВ)? 
э 9[(х + 2)? + (у – 2) +z -3)] 
= 4[(x – 13) + (y +3} + (к – 13Y] 
=>5 (x! + y! + z?) + 140х — 60y + 502 – 1255 = 0 
=> x? + y! + 2? + 28x -12у + 102 2247 =0 
159. The required coordinates are 
2X13 +3(-2) 2x(-3)+ x13 
| se каа ау 
160. Direction ratios of АВ are 13 + 2, -3 -213-3 


i.e. 15, — 5, 10 
Let the equation of the required line L be 
+2 yo? 2-3 
1 т n 
then. 151 - 5m + 10n = 0 
which satisfied by (c) 


Solution (Q. Nos. 161-163) 
161. Equation r = а + t is line passing through a and parallel to й. 
This will meet the plane г. ñ =d at point for which 
(a + tû). ñ =d => t=d -a.û 
Required distance = [а + (d — a.&)à —a|- |d — a. ô| 
162. Foot of the perpendicular from the point A to plane r. ñ =d 
=a +(d-a.ñ) ñ 
163. Let b be position vector of image ofa 


+ 
7 sat (d-a ñ) â 


b-a-2(d-a.ü)R 
Solution (Q. Nos. 164-166) 


164. The centre of the sphere is at the mid-point of the extremities 


of a diameter — the centre (- З: Зула 
А 2 


Ж 


2 2 2 
and hence the radius = 2) + (5) + (3) 
2 2 2 


Equation of the circle can be written as 
x? -16x + y?-9+27=0 


165. 


or x +y’ +22 =25 
166. Distance of the point (3, 6, — 4) from the given plane is equal to 
the radius of the sphere = the radius of the sphere 
(31 +6) — 4k)-(2$ -2j - k) - 10 - 6-124 4—10 Z 
3 


Solution (Q. Nos. 167-168) 


- 2 
167. Mid-point of BC = (A>. En] 


DR's 
AD is equally inclined to axes > A =7, = 10,2% - и = 4 
168. A(2, 3, 5) B(- 1,2, 3) C(7, 5, 10) 
Projection of AB = —3i — 3k on BC =8i + 2} + sk 
AB.BC _—8у3 
[C] n 
Solution (Q. Nos. 169-171) 
169. Horizontal plane A is of the form 
r:n = 0, where n; =(4, – 3,7) 
Plane P, is of the form r- n; = 0, where п; = (2, 1, -5) 
The vector b along the line of interaction 
= n; Xn; =(4, 17, 5) = пу (say) 
Since the line of greatest slope is perpendicular to п; and ns, 


the vector along the line of greatest slope 
=n, Xn; = (3,- 1,1) =m, 


3 -1 1 
= (im za) 
170. Since (0, 0, 0) is a point on both the planes, it is a point on the 


line of intersection and hence the equation of a line of greatest 
slope is 
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X e Tac tog 


s pup TE oe 
m уп уп 
171. The point on the line at a distance V11 from the origin is the 
required point and it is (3, — 1, 1) 
Solution (Q. Nos. 172-174) 


A (2, 1,0) 
B (1,0, 1) 
Р (х,у, 2) 
С (3, 0, 1) 
x-2 у-1 = 
-1 -1 1/=0 
1 -1 1 


(x-2)(71) -0)) -@ -0[C 0 71] z(1 + 1] 20 
Ay -1)*2z2-0 
> y+z-1=0 
The vector normal to the plane is r = 0î + j +k 
The equation of the line through (0, 0, 2) and parallel to n is 
r=2k+A(j+k) 
The perpendicular distance of D{0, 0, 2) from plane. 


172. (b) 173. (c) 174. (a) 
175. (4) 4:2 = Y= 222, vi 21 j-sfz 
-2 y-1 3 "wes 
а: = ET V.euiej-sk) 


Hence, lines are parallel and both contains the points (1, 0, 2) 
and (2, 1, – 3) Coincident lines both І, and L, may lie in an 
infinite number of planes. 


Vy =2i+2j-k Р 

ү,=1-2]+ | = Lines not parallel 

Also, both intersect at (3, 5, 1) 

Hence, lines are intersecting, hence they lie on a unique plane. 


x-0 y-1 2-0 
C : = = —— = 
(C) L Л ә t 


(B) 


“3 
STi y-4 z-0 
ud MET Dar cis 


L is parallel to —6i + 9j – 3k 
L is parallel to 21 23] + К | 

= Lines parallel but not coincident. 

Since, (0, 1, 0) does not lie on Lz, not intersecting. 

Hence L, L, lies in unique planes. 

(D) Lines are skew can be verified. 


x -3 +2 ‘ 
176. L,: a" = = as (i) (passing through P and Q) 


1 = 1 -- (ii) 
(passing through R and parallel to v = i + К) 


n ici.y-3 rti 
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(A) Distance of P(0, 3, — 2) from L, 
PN 2(t*1)i -6j + 2t -1) k 
PN:V=0 

[t 1) -6j + (t+ kk) (+ k)=0 


P (0, 3, -2) 


Now, 


(1)-3, c1] — г 
v=i+0j + k 
(t+1)+(t+1)=0; t=-1 
Hence, PN =6) 
|PN|=|-6j|=6 
(B) Distance between L, and L, 


P (0, 3, -2) 


b n-5i-j- 11k 
Q(3.7,-)g  R(1,-8,-1) 


Equation of plane containing L, and parallel to L, 
Ax + Bly -3) + С(2 +2)=0 


where 3A+4B+C=0 
And A+B+C=0 
A+C=0 
C=A,A=-A, B=+A/2 
-. Equation of plane 


~ Ax + Ay 3) + Me +2)=0 
2x -y*3-2z2-4-0 


2x-y-2z-21 (i) 
Now, distance of the point (1, – 3, — 1) lying on the line I, from 
the plane (i) А 
а2]2+3+2-1 |- > 
(C) Area of APQOR 


QR =a=2i +10) + ok 
QP =b=31+4j+k 
ijk 
axb-2| 5 0 
341 


= 2[i(5) – j(1) + k(4 — 15)]= 2[5i 
[axbl - ss 1+ 121 = V147 = [5:49 - 745 


(D) Distance of (0, 0, 0) from POR 

Equation of plane РОК is (r — p):n 
=[xi «(y -3) + (z + 2]- [5i -j - 11k) 
=5х -(у -3)-11(z +2) =0 
=5x-y-1lz-19=0 


-j-1nuük] 


. |3 -k 


Distance from (0, 0, 0) of the plane 


19 ! "19 
25-1-121| 147 
177. (4)3:31-2(-2) + 5А) 2 0 
7 
А=-- 
ч 5 
(B) Point (3, А.ц) lies on 
2х+у+2-3=0 
=х-2у +2-1 
3-2+A+p—3=O0and3—2A+p-1=0 
j A+p+3=O0and2A -u -2-0 


So, A+p=-3 
1:4 1(-3) + 1:5 


(С) sin = 
E £1? «1? f16+9425 ЖБ 
Ө =sin™ JE 


.i3*1c4415 4 


(D) eos e EFIT 


ө = cos |$ 
75 


1 3. -8 
-1 | =1(12k + 2) - 3(-36 + 5) — 56 + 5k) 
5 2 -12 
=12k + 2 + 108 – 15 – 30 — 25k = 0 
k=5 
L» Lz and L, are concurrent for k — 5. 


Slope of L =~} Slope of L, = =, 


Slope of L, = —— 


1, L and І, form a triangle, if they are non-concurrent or any 
two out or three are not parallel. 


ks-9,-S,5 
$ 


5 
k =~ and 0 will be the values for which L, L; and 1, form a 


triangle. 


= abc 
179. Given, 7s 32, where A, B and C are respectively, (a, 0, 0), 


(0, b, 0), (0, 0, c). 


(A) Centroid of tetrahedron [о, B, y] = (©. у ©) 
4'4 


а= 40,6 = 4B, c = 4y 
640 By 232 x 6 
apy =3 


(B) Equidistant point (a, B, y) = (2 = ©) 
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a =20, b 220, c =2y (B) Let the required sphere be 
вору =32 x6 x? + y? + z? + 2их + 2vy + wz +d =0...(1) substituting given 
apy =24 points then we get 1 + 2u * d = 0 
(C) The equation of the plane is = + У + 2 =1 1+2v+d=0 and 1+2w+d=0 
"1 a b с = и=у=у= 1+4 
«Foot of the perpendicular from the origin 2 
“р, ү)= 1/а 1/b lc If R be the radius of the sphere, 
| Dia Ул yuc ше Pattie esr =d 
1 bh 4 covert above equation in terms of d differentiate, equate to 
aa op cq zero solve for d. | | 
ЖИ; А (C) Let the given points be A, В and C respectively. 
where, deir ia pts" У- Then find АВ, АС, BC and then apply АВ? + АС? = ВС? then 
TM 2,92 £ А $ solve for the A. 
1=(0 +B? + y? у? Y -— 
(D) Any point on the line is(1 — r, r + 1, r) 
E m AT The direction ratio of the line joining (1, 3, 4) &(1 -r,r + 1, г) 
o +В + у is-rr-Ar-4 
and i Stet ь92+6 +0 s (-1)(-r) +1:(r 2) + (7 4) = 0 
a 5° В á r+r-2+r-4=0 
о? +В y 3r=6 = г=2 
er э луга” ..Foot of the perpendicular is (—1, 3, + 2) 
Now, abc 26 x32 Distance = (2)? + 0 + 4 =24/2 
(a? + B? + ү?) = 192 oBy 5 | d=2V2 
(D) Let P be (a, B, y), then РА L PB d _ 2/2 X2 
> а@ —a) + BB- b)+ yy 0 245 >з 45 
sq TER 
=> aa + В - o? + 8° + у 181. The solid diagonals may be taken as Һе lines join (0, 0, 0), 
PB L PC (a, а, 2) and (a, a, 0) and (0, 0, a). The direction ratios will be 
= а®+ЫВ—Ь)+с(ү-с)=0 „а,а„а,а,—-а. с : 
= bB + сро +B? + у? => созӨ = 2.4 SE geet 
3b uo т8н Фа х дат з 3 
Va 1p.1uy Let us take the solid diagonal as the one joini 
í ароз joining (0, 0, 0) (a, a, a) 
a оа? + p + Y gä a? + p. + Y and plane diagonal as joining (0, 0, 0) and (a, a, 0). We easily 
20 i р get the angle as cos”! 4 


44 CHE dm 
2y The third part is easily found as (2) 
2 
^ abc =6 x 32 Hence, matching follows (A) — ( 
н г); (В) > (p): (С) — 
= (a? + B^ + ү?) =192 x Soy 182. (i) Shortest distance "m 
= 15360 t А А 
By _|OB-OA x BC| (d + 3-1 xG x i} 
180. Let Со, 0, 0), A(3, 4, 7) and B(5, 2, 6) be the given point -  |oAxBC| | E ixG+k) = E 
ix(j+ 2 
Area of AOAB = 50А -OB sin( 2А0В) => 2m =1 
Now, iE ртт В 183. The length of the edges аге given by a =5 -2 =3, b =9 -3 =6 
I rez d and c =7 —5 =2, so length of the diagonal 
OP aye" «9:96 gs = Ма +b? +c? = 94364 4 =7 units 
Also dc's of the line OA and OB are 184 


ee ae 2 of d. + Foot of perpendicular r from (6, 5, 8) on y-axis is (0, 5, 0). 
Tr Jn Ж Tos’ Tes’ Tes Required distance 
= Js - oy *(5-5) «(8—0) =10 


^ Required area > x 474 x V65 x Se es 

2 Уа 2 i 

= 5A=10 > А ә — =2 
5 


270 


185. 


186. 


187. 


188. 


189. 


190. 


191. 


192. 
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Given lines are 
к= (3,8,3) + A(-3, 1,1) 
and т =(-3, —7, 6) + u(-3,2, 4) 
where, À and p are parameters 
Shortest distance 
_ (3-3, -7 -8, 6 —3)-[(3, —1, 1) x (-3, 2, 4)] 
_ (-6, –15,3):(—6, —15, 3) 
e 36 + 225 4 9 
= V270 - 3/30 units = 4/30 
A=3 
Given planes are 
x-cy-bz-0 ...(i) 
сх- у + аг = 0 (ii) 
bx + асу -z =0 .. (iii) 


Equation of plane passing through the line of intersection of 
planes (i) and (ii) may be taken as 


(x —cy - bz) + À (ex - y + az) 20 
Now, eliminating À we get 
a? + b? + с2+ 2abc =1 


A-1) +1х3 _ ae 
A+1 


(у) 


3 


We must have 


$ А =3 
The coordinates of vertices of projected triangle will be 
A' (71, 1, 0), B'(1, — 1,0), C'(1, 1, 0) 
-] 1 1 
1 -1 I1|(Two dimension area formula) 
1 Li 


area of triangle — 


= 2 square units. 


Plane must pass through 
(=? 5+1 x or(-1,3,3) 


2 2 
= -14+3+2x3=A >A=8 
x? + у? + z? =square of distance from origin 
4sin?t + 4cos?t + 9t? = 4 + 9° 


which is shortest at t = 0 
=> Shortest distance =2 
The point (-1, A, — 2) must be lie on the plane 
2x-—2y+z+12=0 
-2-24 -2+12=0 
N=4 
We can easily show that the distance of (—1, 4, – 2) from centre 
of the sphere (1, 2, — 1) is equal to its radius. 
1=2+1+2+0 2:2*5*1*0 
4 ] 4 ' 
Tu 3+2+с+0 
4 
a2=1,b=5,c=7 


193. 


194, 


195. 


196. 


197. 


=> Distance of centroid from origin is 


1? +25 + 49 = 152543 = А =3 


Equating the distances of circumcentre (—1, A, —3) from 
(3, 2, - 5) and (-3, 8, —5) we get 
2? + (A + 2)* + (-3 + 5)* =(-1 +3)? + (А - 8) + (-3 +5)? 
> A=4 
Note : Verify 
(i) (-1, А, -3) is at the same distance from third vertex. 
(ii) (-1, А, —3) lies on the plane containing three points 
(3, 2, 5), (-3,8, —5) and (-3, 2, 1). 
D.R's of RP, = (К, —1,3) 
D.R's of P,P, = (2, k, - 1) 
v HP, L PP, 
k2)-k-320:k-3 
A plane containing line of intersection of the given planes is 
х-у-2-4+ Ax yt22—4)-20 
іе. (А + 1)х + (А – 1)у + (2А 1) 2 ФА +1) 20 
vector normal to it 
И = (А 1)i + (А -1)] + (2A - 1)K 
Now the vector along the line of intersection of the planes 
2x+3y+z-1=0 


and x + 3y + 22 —2 = 0 is given by 


5 

Ш 
- N = 
w w чы» 
ue ож 


As n is parallel to the plane (i), therefore n- V = 0 

(A + 1)—(A —1) + (24-1) =0 

2+2%-1=0 » A= 
Hence, the required plane is7 E. -2z-2=0 
2 
x-3y-4z-4-0 
|A+B+C-4|=7 

Clearly, minimum value of a? + b? + с? 


Hence 


|190) + до) + (0) - 7| 2549. 7 nifi 
GP +@ +) M £s 


4x+7y + 4z+81=0 "AO 
5x + 3y + 102 225 (ii) 
Equation of plane passing through their line of intersection is 
(4х + 7у + 4z + 81)+ A(5x + 3y + 102 ~ 25) = 0 
ог(4 + 5А)х + (7 + ЗА)у + (4+ 10A)z + 81 – 25А = 0 
plane (iii) L to (i), so 
4(4 + 5A) + 7(7 + ЗА) + 4(4 10А) 2 0 
^ AÀ-2-1 
From (iii), equation of plane is 
-X*4y -6z + 106 =0 
Distance of (iv) from (0, 0, 0) 
106 106 


ттер vss 


-. (iii) 


(їч) 


198. Line through point P(—2, 3, — 4) and parallel to the given line 


X*2 2y*3 3z+4 
a 1 5 
js it 
is XS e bes 3 - 
3 2 5 
3 


Any point on this line is Озь -22 -3 -3,51 4 


Direction ratios of PQ are p. a 22x ‘| 


3 
Now, PQ is parallel to the given plane 4x + 12y —3z +1=0 
=> line is perpendicular to the normal to the plane 


= 43А) + n( A= ?- E J =0 
=> A=2 = (5.2) 
=> 


ro= "+ +(2-3) «9-27 
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Applying C; > C; + C, and C > Сз + С, then 


-1 0 0 
A, =| 3 5 o |--5(.-2) wa (ii) 
à А+1 А-2 
Yd d 
A,=|A 2 -3 
31 -2 
Applying C; > C; - С, g^ aide = C, then 
1... or 
A,=| À 2-4 -3-A|=3A -16 ... (iii) 
3 -2 -5 
t. Xd 
As A 3. 93 
з A -2 
Applying C; > C; + C; and C, > Сз – С, then 
Ls rm 0 
A,2| à З+А -3-X|2(. +3) (А -2) ... (iv) 
з 34A —5 


199. The given points are O(0, 0, 0), A(0, 0, 0), B(0, 4, 0) and C(6, 0, 0) If the given planes form a triangular prism, then we know that 
A, = 0 and none of A,, Ау, Аз is zero. Here from Eqs. (i), (Ш), 
Here, three faces of tetrahedron are xy, yz, zx plane. (iii) and (iv) we find that if A = 4, then A, = 0 and none of A;, 
Since point P is equidistance from zx , xy and yz planes, its A; Аз is zero. Consequently for À = 4, then given planes form 
coordinates are P(r, г, г) a triangular prism. 
Equation of plane ABC is , 201. 7x + бу +22 =272апіх-у +z =16 
2х + 3у + 62 =12 (from intercept form) 4 
P is also at distance r from plane ABC > HEY =e = iy 
6r —12 
xi BETTER dere pur-i21=7 Let y 25A, À € I => x = 48 — 8X 
AUTE ^ andz =16 + y – х 213 —32 
=> Mr aL E But x > 0, y > Oandz>0 => 48-8 2023 5 7 
М r=2/3 (asr <2) 32 
| К = №<5 and 13А -32>0 => А> — 
200. The equation of the given planes сап be written as 13 
x-ytzt 1x0 => >з 
_Ахт+3Зу+?2:-3=0 À є [3,5] 
3x 4 Àyz-2-20 Zu, 739-3227 => x=24,y =15 
The rectangular array is x+y+z-42=4 
iod td 202. - The given two lines are intersect each other, then 
л з 2 -3|20 ap * bB+ay+d _ aa + bf cy +d, 
y P o2 al + bm + cn al + bjm + con 
Ye a — 24? x --d? 
2 A= 3 2 sinA+sinB+sinC  sin2A + sin2B + sin2C 
3 A 1 => sd an Pate ее 3 
Applying C; — C, + С and C, — C; + С, then 2 2$.2 16 
1 E 0 z k k-1 2 
sla 342 2-2[=Q-4 043) „дй 203. [e-abc]=0 => |1 k  -1-0 
E k 3k-1 k 
5 3+4 =2 э k- 4k? +8k-2=0 
= 1% 4 Неге f'(k) =32 -8k+8>0VKER 
Also, А, =| 3 2 -3 a m ` 
X a a ( Its discriminate is negative) 


*. The equation has only one real root. 
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204. Taking O as the origin, let the position vectors of A, Band C 
be a, b, c respectively. Then the position vectors of G,, G, and 


G, are 


b+c с+а a+b 
› апа 


3 3 3 
1 
V, 7 [a b eJand V, - [0G, 06,06] 


1 2 
=> v,=—[b+ec+aa+ ]= 
2 m aa+b] 5; abel 
2 
= uaga =9V2 = 4V, 


205. Let the equation of planes is lx + my + nz = p 


mU (4 0, ) B= (s Ё, o) C= (v 0, 2) respectively 


Centroid of OABC =| Р. 2, ғ). 2 
(5 4m ag) 909) баў 
P+m +n? =1 
deo р? р? = 
16х{ 16у 162? 


16 222 
= ху + уа? + х?х? РЕНН 


k=16 => 2k=32 = {2 =2 
206. 1? + mi + п? =1, 13 + т + п? =1 
(2 + тё + п?) (12 + mj + п2) - (hh + mm, + nn)? 
= (тт – тт)? + (nl; — Nal)? + (lm; — lm, y 


mn) + (nl, - nal)? 
+ (ll; + mm; + nn)? =1 


| 


(lm; — от)? + (mn; – 


"is 


n* 
207. Coordinates of the point, 5 = (т. = 


5 4 
n n 
E (8) 


2 2 2 
= n(n* + n +1) =-1 
n = — 115 the only solution. 

208. We have, 1+ т+п=0 4) 
and 22 + 2m? - n! =0 Gi) 
Now, al? + m?) =n? = 
= 2(1-п?)у-п?%= [cP + m +n? =1] 
= Зп? = 


2(1? + т?) =n? 
=> 10+ т)? - "и зе (1+ т))? 


l+m= agai + 


n 
5 


-. Direction cosines аге 
p 7 2 a 1 
(i 3i 6 Je 
Es Э 
А: 
Eod 2) 
ЕЗ ve’ V3 


[^1 
The angle between in both the cases is cos * (3) Е 


n 


and 


209. Elimination n between the given relations, we get 


2 
ul? + vm? + zz] =0 


-c 


B 1 s 
=> (clu + aw) + 2abw.— + Ф + с) =0 (i) 
m m 
b’w + су 
АФ a produet of roots = 7 ——;— 
m, m c^u + аём 
L тп, 
8 ib- = Z D (by symmetry) 
b*w + су clu a^w а?у + Би 


If lines are perpendicular, then 
ll; + mm, + nn; = 0 
=> ау + w) + b'(w + u) + c'(u v) 20 
Again, if the lines be parallel, then their d’c are equal so that 
the roots of Eq. (i) should be equal, i.e. discriminate = 0 


4a?^b^w? — 4(c*u + a*w) (b^w + с?у) = 0 
=> a’c’vw + b'c"uw + cuv = 0 

аё Wy g 
=> —+=— pa) 

и v w 

210. The coordinates of any point on the line 
xt2 y*l z-3 12% b 
== = = ven 
з ek a2 given by 


(3A —2, 2A —1, 2A +3) 
The distance between the above point and (1, 2, 3) is 3/2. 


(ЗА -2 -1)! + (2. - 1-2)! + (24 +3 -3) 2342 


>A= 4 0 
17 56 43 11 
^ Required points are (-2, — 1,3) and (= =, ut) 
WAL? 17 


211. The required line is perpendicular to the lines which are 
parallel to vectors b, = 2i —2j + k and b; =i+ 2j * 2k 


respectively. So, it is parallel to the vector b = b, x b;. 


Hi ^ C 
io 3% 

Now, b=b, xb, =|2 -2 1|=-6i-3}+6k 
E 2 


Thus, the required line passes through the point (2, —1, 3) and 
is parallel to the vector b = — 6i —3j + 6k. 


So, its vector equation is 
r - (2i - j 3) + A(-6i —3j + 6k) 
or r= (2i -j+ 3k) + p(2i  j - 2k), 


where н 2-34. 


212. The coordinates of any point on the line $3 ўе 


z 
= =-—are 
25. 4 14 


1 1 
So, let the coordinates of A be (24 + 3, А + 3, А). 


given by 2373.14, 


Let the line through O(0, 0,0) and making an angle = with the 

given line be along OA. Then, its d' r are proportional to 
23-021 43-0 -0 

' or 2) + 3,5, +3, А 


The direction ratios of the given line are proportional to 2, 1, 1. 


It is given that the angle between the given line and the line 
along OA is ч 


cose (2X +3)x2+(A+3)x1+AX1 
3 Хел зу + Q3) + xe ey +1? 
= 6A + 9 
Jon? +184 +18 V6 
A=-1,-2. 
(0, 0, 0) 
A B 
xc) yes. 
2 bou 


Putting these values of À in the coordinates of A i.e. 

(2А + 3, А + 3, A), we find the coordinates of A and B i.e. 
A(1, 2, —1) and B(-1, 1, — 2). 

So, the equations of OA and OB are 


m Moers 
xi 1 2 << 
Lao etd 
an -1 1 -2 
Clearly, height h of AABC is the lengt of perpendicular from 
LA eS i 
A(1, – 1, 2) to the line = = a rs which passes 
through P(-2, 1, 0) and is parallel to b = 2i 4 j+ 4k 
A(t, -1, 2) 
L 
B  Pc210 М c 
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pe PASS 


[Ы 
Now, PA =-3Ì 4 2) - 2k and b 22i + ) + 4k 
ij k : 
PAxb=|-3 2 -2-10i48-2k 
2.1 4 
2 |PA x b| = 10? + 8° + (-7)! 4213 
and іЫ = 2? + 17 + 4? = 21 
PA xb| 
h=—— 
|b] 


_ 213 _ E 
22 V7 
It is given that the length of BC is 5 units. 
1 
Area of AABC = ZU xh) 


1 71 1775 Y 
-— — =,/— sq units. 
‘adel CR а 
214. If the coordinates of the point P be (œ, D, Y). 
Then, €, BI. 00) 
a ip 6 
Again d' c of OP are proportional to a, [3, ү and hence these are 


also the d' r of the normal to the plane which is perpendicular 
to OP and since it passes through P, its equation is 


a(x —a) + fy -B)* yz -y)=0 


or oxtBy-yz-o* +f? + ү? (Н) 
It meets the axes in A, B, C and hence the coordinates of these 
y о? $ p з y 
points are | ——————, 0, 0 | etc. 
a 

The equation of the plane through A and parallel to the YZ 

2 2 2 

$ а +В + у 

plane is x = ————— ——, 


a 
Similarly the equations of other planes are 
24 R25 wt Py RE gad 
ar +В + 
BE XY uud EB evt 
В Y 
The locus of their point of intersection is obtained by 


elimination о, B, y between the three equations of the planes 
and relation (i) 


y= 


1 1 1 2 2 2 
riti othe 
х у z^ (x -B' + үг)? 
Е 1 
a? + р + ү? 
i. d ‚_(@)+( +(1) 
Again, S pd 3 aT ри Ne) 
ax by cz a? «pa y! 
1 
ETT [from Eq. (i)] 


274 Textbook of Vector & 3D Geometry 


215. Any point on the line is (3r + 2, 4r — 1, 12r + 2). 
If it lies on the plane x — y + z =5, then 
(3r + 2)- (4ar-1) - (12r - 2) 25 
=>r=0 
Hence, point of intersection is (2, —1, 2). 
Its distance from (-1, — 5, — 10) is 


Je +1)? + (-1 + 5) + (2 + 10)? 
= 4/9 +16 + 144 = У169 = 13 
216. Any plane through the intersection of given planes is 
(x+3y +6+ А (Зх- у — 4z) 20 
or(1 + 3A)x + (3 – А)у - 4àz -6-0 
Its perpendicular distance from (0, 0, 0) is 1. 


6 
Ма + 3A) + 3 — AY + (41)? 


=>A=+1 
-- Required planes are 2x + y – 22 + 3 = 0 and 
х-2у -2z -3- 0. 
217. The image of the plane 
х-2у +22-3=0 
x+y+z-1=0 


=1 


in the plane 


passes through the line of intersection of the given planes. 


Therefore, the equation of such a plane is 
(x-2y + 22-3) + Қх+у+=-1)=0 
=> (1+ thx +(-2+ thy + (2+ t)z-3-t=0 


0) 


40) 
(ш) 


(Шш) 


Now, plane (ii) makes the same angle with plane (i) and image 


plane (iii). Thus, 
1-242 .— 1+1-2+#+2+1 


xs ды B e+ 1? + (t-2) + (2+ t 


= pet 
3 

2 

For t = 0, we get plane (i); hence for image plane, t = = 


The equation of the image plane 
Ax —2y + 22-3) -Ax+y+z-1)=0 
=> х-8у + 42-7 = 0. 
218. Given, square base OP = OR =3 
P (3,0,0), R =(0,3,0) 


^. R(0,3,0) 
Y ( y 


Q(3,3,0) 


3 
Also, mid-point of OQ is 7(3. 20) 


Since, Sis directly above the mid-point T of diagonal OQ and 
ST =3. 


i.e, f. 4 J 
22 


3.3 
Here, DR's of OQ (3, 3, 0) and DR's of os. 23) 


0 2 2 х? 9 ЕК. 

со$О = Fee ы; 
fo рт 45 

49-940 24249 418: 2 


2. Option (a) is incorrect. 
Now, equation of the plane containing the AOQS is 
x у z 
3 3 0/=0 
3/2 3/2 3 
xyz 
> 1 1' 0|20 
Lxx 
=> x{2 0) — y(2 — 0) + z(1-1) =0 
=> 2x-2y20 or x-y =0 
-. Option (b) is correct. 
Now, length of the perpendicular from P(3, 0, 0) to the plane 
containing AOQS is 
B-o 3 
vit1 X42 
-. Option (c) is correct. 
Here, equation of RS is 


3/2 -3/2 3 
= xan =-2n432=30 
1. SY 


To find the distance from O(0, 0, 0) to RS. 
Let M be the foot of perpendicular. 


19 Q, 0, 0) 


S 
(030) (зл „озу 33 
(а-а) (23° 
OMLRS = OM-RS=0 
9X 3(, 3A 


> : 202-20) +361) =0 


^ 
E 


- OM = JV PET 30 - 15 
4 4 2 


*. Option (d) is correct. 


219. Let image of QS, 1, 7) went. х-у+і 


& S53 5-1, eL EAE, 
a E T 
> a-3=1-B=y-7=-4 
@=-1,B=5,y=3 
Q (33,7) 
X-y+z=3 
Pla B. ү) 


73be P (a, В y) 


Hence, the image of QG 1, 7) is P(-1,5,3) 
To find equation of plane passing through 


P(-1, 53) and containing = = » 


x-0 y-0 z-0 
1-0 2-0 1-0|-0 
1-0 5-0 3-90 

=> х(6-5) -у(3 +1) +2 (5+ 2) =0 
5 х-4у +7: = 


220. (i) Direction ratios of a line joining two points (x, y,,z;) and 


(xs y»22)are xz 7 х,у; - Yo22 


(ii) If the two lines with direction ratios 2,50; bc; are 
perpendicular, then аа; + b b: € сс: 70 


Line L is given by y = xz = 1 сап be expressed 
ГУС Рр 109 2 009, 


1 1 0 


> x=Q,y=a,2=1 


Let the coordinates of О on L, be (0,0,1). 
Line L, given by y = —x,z = —1 can be expressed as 


Кы Ae f E. 
uda p B 
= xzBRyz-BR:--1 
Let the coordinates of R on L; be (B, B,.—1). 
О (A, X, 1) 
Р (X, A, A) R (0, 0, -1) 


[say] 


[say] 
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221. 


215 


Direction ratios of PQ are À ~q, А —@, А – 1. 
Now, POLL, 
v YA - 0) +1-(А a) 0:(. 11 20 
= A=a 
Hence, О(А,А,1) 
Direction ratios of PR are A — В.А + ВА +1. 
Now, PR LL; 
Y - B) + (1). +B) + OA +1)=0 
A-B-A-B=0 = f-o 
Hence, R(0,0,— 1) 
Now, as ZQPR = 90? 
[as аа, + bb, + сүс; = 0, if two lines with DR's ај, А,с;а;, b.c; 
are perpendicular] 
~ (А -А)(А 20) + (А - A) —0)+ (3, -1(. +1) 20 
=> (A-1)(A+1)=0 => A=1 or А=-1 
À =1, rejected as Pand О are different points. 
=> A=-1 
If two straight lines are coplanar, 


ie, 2-а „ўЎ—ур а= 
a b yd 
F y-35 
and ——222 72.5 *2 1 
P b z are coplanar 
A (xy, Yq Z4) 
(a1,b1,c1) DR's 
B8 
Gay, 
(@2,b2,¢2) "ОКУ 
Then, (x2 — xy, y; — Y» 23 — 21), (@, b, сү) and (az, bz, c2) are 
coplanar, 
ч %-Х У-у, 22-2 
ie. a b &. ue 
а b, ĉi 
Here, Тае жарар. Д 
3-a -2 
= Жр ys £f - 
о-у” 2 -® 
апа xza, ЕД = 2 
-1 2-0 
3 x-a y-0 z-0 
0 -1 2 =o Хі) 
5-а 0 0 
> 0 3-a -2 |=0 
0 -1 2-а 
=  6-a)[(8-a)(2-a)-2]20 
= (5-a)[a*-Sa+4)=0 
б-а) (а – 1) (а – 4) =0 


Ф =1, 4,5 
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222. Equation of straight line is] : ———+ =A = 5 — ^t 
a 


223. 


Since, l is perpendicular to /, and l, . 

So, its DR's are cross-product of l, and l}. 

Now, to find a point on /; whose distance is given, assume a 
point and find its distance to obtain point. 


Let l: —— = = = —_ 


which is perpendicular to 
h:i -j+ 4k) + (i +2) + 2k) 
1, :Gi +3) + 2k) + si +2) + К) 
ij 
DR’s of lis|1 2 
2.2 


2|--2i 3j -2k 
1 


AM. ros. SE 
1:-—— == = —_ = " k 
2223225240 
Now, A(-2k, 3k, —2k,) and B(-2k;, 3k;, —2k;). 
Since, A lies on Д. 


(-2k)i + (3k,)j — Qk)k =(3 + t)i + (—1 + 2)}+ (4 20k 


=> 34t-2-2h,.-142t 23k, 4+ 2t 2 – 2h 
РД k 2-1 
= A(2-3.2) 
Let any point on /,(3 + 25, 3 + 25,2 s) 
М2 —3 – 2s)? + (-3 -3 -2s)? «272-5 2 17 


952 + 28s +37 217 


=> 
= 9s? + 28s +20=0 
= 9518s 10s + 20-0 
=> (9s + 10) (s + 2) =0 
-10 
52-2, vere 
Hence, (-1, — 1, 0) and (4 z, 3) are required points. 


х+2 tL Ж, 


Any point on 


> x=2h-2,y=-A-1,2=3A 
Let foot of perpendicular from (2А — 2, -X-13A) 
to x + y + z =3 be (xz, yo 22). 

х, (А-2) yz- (A-1) _ 22 - (0A) 


1 1 1 
_ (2X -2-А -1+3А –3) 
^ 14141 
4A 
> x -2h + 2=y2+h+1=22-34=2——— 
75. 5A 
xo y nic aei Tm 
5 x-0 2-1 _2:-2 
2/3 -7/3 5/3 
Hence, foot of perpendicular lie on 
хы узт Ee „ жуэ РР 
2/3 -7/3 5/3 a MENU 


225. 


226. 


z -(-3) 
1 


A wr zi 


k 
Normal of plane P: n = 2 
—6 


ч N mo 
^н uo 


= i16) - 42 — 6) + 32) 
=~16i + 48) + 32k 


DR's of normal n = i —3j-2k 

Point of intersection of L and Lz- 

= 2K,+1=K,+4 

and —-k =k, -3 

— k, =2andk, =1 

~. Point of intersection (5, —2, —1) 

Now equation of plane, 

1-(x—5) —Ky + 2) -Az+1)=0 

x—3y -2z -13-0 


y 
m 
i 
е 
] 
№ 
D 
[n] 


Since, SET yy а 
2 KE 
and X*1.Y*1.7 are coplanar. 
5 2 
200]. 
> 2 K 2|=0 
5.2 К 
> K?=4 = K=+2 


n, = b, x d, =6j—6k, fork =2 
Я n =, ха, =14j+ 14k, fork 2 —2 
So, equation of planes are (r—a)-n, = 0 
=> y-z--1 and (r—a)-n,=0 
=} ytz--1 
Equation of the plane containing the lines 


x-2 y-3 z-4 


3 4 5 
and RET ya? 2-5 
2 3 4 


is a(x -2) + Қу —3) +с(2 – 4) =0 


where, 3a+ 4b +5c=0 
2a+3b+4c=0 
and a(1— 2) + 2-3) + (2-3) =0 
ie. a+b+c=0 
From Eqs. (ii) and б, т = = = S which satisfy Eq. (iv). 


Plane through lines is x -2y +z = 0. 
Given plane is Ax – 2y + z = d is V6. 
Planes must be parallel, so A = 1 and then 


la] 
-N6 
4^ 
= |d|=6 


- 
(ii) 


(iii) 


іх) 
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227. The equation of the plane passing through the point Then the DR's of line of intersection of planes із < 14, 2, 15 > 
(71, -2, - 1) and whose normal is perpendicular to both the and line is 
given lines L and L; may be written as =з yb. r0 S [say] 
(x +1) +7(y +2) –5(2 +1) =0 = x & Ty -5z 1020 14 2 15 
The distance of the point (1, 1, 1) from the plane = х= МА +3, y =2А-1,2 = 15А 
РЭО, 13. Hence, Statement 1 is false. 
+ 49+25| 475 But Statement II is true. 
228. The shortest distance between L, and Lz is a bc 
-CDi + @-2) +(3-(-1)) k)-Cl -7] + Sk) TM IAM cu 
5J5 cab 
=| gi + ак) ci - 7] + sk) =a b+ (ab «(07e + (e-a) 
543 
17 (A) Ifa+b+c # Oand a* +b? +c? = ab+ be + ca 
"дч" => A=0 апда=Ь=с#0 


— The equations represent identical planes. 


229. The equations of given lines in vector form may be written as (B)a+b+c=0 and a? + b* +c? & ab be ca 


L:¥ =(-i-2j]-k)+2Gi + ] e 2k) 


=> A=0 
and Ip: =(2i- 2) +3k)+ "TES 2) * 3k) => The equations have infinitely many solutions. 
Since, the vector is perpendicular to both L and L. ду чар)», ii dte ii 
i j n = (b?-ac)y - (b^ - ac)z > y =z 
3 1 2 --Í-7j«sk й = axt+by+cy=0 = ах=ау = x=y=z 
123 (C) а+Ь+с# оапіа + Б + с? & ар + bc * ca 


-. Required unit vector T Аж 


ci M 7) 5 sk) The equations represent planes meeting at 


к fay + (77) + (5)° only one point. 


(D) a+b+c=Oanda’ +b? +c? =ab+be+ca 


= 60-1-7050) => a=b=c=0 
= The equations represent whole of the 
230. Given three planes are ` three-dimensional space. 
B:x-y-*z-l wai 
Р, е he ele] p. 233. Any line parallel от =} = : and passing through P(1, — 2, 3) 
and P,:x-3y +32 =2 (iii) is 
On solving Eqs. (i) and (ii), we get ^ eu = 3) 
x=0,z=1+y Qe 
which does not satisfy Eq. (iii). 
As x -3y + 3z =0 -3y € 3(1 + y)=3 (#2) 2x *3y-4z42220 


So, Statement II is true. 
Next, since we know that direction ratios of line of intersection 


ofplanes — ax * by + ez * di =0 Q 
and a; x + by + cz + d; = Ois А E) UGE T3 
Ыс; — by, са; — асу, a,b; — azb, 1 4 5 (say) 
Using above result, Any point on above line can be written as 
Direction ratios of lines L,, Lz and L, are (A +1, 44 – 2,52 + 3). 
0,2,2;0,-4, -4;0,-2,-2 “Coordinates of R are (À + 1, 4А = 2, 5А + 3). 
Since, all the three lines L,, L; and L are parallel pairwise. Since, point R lies on the above plane. 
Hence, Statement I is false. М ДА Л) + 4А -2) - 450 +3)+2250 э Aal 
231. Given planes are 3x –6у –22 = 15 and 2x + y -2z =5. So, point R is (2, 2, 8). 


Forz = 0, we get x 23, у =-1 Now, РК = h- +(@ +2)# + (8-3) = Jaz 


Since, direction ratios of planes are І | 
«3,-6-2» and <21,-2> ^ РО =2PR = 2442 
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234. 


235. 


236. 


237. 
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Given, equations of lines are 
SrA te Ge al жэй PY E47 
1 -2 3 2 2-1 -1 


Let n; 2i -2j + 3kand n; 22i -j - K 


“Any vector n perpendicular to both n,, п, is given by 


n=n, Xn, 
ij Е f 
= n=|1 -2 3|=5ї+7ў+3Ё 
Р 


“Equation of a plane passing through (1, — 1, — 1) and 
perpendicular to n is given by 


S(x 1) + Hy - 1) + 3z +1) 20 


> 5x+7y +3z+5=0 
«Required distance = cha Uia eat = units 
52 +72 +32] v83 


Equation of line passing through (1, – 5, 9) and parallel to 
x=y=zis 
(say) 


Thus, any point on this line is of the form 
Q. 13-5449) 
Now, if P(A + 1, À — 5, A + 9) is the point of intersection of line 
and plane, then 
(A+1)-(A-5)+A49=5 

=> А +15=5 
=> Й А =-10 
-. Coordinates of point P аге (— 9, — 15, — 1). 
Hence, the required distance 

za +9)? +(-5 + 15)? + (9 1) 


= Mio? + 10? + 10° = 10/3 


x-3 УЧ 2A iesin the plane 


Since, the line SE 
lx + my – 2 =9, therefore we have 
2l-m-3=0 
[^ normal will be perpendicular to the line] 
e 2l-m=3 ~(i) 
and 3l-2m+4=9 
[^ point (3, — 2, — 4) lies on the plane] 
= 3l-—2m=5 m 
On solving Eqs. (i) and (ii), we get 
l=1andm=-1 
12 + т? =2 
Given equation of line is 
a БЫЬЫЫ (say) ..) 
3 4 12 
and equation of plane is 
х-у+2=16 (и) 


238. 


239. 


Any point ол the line (i) is 
(ЗА + 2, 4А – 1,12А + 2) 

Let this point be point of intersection of the line and plane. 
(ЗА + 2) – (4X — 1) + (12А + 2) 2 16 


> ПА +5 =16 
=> MA =11 
=> XAz1 


..Point of intersection is (5, 3, 14). 
Now, distance between the points (1, 0, 2) and (5, 3, 14) 
= — 1)? + (3 - 0)? + (14 - 2)? 
= +9 +144 
= 4169 
=13 
Let equation of plane containing the lines 2x ~ 5у + z =3 and 
x+y+4z=5be 
(2х -5y +z-3)+A(x+y + 4z -5)=0 
=> (24+ А)х + (А – 5)у + (4А + 1) ~3- 5А 20 ali) 
This plane is parallel to the plane x + Зу + 62 =1. 
2+h_A-5_ 4041 


3 3 6. 
On taking first two equalities, we get 
631 = А-5 
= 2%=-11 
= ЕЗУ. 
2 


On taking last two equalities, we get 
6A —30 23 + 12А 


=> -6А =33 
= is 
2 


So, the equation of required plane is 


11 -n 44 n 
-—Ix«|[—-sly*|-— «1lz- == 
( 2 (= ) ( ^ ): 345x720 


2,4 


kde n "X4 2 ae 

— x+3y+6z-7=0 

Given, 1+ m+n=0 = 1=-(т+ n) 

> (т + nf =P 

=» т + п?  2mn = т? + п? [2 = т? + п?, given] 
2тп = 0 


=> 


Case I When m= 0, then 
--n 
Hence, (l, m, n) is (1, 0, — 1). 
Case II When л = 0, then 
l=-m 
Hence, (/, m, n) is (1, 0, -1). 


240. 


241. 


242. 


Plane and line are parallel to each other. Equation of normal to 
the plane through the point (1, 3, 4) is 


x-1 y-3 2-4 
—————z——-k Si 
2 - 1 [ ay] 
Any point in this normal is 
(2k + 1,-k+3,4+k). 
2k+1+1 3- 
= (Жыз күз eek) lieica t 
2 2 
=> 29 - (EE) (FE) узо 
2 2 
= kz-2 
Hence, point through which this image pass is 
(2k +1,3—k, 4-- k) 
ie. (0-2) + 1,3 + 2, 4 —2) =(-3,5, 2) 
Hence, equation of image line is 
xt3y-5 z—2 
3 1 -5 
Given planes are 
2x+y+2z-8=0 
and ax+y+22+2=0 
Distance between two parallel planes 
5 
B 
__|4-4|__ 2 
Ма +b? +c? |J? + 
21 
а: 
3 2 
The given line are 
х=2 -3 2-4 
T— =-— = (i) 
1 1 -k 
x-1 y-k z-5 i) 
and КОС? ЛТ 
Condition for two lines are coplanar. 
X -x, уу-у; 2-22 
h m m |=0 
lz m; п; 


wher,e (х, у, 21) and (x2, yz Zz) are any points on the lines (i) 

and (ii), respectively and < lj, m, n, >and < 1, m; n; > are 

direction cosines of lines (i) and (ii), respectively. 1 
2-1 3-4 4-5 


1 1 -k|-0 

k 2 1 

1 -1 -1 
= 1 1 -k|20 

k of d 
= 1(1 + 2k) «10 +k?) -Q-k) 20 
=> к + 2k+k=0 
x к + 3k = 0 
Š k=0,-3 
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243. 


244. 
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Note : If 0 appears in the denominator, then the correct way of 
representing the equation of straight line is 
" - -4 z-5 
£92 ri anche eee 
1 1 2 1 
Given A plane P: x -2y + 22 –5 = 0 
To find The equation of a plane parallel to given plane P and 
at a distance of 1 unit from origin. Equation of family of planes 
parallel to the given plane Pis 
Q:x-2y*22*d -0 
Also, perpendicular distance of Q from origin is 1 unit. 
0 — 2(0) + 2(0) +d à 
12 +2? + 22 
| 4 
3 


Henze, the required equation of the plane parallel to P and at 
unit distance from origin is 

х-2у +22 +3=0 
Hence, ош of ће given equations, option (а) is the only correct 
option. 


> 1 


= =1 > d-t3 


- *1 z-1 
Given Twolines1,: 57140711 L —1 
2 3 4 


Sor yk Lz 
d i 2 1 
To find The value of 'K' of the given lines L, and І, are 
intersecting each other. 


aid х-3 


Kat ўл. 2—1 
Let :—— = m = —_ = 
L 2 3 4 P 
-3 -k z-0 
and с.з EU TEL P^ 
L 1 2 1 4 


= Any point Pon line L, is of type 


P(2p + 1,3p — 1, 4р + 1) and any point Ооп line L; is of type 
Qq + 3,29 + К, д). 


Since, L and L; are intersecting each other, hence both points 
Pand Q should coincide at the point of intersection, Le, 
corresponding coordinates of P and Q should be same. 

2p+1=q+3, 3p—1=2¢+kand4p+1=q 
On solving 2p + 1 =q + Запі 4p + 1 =q, we get the values of p 
and qas 

p- = and q=-5 

2 = 


On substituting the values of p and q in the third equation 
3p -1=2q + k, we get 


-3 
3(2)-1-a-5 +4 


> ku 
2 
245. Angle between straight line r =a + Ab and plene r- ñ = d is 
ing = DÊ 
|b | 


(i+ 2j * X k) (2j 3k) 


Маж firas 


sin Ө = 
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20 5*3X 
JI s Jia 
Given, соѕ Ө = E 
14 
sin0 = 3 mu ра 5+3 
Уа Wu Satsa 
=> 9 (A? + 5) 2917 + 30), + 25 
=> 9 M + 45 2943 + 30А + 25 
= 30А =20 = А =; 
246. Mid-point of AB is M (1, 3, 5). 


247. 


which lies on X QE. 
1 2 


as 


Hence, Statement П is true. 
Also, directions ratios of AB is 

(1-1,6-0,3-7) 
ie. (0, 6, — 4) 
and direction ratios of straight line is 

(1,2,3) 
The two lines are perpendicular, if 

0(1) + 6 (2) – 4(3)=12-12=0 
Hence, Statement I is true and statement TI is a correct 
explanations of statement II. 
Let the coordinates of Q be (2A, ЗА + 2, 44 +3) which is any 
point on the straight line AB. 

P(3, -1, 11) 


(i) 


-. (ii) 


A B 


+, DR's of PQ is (2А -3, 34 +3, 44-8) 
-2 
Also, perpendicular to straight line AB : = LI = X 


having DR's (2, 3. 4). 


Thus, 2020. - 3) + 38A. +3) + 440-8) 2 0 
= 4%-6 +9), 9-164. -322 0 
= 29) -29 =0 


Az1 


248. 


249. 


250. 


251. 


Hence, coordinates of Q are (2, 5, 7) 
| PO\= (3-2)? + (-1-5)* + (7- 11)" 
= J1+36+ 16 = V53 
Let Q be any point on the plane. 


Then equation of PQ is 
x-1 yt5 2279.4 


where P =(1,-5,9) 


x=A+1,y =A-5,z = А, +9 lies on the plane 
x-ytz-5 
=> А+1-А+5+А+9=5 
À =-10 
Hence, coordinate of Q is Q(-9, – 15, – 1) 
гро 10) + (10)? + (10)°= 1045 


We know that, cos? 45°+ со52120°+ соѕ20 = 1 


1 
=> 1.1, costo =1 = cos?@ =— 
2 4 E 


1 
> SOR onte = 0 =60° or 120° 


The image of the point (3, 1, 6) with respect to the plane 
x-y+z=Sis 


1 -1 1 1+1+1 
UD у=. £—4 _ -Xax, + by, + cz, + d)] 
a b c а? +2 + с? | 
- хезу. 286-2 
1 =} 1 
=> x=3-2= 
у=1+2=3 
апі 2=6-2= 4 


which shows that Statement I is true. 

We observe that the line segment joining the points 
A(3, 1, 6) and B(1, 3, 4) has direction ratios 2, – 2, 2 which are 
proportional to 1, ~ 1, 1. The direction ratios of the normal to 
the plane. Hence, Statements II is true. Thus, the Statements I 
and II are true and Statement II is correct explanation of 
Statement I. 

Dr's of given line are (3, — 5,2). 

Dr's of normal to the plane = (1,3, – œ) 

*. Line is perpendicular to the normal. 


> 3(1) – 53) + 2-0) =0 
> 3-15-20 =0 
= 2a =-12> a=-6 


Also, point (2, 1, — 2) lies on the plane. 
" 2+3+6(-2) +В =0>В =7 
(a, В) = (- 6.7) 


=> 


252. 


253. 


254. 


255. 


Projection of a vector on coordinate axes are 
X27X» y2 7 Y» 22 4 


X- X, =6, 
у-у 7-3 
2;,-2;-2 


Now, у(х; – x) + (у - Y + (2: 72) 


= 36494457 


So, the DC’s of the vector are s - A 2 
TU gy 
Equation of line passing through (5, 1, a) and (3, b, 1) is 
x-3. y-b z-1 j 
-3 1- ES ~@ 
2-0 Уу-у 22-21 
Point (б. —, -2) satisfies Eq. (i), we get 
17 13 
—-b -—-1 
AEA- 12 
2 1-b a-l 
C3) 
> a-1- 2 =5 >a=6 
(3) 
2 
Also, -3(1-b)= (2 e ») 
= 3b-3=17-2b 
=> 5b=20>b=4 
Given, x-1 y-2 2-3 (i) 
k 2 3 
ind £4 273.877 -. ii) 
3 k 2 


Since, lines intersect at a point. Then, shortest distance 
between them is zero. 


k 2 3 
3 k 2 |=0 
1 1 -2 


= k-2k-2)-2(76-2)438 – к) = 0 
=>  -2k'-5k425-0 
> 2k? + 5k —25=0 
=> 2k* + 10k —5k-25=0 


=> 2hk+5)-Xk+5)=0 
5 


22,25 


= 


Hence, integer value of k is — 5. 


Let the drection cosines of line L be 1, m and n. Since, the line 
intersect the given planes, then the normal to the planes are 
perpendicular to the line L. 


21+3т+п= 0 
1+3т+2п = 0 


0) 
. (ii) 


and 
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From Eqs. (i) and (ii), we get 


pm. 
3 


7 


i$ 
We know that, |? + m+n? =1 
(3k)? + (-3k) + (3k)? 21 


1 
27К®=1 > k=—= 
ы 3-3 


1 
1=—= => cosa= 


1 
3 В 


256. 


each of X-axis and Y-axis, therefore 

Ж, 

4 

We know that, cos? @ + cos? B + cos? y=1 


т 
a=—,p= 
aP 


x 
=> cos? = + cos? = + cos? y=1 
4 4 
1 
> 1414 cos? y=1 
2 2 
=> cos y=0 = y-90? 


257. Given, equation of sphere is 

x? e y! +27 -6x - 12у —2z + 20-20 
whose coordinates of centre are (3, 6, 1). 
Since, one end of diameter are (2, 3, 5) and the other end of 
diameter be (о, D, ү), 


then 9*3 S BTS „үә. i 
2 2 2 

=ў a=48=9 

and y=-3. 


Hence, the coordinates of other point are (4, 9, – 3). 


258. Given equations of lines are 
x=ay+b,z=cy+d 
and x=a’y+b’,z=c’y+d’ 
These equations can be rewritten as 
ЖЕТ, р Аа А te 
ae ds) 1 c 
and 2b PU ecd 
a’ 1 с^ 
These lines will perpendicular, if aa^ + 1 + cc’ = 0 
ll; + mm, + nn; 26 
259. 


We know that, the image (x, у, z) of a point (xj, y, zı) ina 
plane ax + by + cz + d = 015 given by 


045.375 $798 


281 


[say] 


Since, a line makes an angle of : with positive direction of 


a b c 
72 (ax, + by, + cz, + d) 
~ a! +b?’ с? s 
oua the image of point (-1,3, 4) in a plane x — 2y = 0 is given 
5 Xfiy-sÓur-i 
RAE RENE. 
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== [1x (71) + (-2)x3 + 0 x 4] 


1+4 
EM x+1 y-3 z-4 -2(77) 
1 -2 0 5 
à NE NU зы PEE 
5 5 5 5 
and z=4 


Hence, the image of point (—1, 3, 4) is (2. - 2, 4) 


260. Centre of sphere x^ + y? + 2? + 2ux + 2vy + 2wz+d=0is | 


(-и, -—v, – м). 
Given equation of first sphere is 
x? + y! +27 + 6x - 8y -2z 213 
whose centre is (—3, 4, 1) 
and equation of second sphere is 
x! y? +z’ - 10x + 4y -22 =8 
whose centre is (5, -2, 1). 
Mid-point of (-3, 4, 1) and (5, —2, 1) is (1, 1, 1). 
Since, the plane passes through (1, 1, 1). 
2a -3a + 4a 6-0 
> 3a=-6 =>a=-2 
261. Direction ratios of line normal are 
(a, b, с) =(1, 2, 2) 
and direction ratios of a plane are 
(an by, со) = (2, —1, МА) 


аа; + bb; + сс; 


a i aj be +c? уа +2 + с? 

= 1xX2+2(-1)+2xVA 

т Гра + eX Jay «ay «qx» 
> lo Wh ле 
=> E 


262. Ifa, b, c, and aj, bz,c; are DR's of two lines, then the angle 
between them is given by 

2205 аа; + bb; + сс; 

a? + bè +c? Ja? + bi + с? 

The given equations can be rewritten as 


an = 

3-2. 6 2 -12 -3 
. Angle between the lines is given by 
6—24-- 18 


cos Ө = 
49-436 A4 144 9 
0 
z =0 
149.157 


=> Ө =90° 
263. Since, the centre of sphere 


...(i) 


.. ii) ety ez xz —2-0is (> 0-2) and radius of sphere 
= 1162.709 
4 4 2 
ai 
B A 
“22 


